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Chapter 1 

Introduction 



"We can't solve problems by using the same kind of thinking we used when we created them." 
(Einstein) 

The great revolution of the nineteenth century started with the theory of special and general 
relativity and culminated in quantum theory. However, up to date, there are still some fundamental 
issues with quantum theory that are yet to be solved. Nonetheless a great deal of effort in fundamental 
physics is spent on an elusive theory of quantum gravity which is an attempt to combine the two 
above mentioned theories which seem, as they have been formulated, to be incompatible. In the 
last five decades, various attempt to formulate such a theory of quantum gravity have been made, 
but none have fully succeeded in becoming the quantum theory of gravity. One possibility of the 
failure for reaching an agreement on a theory of quantum gravity might be presence of unresolved 
fundamental issues already present in quantum theory. Most approaches to quantum gravity adopt 
standard quantum theory as there starting point, with the hope that the unresolved issues of the theory 
will get solved along the way. However, it might be the case that these fundamental issues should be 
solved before attempting to define a quantum theory of gravity. 

If one adopts this point of view, the questions that come next are: i) which are the main conceptual 
issues in quantum theory ii) How can these issues be solved within a new theoretical frame work of 
quantum theory. 

Chris Isham, Andreas Doring, Jeremy Butterfield and others have proposed that the main issues in 
the standard quantum formalism are: (A) the use of critical mathematical ingredients which seem to 
assume certain properties of space and/or time which are not entirely justified. In particular it could 
be the case that such a priori assumptions of space and time are not compatible with a theory of 
quantum gravity. (B) The instrumental interpretation of quantum theory that denies the possibility 
of talking about systems without reference to an external observer. A consequence of this issue is the 
problematic notion of a closed system in quantum cosmology. 

A possible way to overcome the above mentioned issues is through a reformulation of quantum the- 
ory in terms of a different mathematical framework called topos theory. The reason for choosing topos 
theory is that it 'looks like' sets and is equipped with an internal logic. As we will explain in detail 
in the following chapters, both these features are desirable, because they will allow for a reformulation 
of quantum theory which is more realist (thus solving issue (B)) and which does not rest on a priori 
assumptions about the nature of space and time. 

The hope is that such a new formulation of quantum theory will shed some light on how a quantum 
theory of gravity should look like. 

The main idea in the topos formulation of normal quantum theory [17, 18, 19, 20, 21, 1, 2, 3, 

16, 24] is that using topos theory to redefine the mathematical structure of quantum theory leads 
to a reformulation of quantum theory in such a way that it is made to 'look like' classical physics. 
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Furthermore, this reformulation of quantum theory has the key advantages that (i) no fundamental role 
is played by the eontinuum; and (ii) propositions ean be given truth vahies withoiit needing to invoke 
the concepts of 'measurement' or 'observer'. Let us analyse the reasons why such a reformulation is 
needed in the first place. These concern quantum theory general and quantum cosmology in particular. 

• As it stands quantum theory is non-realist. Prom a mathematical perspective this is reflected 
in the Kocken-Specher theorem ^. This theorem implies that any statement regarding state of 
affairs, formulated within the theory, acquires meaning contractually, i.e., after measurement. 
This implies that it is hard to avoid the Copenhagen interpretation of quantum theory, which is 
intrinsically non-realist. 

• Notions of 'measurement' and 'external observer' pose problems when dealing witli cosmology. 
In fact, in this ease there can be no external observer since we are dealing with a closed system. 
But this then implies that the concept of "measurement' plays no fundamental role, which in turn 
implies that the standard definition of probabilities in terms of relative frequency of measurements 
breaks down. 

• The existence of the Planck scale suggests that there is no a priori justification for the adoption 
of the notion of a continuum in the quantum theory nscd in formulating qiiantiim gravity. 

These considerations led Isham and Doring to search for a reformulation of quantum theory that 
is more realist^ than the existing one. It turns out that this can be achieved through the adoption of 
topos theory as the mathematical framework with which to reformulate Quantum theory. 

One approach to reformulating quantum theory in a more realist way is to re-express it in such a 
way that it 'looks like' classical physics, which is the paradigmatic example of a realist theory. This is 
precisely the strategy adopted by the authors in [17], [18], [19], [20] and [21]. Thus the first question 
is what is the underlining structure which makes classical physics a realist theory? 

The authors identified this structure with the following elements: 

1. The existence of a state space S. 

2. Physical quantities are represented by functions from the state space to the reals. Thus each 
physical quantity, A, is represented by a function 

Ja-S^-K (1.0.1) 

3. Any propositions of the form "A e A" ("The value of the quantity A lies in the subset A e R") 
is represented by a subset of the state space 5*: namely, that subspace for which the proposition 
is true. This is just 

/ii(A) = {se.S|/A(s)eA} (1.0.2) 
The collection of all such subsets forms a Boolean algebra, denoted Sub (5). 

4. States V' are identified with Boolean-algebra homomorphisms 

: Sub(S') ^ {0, 1} (1.0.3) 

from the Boolean algebra Sub(5) to the two-element {0,1}. Here, and 1 can be identified as 
'false' and 'true' respectively. 

^Kochen-Specker Theorem: if the dimension of T-L is greater than 2, then there does not exist any valuation 
function : O -> ffi, from the set O of all bounded self-adjoint operators A of "H to the reals R such that for all A e O 
and all / : R ^ R, the following holds V^{f{A)) = f{V^{A)). 

^By a 'realist' theory we mean one in which the following conditions are satisfied: (i) propositions form a Boolean 
algebra; and (ii) propositions can always be assessed to be either true or false. As will be delineated in the following, in 
the topos approach to quantum theory both of these conditions are relaxed, leading to what Isham and Doring called a 
neo-realist theory. 
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The identification of states with such maps follows from identifying propositions with subsets 
of 5*. Indeed, to each subset /^^({A}), there is associated a characteristic function xa^a '■ S 
{0, 1} c R defined by 



Thus each state s either lies in /^^({A}) or it does not. Equivalently, given a state s every 
proposition about the values of physical quantities in that state is either true or false. Thus 1.0.3 

follows 

The first issue in finding quantum analogues of 1,2,3, and 4 is to consider the appropriate math- 
ematical framework in which to reformulate the theory. As previously mentioned the choice fell on 
topos theory. There were many reasons for this, but a paramount one is that in any topos (which is a 
special type of category) distributive logic arise in a natural way: i.e., a topos has an internal logical 
structure that is similar in many ways to the way in which Boolean algebras arise in set theory. This 
feature is highly desirable since requirement 3 implies that the subobjects of our state space (yet to be 
defined) should form some sort of logical algebra. 

The second issue is to identify which topos is the right one to use. Isham et al achieved this by 
noticing that the possibility of obtaining a 'neo- realist' reformulation of quantum theory lied in the idea 
of a context. Specifically, because of the Kocken-Specher theorem, the only way of obtaining quantum 
analogues of requirements 1,2,3 and 4 is by defining them with respect to commutative subalgebras 
(the 'contexts') of the non-commuting algebra, B{'H), of all bounded operators on the quantum the- 
ory's Hilbert space. Thus 'locally' with respect to these contexts quantum theory efi'ectively behaves 
classically. So the idea is to try and define each quantum object locally in terms of these abelian 
contexts. The key feature, however, is that the collection of all this contexts or classical snapshots form 
a category ordered by inclusion. This implies that although one defines each quantum object locally, 
the global information is never lost since it is put back into the picture by the categorical structure of 
the collection of all these classical snapshots. 

Hence the task is to find a topos which allows you to define a quantum object as (roughly speaking) a 
collection of classical approximations. As we will see this can be done thought the topos of presheaves 
over the category of abelian algebras. 

In terms of this topos of presheaves, quantum theory can be re-defined so that it retains some realism 
and its interpretation is not riddled with the above mentioned conceptual problems. 




(1.0.4) 
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Chapter 2 

Lecture 1 



The first lecture will deal with what the main interpretational problems of canonical quantum theory 
are. 

In particular, we will analyse how the mathematical formalism of quantum theory leads to a non 
realist interpretation of the theory. The focus will lie in understanding and analysing the Kochen- 
Specker theorem (K-S theorem), which can be thought of as the main mathematical underlying reason 
why quantum theory is non realist. The interpretation which comes out is the well known Copen- 
hagen interpretation of quantum theory, which is an instrumentalist interpretation. However, such an 
interpretation leads to many conceptual problems. 

Topos quantum theory is a way of overcoming such problems by re-define quantum theory in the 
novel language of topos theory. The advantage of this language is that it renders the theory more 
realist, thus solving the above mentioned problems. In the process, however, one ends up with a 
multivalued/intuitionistic logic rather than a Boolean logic. 

2.1 Conceptual Problems in Quantum Theory 

The first natural question to ask is: why do we need a topos reformulation of quantum theory? 
The short answer is that such a reformulation is needed since it represents a candidate for solving 
certain conceptual issues present in quantum theory, which derive from the mathematical formulation 
of the theory. In particular, the canonical mathematical formulation of quantum theory leads to an 
interpretation which has many conceptual obstacles to a fully coherent theory. 

In order to understand the above mentioned issues present in quantum theory one needs to first 
analyse in depths i) what a theory of physics really is and ii) what is it trying to achieve. Obviously we 
will not be able to answer these questions fully or give them the attention they deserve since this would 
go beyond the scope of theis course. However, we will try and give a brief overview of the situation. 

2.1.1 What is a Theory of Physics and What is it Trying to Achieve? 

A theory of physics can be seen as a mathematical model which tries to answer three of the fundamental 
questions humanity has been and still is struggling to answer: 

1. what is a thing. (Heidegger) 

2. How are "things" related to one another. 

3. How do we know 1) and 2). 
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The first two questions are related to ontological^ issues while the third is of an epistemological^ nature. 
The two main theories which presuppose to answer the above questions are 

• Classical physics. 

• Quantum theory. 

The way in which these two theories have answered the above questions is by defining a mathemat- 
ical model which is supposed to describe nature. The interpretation of this mathematical model then, 
in turn, gives rise to a philosophical view of the world. In classical physics the mathematical model 
developed is in accordance with our common believes of the world, which provides the desired answer. 
In fact it is arguable whether our common believes modelled classical theory, but we will not delve into 
this. On the other hand things are not so straightforward in quantum theory in which, as we will see, 
the mathematical formalism of the theory seems, at time, to defy our commons sense. 

In any case, in order to fully understand how a philosophical picture of the world can be derived 
though the mathematical formulation of a theory of physics we need to refine the questions 1-3 defined 
above (see [9] for an in depth discussion). In particular, any theory of physics worthy that name, 
should address the following issues: 

1. What is the system under investigation. 

2. Ontological status of physical terms. 

3. Epistemological status of physical terms. 

4. Relation between the mathematical model and the physical world. 

5. How physical statements can be verified or falsified. 

6. Nature of space-time. 

7. Meaning of probabilities (if they arise in the theory) . 

As we will see, the different answers given to the above issues by classical theory and quantum 
theory, respectively, will hilight the radical differences between the two theories and the different 
interpretations each of them gives to the "outside world" . 



Mathematical tools used to describe a physical system encode philosophical position regarding the world. 

In the following subsection we will briefiy analyse how questions 1-7 are dealt with in classical 

physics. However we will not address all of them, since that would require more than a course (probably 
several) to do so, but we will only focus on certain crucial aspects which are essential in understanding 
the philosophical position of classical theory 

2.1.2 Philosophical Position of Classical Theory. 

When studying classical physics we develops an image of the world which is in accordance to our 
common sense. In fact classical theory is such that 

i) properties can be ascribed to a system at any given time and do not depend on the act of 
measuring; 

^ Ontology comes from the Greek word meaning "being, that which is" and indicates the study of what things are in 
themselves and what can be said to exist. 

^Epistemology comes from the Greek word meaning "knowledge" and it is the study concerning what is knowledge 
and how do we gain knowledge. 
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ii) the underlying logic is Boolean (classical) logic^ which is the same logic we employ in our language. 

Generally speaking a theory with the above mentioned properties is called a realist theory. We will 
analyse later on, in more details, what exactly are the underlying assumptions which make classical 
physics a realist theory but, for now, it suffices to say that the realism of classical physics is associated 
to the way in which objects and knowledge of such objects are mathematically expressed. 

The realism of classical theory implies that a thing is defined''^ in terms of a bundle of properties 
which are said to belong to the thing (system). The type of properties that we are dealing with are of 
two kinds: 

1. Internal properties which belong exclusively to the system, for example the mass, charge etc. 

2. External properties which define relations to other systems, for example position, velocity etc. 
When defining what a thing is one usually considers internal properties. 

In classical physics epistemological questions are answered through the process of measurement. In 
fac;t measurement enables us to know the values of a given system. However, although in the actual 
process of measurement there is a momentary distinction between object and subject, such a distinction 
has a purely functional role, not an actual distinction. In fact both object and subject, as viewed from 
a classical perspective, exist out there independently of one another. This, in turn, implies that no 
special role is ascribed to measurement, i.e. in classical physics measurement is just another form of 
interaction. 

Finally it is worth mentioning that, generally, classical theory is thought of as being a deterministic 
theory^, i.e. given initial state of a system at a given time, it is possible to predict with certainty the 
state of the system at a subsequent time. 

From the above discussion it emerges that the mathematical structure of classical theory implies an 
interpretation of the theory which is realist. In fact the mathematical model of classical theory induces 
a conceptual descriptions of various elements in the theory which, in turn, imply a realist philosophy 
of the outside world. 

So the natural question to ask at this point is: what are the mathematical constructs whose 
definition ( and in particular the way in which they are defined) directly imply a realist interpretation 

of classical theory? 

The answer to this question will be given in detail in subsequent lessons, but for now we will restrict 
ourselves in answering it in a very conceptual way, so as to give a general idea of the relation between 
mathematical constructs and induced philosophical ideas. 

The elements/concepts whose mathematical description render classical theory a realist theory are 
the following: 

1. State space. In classical physics the state space S is defined to be the collection of all states Si^ S 
of the system, such that each Si at a given time embodies all the properties of the system at 
that time. 

2. Definition of physical quantities (see lecture 6) 

3. Definition of propositions. See lecture 6 

4. Boolean logic. The logic governing classical propositions is Boolean logic which is a distributive 
logic, which admits only two truth values: {true, false}. Verification of such truth values is 
done through the measurement interaction. 

^Boolean logic will be described later on in the course. For now we will simply say that Boolean logic is the logic we 
use in our every day thinking and in our language. Such a logic is characterised by the fact that i) it is distributive, ii) 
it only has two truth values {true, false} and iii) the logical connectives are our linguistic logical connectives: "and ", 
"exclusive or" , "not" , "if then" . 

*It is worth noting that our own language reflects a realist view of the world; " The tree is three meters tall" . 

^In a stochastic approach the realist conditions i) and ii) at the beginning of the section still hold. 
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5. Probabilities. Classical probabilities are defined as follows: 

positive possible outcomes 
all admissible outcomes 

Later in the course we will describe, in details, how the above classical concepts are mathematically 
represented but, for now, it suffices to say that it is precisely the way in which the above elements of 
the theory are mathematically expressed which renders classical theory a realist theory. In fact, when 
considering quantum theory we will see how the same elements are mathematically described in a very 
different way. This will induce a different conceptual understanding of such elements which, in turn, 
will imply a different philosophical interpretation of the theory. 

2.1.3 Philosophy Behind Quantum Theory 

What can be said about the philosophical position of quantum theory? If we analyse the mathematical 

formalism of quantum theory we immediately realise that the theory is non-realist (with the definition 
of realist given above). In fact the above conditions [i), ii)] do not strictly hold^ in quantum theory, 
since the formalism of the latter implies a clear distinction between measuring apparatus and measuring 
system, such that the act of measuring gets ascribed a special status. In this setting, measurement 
becomes a means for assigning a probabilistic spread of outcomes rather than a means to determine 
properties of the system. In fact the very concept of properties ceases to have its common sense 
meaning since its definition is now intertwined with the act of measurement. It is as if properties 
acquire the status of latent attributes which are brought into existence by the act of measurement, but 
which can not be said to exist independently of such measurement. Therefore it becomes meaningless 
to talk about a physical system as possessing properties. The interpretation that results is the so called 
instrumentalist interpretation of quantum theory which is a non-realist interpretation. 

So the feature of quantum theory which render it non-realist can be summarised as follows: 

1. Properties can not be said to be possessed by a system a priori . All that can be said is that 
after a measurement is performed the system "acquires" the "latent" properties (state-vector 

reductio). 

2. Any statement regarding 'states of affairs' about a system can only be made a posteriori after 
measurement. However such statements can not be regarded as describing properties of the 
system, on the contrary, it describes probabilities of possible measurement outcomes. 

3. Measurement becomes a very special type of interaction. 

4. Clear distinction between observe and observed system. 

5. States are not seen as bearers of physical properties but are simply the most efficient tools 
to enable one to determine/compute predictions for possible measurements, i.e. predictions of 
probabilities of outcomes not outcomes themselves. 

6. Quantum theory is deterministic but what evolves are now predicted probabilities of measurement 

results, not actual measurements. 

7. Relative frequency interpretation of probabilities. 

The above features of quantum theory which directly derive from the mathematical representation 
of the theory imply a non realist interpretation of quantum theory. 

Such an interpretation, although works for some situations, causc;s various conceptual problems in 
the context of quantum gravity and quantum cosmology. These difhculties are the following: 

^We will clarify this later on in the lecture. 
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• Notions of 'measurement' and 'external observer' pose problems when dealing with cosmology. 

In fact, in this case there can be no external observer since we arc dealing with a closed sys- 
tem. But this then implies that the concept of 'measurement' plays no fundamental role which, 
in turn, implies that the standard definition of probabilities, in terms of relative frequency of 
measurements, breaks down. 

• The existence of the Planck scale suggests that there is no a priori justification for the adoption 
of the notion of a continuum in the quantum theory used in formulating quantum gravity. 

• Standard quantum theory employs in its formulation the use of a fixed spatio-temporal structure 
(fixed background). This is needed to make sense of its instrumentalist interpretation, i.e. it needs 
a space-time in which to make a measurement. This fixed background seems to cause problems 
in quantiim gravity where one is trying to make measurements of space-time properties. In fact, 
if the action of making a measurement requires a space time background, what does it mean to 
measure space time properties? 

• Given the concept of superposition present in quantum theory, by applying such concept to 
quantum gravity we would have to account for the occurrence of quantum superpositions of 

eignestate properties of space, time and space-time. 

In the following section we will analyse one of the main theorems (another one would be Bell's 
inequality) which states the impossibility of quantum theory, as it is canonically expressed, to be a 
realist theory. 

2.2 Kochen Specker Theorem 

The Kochen-Specker theorem derives from the incompatibility of two assumptions regarding observ- 
ables in quantum theory, namely [9] [10]. 

1. The need of assigning simultaneous values to all observables in O (collection of all self-adjoint 

operators on H). 

2. The need for the values of observables to be "mutually exclusive and collectively exhaustable" 
[10]. 

It follows that the Kochen-Specker theorem is related to the existence, in quantum theory, of a value 
function (to be defined) V ■ O ->■ H from the set of self-adjoint operators (which are the quantum 
analogues of physical quantities) to the Reals. 

2.2.1 Valuation Function 

To understand what a valuation function is let us first analyse how it is defined in classical theory. 
2.2.1.1 Valuation Function in Classical Theory 

Before giving the definition of what a valuation function is in classical physics we first of all have to 
define how a physical quantity is mathematically described in classical physics. 

Namely, in classical physics physical quantities are represented by functions from the state space 
to the reals. Thus, each physical quantity. A, is represented by a function : 5 R, such that for 
each state Si e S, /^(si) e HI represents the value of A given the state Sj. This association of physical 
quantities with real valued functions on the state space is 1:1 ( one-2-one: for each quantity A there 
corresponds one and only one function Ja)- 

^Mutually exclusive means that only one value of an observable can be realised at a given time, while collectively 
exhaustible means that at least one of the values has to be realised at a given time. 
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Given the definition of physical quantity in terms of maps on the state space, the definition of 
valuation function in classical physics is straightforward. In particular, a valuation function is defined, 
for each state Si in the state space S, as a map 

Vs.-.O^R (2.2.1) 

from the set of observables (physical quantities) O to the reals, such that for each AeO we obtain: 

A^K^^A)--=fA(si) (2.2.2) 

where Vsi(A) represents the value of the physical quantity A given the state Sj. 

A condition such a valuation function has to satisfy is the so called functional composition condition 
(FUNG) which is defined as follows: 

for any /i : R ^ R, Vs,(h(A)) = h(Vs,{A)) (2-2.3) 
In this equation h(A) e O and is defined in terms of composition of functions: 

h{A):=hofA:S^R^R (2.2.4) 

If A represents the physical quantity energy, and his a function which defines the square, i.e. h{A) = A"^ , 
what equation 2.2.3 would mean is: "the value of the energy squared is equal to the square of the value 
of the energy" . 

2.2.1.2 Valuation Function in Quantum Theory 

If we were to mimic classical theory then we would define a valuation function as follows: 

for each state ip e H the valuation function is a function from the set of self-adjoint operators (quantum 

analogues of physical quantities) to the reals 

V^^y.O^R (2.2.5) 

Such that, for each state \^), V[^) assigns to each self-adjoint operator A € O, a, real number 
V\tP'^{A) € R that represents the value of A for the state |'(/') of the system. 

However this definition of a valuation function only makes sense if is an eigenvector of A. Other 
than that special case, the above definition of a valuation function does not really make sense. So the 
question is how to generalise it for an arbitrary state A possible generalisation is the following: 

Definition 2.2.1. A valuation function for quantum theory is a map V : O ^ R which satisfies the 
following two conditions: 

i) For each Ae O, V{A) € R represents the value of the operator A and it belongs to the spectrum 
of A. 

a) FUNG. For all h-.R^R the following holds 

V{h{A)) = h{V{A)) (2.2.6) 

Any function satisfying the above conditions is a valuation function. 
At this point it is worth understanding, explicitly, what h{A) is. 

What is h(A)? 

Given a self-adjoint operator A we have two situations: 



9 



i) Let IV') e "H be an eigenvector of A, i.e. A\ip) = a\ip). It is then straightforward to define the 
following: 

i2|V) = a'|^); A'l^j) = a'\^P) (2.2.7) 
Thus, generalising for any polynomial function Q wc obtain 

Q(i)|V) = Q(a)|V) (2.2.8) 

Provided Q{a) is well defined. Given the above we are justified in defining, for any function 
/i : R, ^ K, the following: 

h(A)\i;) = h{a)\iP) (2.2.9) 
Again, provided h(a) is well defined, (ex. not infinite). 

ii) We now would like to generalise it to arbitrary states, not just eigenvectors. To this end we 
recall that the set of eigenvectors of a self-adjoint operator forms an orthonormal basis for H. 
This means that any state 1-0) e Ti can be written in terms of such an orthonormal basis. Thus, 
considering the case in which A has a discrete spectrum (all that follows can be easily generalised 
for the continuum case^) the spectral decomposition of A is 

M 

A:=Y,(^rnPm (2.2.10) 

m=l 

where {ar--am} is the set of eigenvalues of A, while each is the projection operator onto the 
subspace of eigenvectors with eigenvalue am • In particular 

d(m) 

Pm- E \am,j)(am,j\ (2.2.11) 

i=i 

Here j = l---d(m) labels the degenerate eigenvectors with common eigenvalue am- In this setting 
any state \tjj) can be written as follows 

M d(m) 

l^> = Z Z {am,m\am,j) (2.2.12) 

m=l j=l 

Keeping this in mind, and inspired by case (i) above we define 

M d(rn) 

/i(i)l^) := E E h{a^){am,jmam,j) (2.2.13) 

m=l j=l 

M 

= E hiam)Pm\i') (2.2.14) 

m=l 

Obviously this makes sense iff f{am) is well defined. 
Since definition 2.2.13 is valid for all lip) e 'H it follows that 

M d{m) M 

KA) := E E \am,j){am,3\ = E h{am)Pm (2.2.15) 

m=l 3=1 m=l 



°In lecture 6/7 we will explain, in detail, what c spectral decomposition is, but for now we will simply state that each 

self-adjoint operator A can be written as A = /o-(yi) ^'^^x Such an expression is called the spectral decomposition of A. 

Here o"(A) £ R represents the spectrum of the operator A and {-E^|A e (t(A)} is the spectral family of A. In the discrete 

case we would have A = Ect(a) ^^jf i where the projection operators project on subspa<;es of the Hilbert space for 
which the states V have value A of A. 
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The Conditions FUNC Entails 



The conditions on the valuation function imphed by FUNC are: 

1. The sum rule 

V(A + B) = V{A) + V(B) (2.2.16) 
where A and B are such that [A, B] = 0. 

Proof. To prove the above result we need the following theorem: 

Theorem 2.2.1. ; Given any pair of self- adjoint operators A and B, such that [A,Bj = and 
two functions f,g:'R->-'R, then there exists a third operator C such that A = f{C) and B = g{C). 

Given two commuting operators A and B from the above theorem it follows that A = f{C) 
and B = g{C), therefore there exists a function h = f + g ((/ + h){x) := f{x) + h{x)) such that 
A + B = h{C), therefore 

V{A + B) = V{h{C)) 
= h{V{C)) 

= f{V{C))+g{V{C)) 
= V{f{C)) + V{g{C)) 
= V(A)+V(B) 

□ 

2. The product rule 

V{AB) = V(A)V(B) (2.2.17) 
where A and B are such that [A, B] = 

Proof. Given A = f{C) and B = g{C) there exists a function k = fg {fg{x) := f{x)g{x)) such 
that AB = k(C) therefore 

V{AB) = V{k{C)) 
= k{V{C)) 
= f{V{C))g{V{C)) 
= V{f{C))-V{g{C)) 
= V{A)V{B) 

□ 

As a consequence of the product and sum rules we obtain the following equalities: 

^^>(6) = (2.2.18) 
Vj^)(P) = or 1 

Proof. 1. Given any physical quantity B (with associated self-adjoint operator B), from the product 
rule we have that, for A:= \, the following relation holds: 

V{ll3) = V{13) = V{i)V{B) = V{B) (2.2.19) 

This implies that V{i) = 1. 
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2. Given any physical quantity B (with associated self-adjoint operator B), from the sum rule we 
have that, for A := 0, the following relation holds: 

y(6 + B) = V(B) = F(6) + ViB) = ViB) (2.2.20) 

This implies that 1/(6) = 0. 

3. Given a projection operator P we know that P^ = P therefore 

(y(P)2 = y(p2) ^ y(p) (2.2.21) 

It follows that 

1/(P) = 1 or (2.2.22) 

□ 

Since quantum propositions can be expressed as projection operators (the reason will be explained 
later on in the course), what the last result implies is that, for any given state |^), the valuation 
function can only assign value true or false to propositions. 



Since the scrt of all ciigcnvectors of a self-adjoint operator A forms an orthonormal basis for "H, 
then we can define the resolution of unity in terms of the projection operators corresponding to the 
eignevectors: 

M 

i = ^ P„ (2.2.23) 

From 2.2.16, 2.2.17, 2.2.18 and 2.2.23 we conclude (for discreet case but it can easily be extended to 
the continuous case) 

(M \ M 

Z Pm]= Zy(Pm) = l (2.2.24) 
m=l / m=l 

What this equation means is that one and only one of the projectors that form the resolution of 
unity gets assigned the value 1 (true), while the rest gets assigned the value (false), i.e. the value 
assignment is said to be " mutually exclusive and collectively exhaustive" [10]. However, the Kochen- 
Spcckcr theorem will show that it is impossible to give simultaneous values to all observables associated 
with a set of self-adjoint operators, in such a way that the values are "mutually exclusive and collectively 
exhaustive" . Since the property of values of being "mutually exclusive and collectively exhaustive" is 
a consequence of FUNG, it is worth analysing how the condition FUNG is derived from the formalism 
of Quantum theory. 

FUNG is a direct consequence of three assumptions and a principle present in quantum theory : 

1) Statistical functional compositional principle:given a self-adjoint operator A that represents 
an observable A and a function / : lH R, then for an arbitrary real number a we have the 
following equality: 

prob[VifiA)) = a]=prob[fiViA)) = a] 

In order to prove the above principle we have to define the relation between projector operators 

and their respective characteristic functions. 

Let us consider the following characteristic function Xr such that 



Xrit) 



\1 if t = r 
1 otherwise 
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It then follows that, given a self-adjoint operator A, whose spectral decomposition (assume 
discrete) contains the spectral projector P^, one can write: 

XAA) := £ Xriarn)Pm = j^'" "™ ^ ' (2.2.25) 

1 otherwise 

What equation 2.2.25 uncovers is that Xr{A) = Pm iff r is the eigenvalue a™ of A. Moreover, 
given a function / : a{A) R (where a{A) represents the spectrum of A) we have: 

Xr(/(i)) = X/-(a)(i) (2.2.26) 
We know that the statistical algorithm [9] for projection operators is 

probiVaA) = am) = Tr{PmPw) (2-2-27) 

where := This means that if a measurement of an observable A is made on a system 

in state then the probability of obtaining as a result the eigenvalue a™ is given by 2.2.27. 
Therefore from 2.2.25 and 2.2.27 we get 

prob{V{A) = a„) = Tr{xaAA)P\^)) 

We can now prove the statistical functional compositional principle. 

Proof. Using equations: 2.2.25 ,2.2.27 and 2.2.26 we can write the statistical algorithm for pro- 
jector operators as follows: 

prob{VU{A)) = b) = Tr((x/-i(6)(i)^^)) 

= Tr(V(5)^*>) 

= pro6(14^)(^) = /-i(6)) 



but 

therefore 



ViA) = r\b) o fiViA)) = b 
probiVifiA)) = b)=prob{f{V{A)) = b) 



□ 



2) Non-contextuality: the value of observables is independent of the measurement context, i.e. 
the value of each observable is independent of any other observables evaluated at the same time. 

3) Value definiteness: observables possess definite values at all times. 

4) Value realism: to each real number a, such that a = prob{V{A) = 13), for an operator A there 
corresponds an observable A with value 13. 

From the above conditions (1),(2),(3) and (4) the FUNC condition follows. 

Proof. Consider an observable B represented by the self-adjoint operator B. From (3) we deduce that 
B possesses a vahie: V{B) = b. Given a function / : R ^ II we obtain the quantity f{V{B)) = f{b) = a. 
Applying (1) we get prob[f{V{B)) = a] = prob[V{f{B)) = a] which means that there exists a self- 
adjoint operator of the form f{B). From (4) it then follows that the corresponding observable for 
f{B) has value (a), therefore f(V(B)) = V(f(B)). From (2) this result is unique, therefore FUNC 
follows. □ 

We now state the Kochen-Specker theorem. 
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Theorem 2.2.2. Kochen- Speaker Theorem: if the dimension ofH is greater than 2 then, there 

does not exist any valuation Junction V : O from, the set O of all hounded self- adjoint operators A 
of % to the reals R, such that the functional composition principle is satisfied for all Ae O. 

Another way of stating the theorem which seems more useful for developing a proof is the following: 

Theorem 2.2.3. Kochen- Speaker Theorem: Given a Hilbert space H such that dim{'H) > 2 and 
a set O of self-adjoint operators A which represent observables, then the following two statements are 
contradictory: 

1. all observables associated with projectors in O have values simultaneously, i.e. they are mapped 

uniquely onto the reals. 

2. the values of observables follow the functional composition principle (FUNG). 

2.3 Proof of Kochen-Specker Theorem 

There are various proofs of the Kochen-Specker Theorem. We will report a simplified version of the 
proof due to Kernaghan (1994) [11]. 

In the previous section we saw that the properties of the valuation functions implied that V can 
only assign the value true or false to any projection operator P, in such a way that this assignment is 
miitually exclusive and collectively exhaustible. 

A special case would be when Pj := |ei)(ei| where {|ei), |e2), |e„)} is an orthonormal basis of the 
Hilbert space "H". In this setting the valuation function must assign the value 1 to only one of the 
projection operators and zero to all the rest. Moreover, if the same projection operator belongs to two 
different ONE, the value assigned to this projection operator by V has to be the same, independently 
to which set it is considered to belong. This is what it is meant by non-contextuality. Kernaghan, 
in his proof of the K-S theorem considers a real 4 dimensional Hilbert space H4 (there is no loss in 
generality in considering the Hilbert space to be real). He then chooses 11 sets of 4 orthogonal vectors. 
Each vector is contained in either 2 of these sets or 4, so that there is some correlations between the 
ONB. The Kochen-Specker theorem then reduces to a colouring problem, i.e. "within every set of 
orthogonal vectors in T-Li exactly one must be coloured white (1, true) while the remaining black (0, 
false)" . Writing down this collection of vectors, we would end up with the following table where each 
column denotes a wet of 4 orthogonal vectorK in a particular ONB: 



1-1) 


1,0,0,0 


1,0,0,0 


1,0,0,0 


1,0,0,0 


-1,1,1,1 


-1,1,1,1 


1,-1,1,1 


1,1,-1,1 


0,1,-1,0 


0,0,1,-1 


1,0,1,0 


1-^2) 


0,1,0,0 


0,1,0,0 


0,0,1,0 


0,0,0,1 


1,-1,1,1 


1,1,-1,1 


1,1,-1,1 


1,1,1,-1 


1,0,0,-1 


1,-1,0,0 


0,1,0,1 


1-^3) 


0,0,1,0 


0,0,1,1 


0,1,0,1 


0,1,1,0 


1,1,-1,1 


1,0,1,0 


0,1,1,0 


0,0,1,1 


1,1,1,1 


1,1,1,1 


1,1,-1,-1 


164 > 


0,0,0,1 


0,0,1,-1 


0,1,0,-1 


0,1,-1,0 


1,1,1,-1 


0,1,0,-1 


1,0,0,-1 


1,-1,0,0 


1,-1,-1,1 


1,1,-1,-1 


1,-1,-1,1 



We now want to assign value true (colour white) to one and only one projection operator associated 
to each vector in each column. This requirement represents condition 2.2.24 above. However, it is easy 
to see from the table that such condition (2.2.24) is not satisfied. In fact, if it were satisfied we would 
end up with 11 entries being coloured white, since each column would have exactly one entry that is 
coloured white and there are 11 columns. But, since each vector appears twice we end up with an even 
number of white entries which is greater than 11. Therefore, we conclude that it is impossible to obtain 
a colouring of a set of orthogonal vectors that is consistent with condition 2.2.24. Remember that we 
have assumed a non-contextual assignment of the entries, i.e. we are assuming that same vectors get 
assigned same colour independently of the column they belong to. 

Although this is a very simplified version of the proof of the Kochen-Specker theorem, the main 
idea is the same as the main idea in the original proof, namely: given a set of orthogonal vectors in T-L 
it is impossible to assign to each of them a set of numbers {1,0,0,0....0} where only one entry is equal 
to 1, i.e. it is impossible to give simultaneous values to all observables while respecting the FUNC 
condition. 
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2.4 Consequences of the Kochen-Specker Theorem 



The implications of the Kochen-Specker theorem is that one or both of the fohowing two assumptions 
must be dropped: 

i The set of truth values is represented by {0, 1}. 

ii The functional composition principle. 

In the topos approach we abandon the idea that the set of truth values is only {0, 1}. In fact in this 
approach we utilise a multivalued logic which, in turn, will imply the adoption of an intuitionistic logic. 
On the other hand, abandoning FUNG would entail abandoning some or all of the three assumptions: 

1. Non-contextuality 

2. Value Definiteness 

3. Value Realism 
from which it derives. 

In particular, if the FUNG principle gets dropped, then quantum theory turns out to be contextual 
and non- realist. To understand this situation we first have to introduce the notion of simultaneously 
measurable observables: 

Definition 2.4.1. Given two observables A and B we say that they are simultaneously measurable 




A = aiP + a2Pa2 + a^Pc 

B = biP + b2Pb,+b3pbs 



(2.4.1) 
(2.4.2) 



Prom equation 2.2.25 it follows that P can be expressed in terms of A or of B, i.e.: 



M 



P = XariA) := Y, XaAam)Pa.^ 



m=l 

M 



m=l 



Since commuting operators correspond to orthogonal operators, then, if wc choose to express P in 
terms of A i.e. P = Xai{A) the commuting operators of P are: Pa2, PasiP v Pa2iP ^ Pas and P\ If, 
instead, we choose to express P in terms of B, i.e. P = Xbi{B), then the commuting operators of P 
would be; A2 , A3 :P v A2 :P v A3 and P^. 



Now, as a consequence of the FUNG condition we obtain that 



V{P) = ViXaM) = XaAV{A)) (2.4.3) 
ViP) = VixbAB) = XbAViB)) (2.4.4) 



which implies that XaA^i^)) = Xbi{V{B)). 



However if the FUNG condition does not hold, then wc have that 
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that V(A) = ai. Since ai is the eigenvalue with corresponding projection operator P, then it follows 

that V{P) = 1, since P projects on the subspacc of eigenvectors which have eigenvalue precisely ai. 
However, if Xai(^(^)) * Xbi{V{B)), then Xbi{y{B)) + 1 which must imply (since it is a characteristic 
function) that Xbi (^(-B)) = 0. If this is the case then P is false, i.e. V{P) = 0. 

As a consequence of the above, a physical quantity A is not represented by a unique operator 
in quantum theory. On the contrary, each operator has different meaning depending on what other 
operators are considered at the same time. This implies that the quantisation map A*^ A]s one to 
many. 

The contextuality derived from dropping FUNG has great impact on the 'realism' of quantum 
theory. In fact, when one says that a given quantity has a certain value, we mean that that quantity 
"possesses" that value, and the concept of "possession" is independent of the context chosen. However, 
if our theory is contextual, what does it mean exactly that a quantity has a given value? It would 
seem that in a contextual theory there is not room for a realist interpretation. In fact, if we measured 
two pair of quantities {A^B) and (^,C) and obtained the values (a, 6) and (a ,c), respectively, such 
that a + a , then what values does the quantity A actually posses^? 

Thus, if one drops the FUNG principle we would end up with a non-realist contextual interpretation 
of quantum theory, which clashes with the realism of classical physics and our common sense. 
The question then arises: what if, instead, we dropped the first assumption, namely if we allowed for 
the truth values to be in some larger set other than the set {0, 1}? This is precisely what is done in topos 
quantum theory. In fact in this setting the FUNG principle is conserved, but the set of truth values 
is replaced by some larger set than simply {0, 1} leading to a multivalued logic. The interpretation 
we end up with is not strictly realist, due to the multivalued nature of the resulting logic. However 
we reach a more realist interpretation of the theory since now it makes sense to say that values are 
possessed by quantities in a context independent way. 

At this stage it should be pointed out that in the topos formulation of quantum theory there will 
be the notion of contextuality albeit its interpretation will be very different, thus it will not impinge 
on the notion of realism (of the interpretation). 



It should be noted that the probabihstic predictions of quantum theory are not afEected by the notion of contextuahty. 
In fact, the result of measuring a property yl of a system docs not depend on what else is measured at the same time, 
since the probability of obtaining am as the value of A will always be {\'4>\Pam\'4') ■ 
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Chapter 3 

Lecture 2/3 



I this lectures I will explain how, in order to work with category theory, one has to change from 

an internal description of mathematical objects (as is done in set theory) to an external/relational 
description. To fully understand this change in perspective 1 will describe how the axioms of a group 
can be given by both an internal perspective and an external one. 

I will then give an axiomatic definition of what a category is, introducing also the concept of a sub- 
category. This will be augmented with various examples of categories and a list of the most common 
categories which appear in physics. 

I will conclude with the concept of duality, very important in category theory and in what we will be 
doing in the rest of the course. 

3.1 Change of Perspective 

"Category Theory allows you to work on structures without the need first to pulverize them into set 
theoretic dust" (Corfiel). 

The above quotation explains, in a rather pictorial way, what category theory and, in particular 
topos theory are really about. In fact, category theory and, in particular, topos theory allow to abstract 
from the specification of points (elements of a set) and functions between these points to a universe of 
discourse in which the basic elements are arrows, and any property is given in terms of compositions 
of arrows. 

The reason for the above characterisation is that the underlining philosophy behind category theory 
(and topos theory) is that of describing mathematical objects from an external point of view, i.e. in 
terms of relations. 

This is in radical contrast to set theory, whose approach is essentially internal in nature. By this we 
mean that the basic/primitive notions of what sets are and the belonging relations between sets, are 
defined in terms of the elements which belong to the sets in question, i.e. an internal perspective. 

In order to be able to implement the notion of external definition we first need to define two 
important notions i) the notion of a map or arrow, which is simply an abstract characterisation^ of 
the notion of a function between sets; ii) the notion of an "equation" in categorical language. We will 
first start with the notion of a map. 

Given two general objects A and B ( not necessarily sets) an arrow / is said to have domain A 
and codomain B if it goes from A to B, i.e. f : A B. It is convention to denote A = dom{f) and 
B = codU). 

^By abstract characterisation here we mean a notion that does not depend on the sets or objects between which the 
arrow is defined 
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We will often draw such an arrow as follows: 



(3.1.1) 



Given two arrows f ■■ A ^ B and g : B ^ C, such that cod{f) = dom{g) then we can compose the 
two arrows obtaining g o f : A ^ C. The property of composition is drawn as follows: 



For each object (or set A) there always exists and identity arrow idA ■ A^ A 

id A ■ A^ A, such that idA{a) = a'i A 

The collection of arrows between various objects satisfy two laws: 



(3.1.2) 
(3.1.3) 



i) Associativity: given three arrows f : A ^ B, g : B ^ C and h: C ^ D with appropriate domain 
and codomain relations, we then have 



h°{g° f) = {hog)o f 

ii) Unit law: given f : A^ B, idA A-* A and ids ■ B ^ B the following holds 

f oidA = f = idB° f 



(3.1.4) 



(3.1.5) 



The next step is to try and define the analogue of an equation in an abstract categorical language. 
This is done through the notion of commutative diagrams. So, what is a diagram? A diagram is 
defined as follows: 

Definition 3.1.1. A graph is a collection of vertices and directed edges e : •x^ •x2 where 
is the source vertex while is the target. If the vertices are labelled by objects Xi and the edges are 



labeled by an arrow, such that each e : 



*X2 is now labelled as f : Xi X2, then we say that the 



graph is actually a diagram. 

A typical diagram will be either a triangle or a square 





An "equation" is then given by the concept of commutativity, i.e. we say that the above diagrams 
commute iff 

9°f = h; foj = koi (3.1.6) 

Care should be taken since commutativity is not as strict a condition as one might think. In particular, 
if we have the following commuting diagram 



B 



f 



we can only imply that f ° g = ho g, but not that f = h 
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Obviously diagrams can be combined together to form a bigger diagram, as long as the rules per- 
taining composition of arrows hold. Thus, considering the commuting diagrams in the above example 
we can combine them to obtain 




An important theorem in diagram language is the following: 
consider the diagram 

A 




If any two of the three rectangles commute then so will the remaining one. 



Now that we know how arrows and "equations" are defined we are ready to give some examples 
of how the same concepts can be described both internally, using set theory and externally, using a 
categorical language. 

internal external 
Element a e S « /(*) 5^ 

Subset Acs ^ 5 ^{0,1} 

Associative binary operation a ■ (b ■ c) = (a- b) ■ c Va, 6, ceS" n: S x S ^ S, such that 

SxSxS — ^-^ ^SxS 



SxS- 



commutes. 



It is interesting how the definition and the axioms of a group can be described in an external way. 
In particular, we have 

1. Associativity: {'^91,92,93 ^ G, 91(9293) = (gm) ga)- 

fi o (ida X fJ-) = ° il^ X idc) (3.1.7) 

where 

li:GxG -> G (3.1.8) 

(ffi,52) ^ 5iff2 (3.1.9) 
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and 



ida-G ^ G 
9^9 



(3.1.10) 
(3.1.11) 



Equivalently, associativity can be defined as the condition by which the diagram below commutes 

GxGxG > G^G 



GxG- 

2. Identity Element: {'ig & G, ge = eg = g) 



G 



fj, o (idc X ke) = jio (ke X idc) = ido 



where 



fee • G 
.9 



G 

ke{g) ■■= e 



(3.1.12) 



(3.1.13) 
(3.1.14) 



is the constant map which maps each clement to the identity element. So explicitly the identity 
element condition is equivalent to the fact that the following diagram commutes 



ke'xidG 




GxG 



3. Inverse: (Vg e G, gg ^ = g ^g = e). 

The existence of an inverse can be written as follows: 



^, o {idc xi)oA = /io(ix idc) o A = fee 



where the diagonal map A is 



while the inverse map is 



and 



A:G ^ GxG 
9 ^ (9,9) 

i:G ^ G 



ke-.G ^ G 

9 ^ keig) := e 



(3.1.15) 



(3.1.16) 
(3.1.17) 



(3.1.18) 
(3.1.19) 



(3.1.20) 
(3.1.21) 
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is the constant map which maps each element to the identity element. Equivalently, the condition 
of having an inverse can be represented by the following commuting diagram: 



^GxG 




GxG 



GxG 



GxG 



3.2 Axiomatic Definition of a Category 

Definition 3.2.1. A (smalB) category C consists of the following elements: 

1. A collection Ob{C) of C- objects 

2. For any two objects a, be Ob{C), a set Morc{a, b) of C -arrows (or C-morphisms) from a to b 

3. Given any three objects a,b,ceC, a map which represents composition operation 

o:Mare{b,c)xMorc{a,b) Morc{a,c) (3.2.1) 

if, 9) - f°9 (3.2.2) 

Composition is associative, i.e. for f e Morc(b,c), g e Morc(a,b) and h e Morc(c,d) we have 

hoifog) = (hof)og (3.2.3) 
which in diagrammatic form is the statement that the following diagram commutes 

g 



h°{fog) 



(hof)og 




4. For each object b € C an identity morphisms id^ e Morc{b, b), such that the following Identity law 
holds: for all g e Morc{a, b) and f € Morc{b, c) then f = f oidb and g = idbo g. In diagrammatic 
form this is represented by the fact that the diagram 




^ c 



commutes. 



category C is called small if Ob(C) is a Set 
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So, a category is essentially a collection of diagrams for which certain "equations" (commutative 
relations) hold. 

Definition 3.2.2. V is a subcategory ofC, denoted V £ C , if: 
i) Oh{V) c 06(C) as sets. 

a) For any two objects c,d& Ob(T>), then Mor-D(c,d) £ Morc(c,d). 

Thus a subcategory is a sub-collection of objects with a sub-collection of graphs containing these 
objects. 

Definition 3.2.3. V is a full subcategory ofC if an extra requirement is satisfied: 
(Hi) for any V-objects a and d, then MorT>{a,b) = Morc{a,b) . 

Keeping with our graph description, a full subcategory is a sub-collection of objects but has the 
same collection of graphs containing these objects 

3.2.1 Examples of Categories 

Example 3.2.1. Two object category 

Simple example of a two element category is the following: 

ia ii 

This category has 3 arrows: 

• io : ->■ identity on 0. 

• ii : 1 1 identity on 1. 

• foi-O^l. 

it is easy to see that the composite arrows are: 2o ° *o = *o ° H = ii ° foi = foi '"^'^ foi ° ii = fai- 

Example 3.2.2. Poset A poset is a set in which the elements are related by a partial order, i.e. not 
all elements are related to each other. The definition of a poset is as follows: 

Definition 3.2.4. Given a set P we call this a poset iff a partial order < is defined on it. A partial 
order is a binary relation < on a set P, which has the following properties: 

• Reflexivity: a<a for all a & P. 

• Antysimmetry: if a<b and b<a, then a = b. 

• Transitivity: If a<b and b<c, then a<b. 

An example of a poset is any set with an inclusion relation defined on it. Another example is R 
with the usual ordering defined on it. 

A poset forms a category whose objects are the elements of the poset and, given any two elements 
p,q, there exists a map p q iff p < q in the poset ordering. We will be using such a (poset) category 
quite often when defining a tapes description of quantum theory. Thus, it is worth pointing out the 
following: 

Definition 3.2.5. Given two partial ordered sets P and Q, a map/arrow f : P ^ Q is a partial order 
homomorphisms (otherwise called monotone functions or order preserving functions) if 

yx,y€P x<y^ fix) < f{y) (3.2.4) 
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Homomorphisms are closed under composition. A trivial example of partial order homomorphisms 
is given by the identity maps. 

Example 3.2.3. Comma Category 

This category (also called slice category) has as objects arrows with fixed domain or codomain, for 
example C i'R is a comma category with: 

• Objects: given A,B€ C, the respective objects in C i Ji are arrows whose codomain is R, i.e. 
f ■■ A-^Jl and g ■ B -^M. also written as: (A, f) and {B,g). 

• Morphisms: given two objects f and g we define an arrow between them as the arrow k : A^ B 
in C such that, 



^B 




commutes m C i R 

The above definition of arrows m C j R implies the following: 

• Composition; given the two arrows j : A ->■ B and i : B ->■ C, their composition is defined by the 
following commutative diagram: 



joi 




Basically you just glue triangles together. 
• Identity; given an element / : >1 ^ R, its identity arrow is: idA '■ {A, f) {A, f) 

idA 




It is interesting to note that, given a category C for any element AeC we can form the comma category 
C/A (C i A) where objects in C/A are all morphisms in C with codomain A, while arrows between two 
objects f : B ->■ A and g : D ->■ A are commutative diagrams in C, i.e. 
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For an object f : B A the identity arrow is simply ids ■ B B. 



Example 3.2.4. Monoid 

A monoid A4 is a one object category equipped with a binary operation on that object and a unit 
element. In particular, the definition is as follows: 

Definition 3.2.6. A monoid A4 is a triplet (M, *, i) such that, 

• M is a Set. 

• * is a map M x M ^ M which is associative. 

» i e M, such that VxeM i*x = x*i = x, where i is the two sided identity. 

The *-map can be identified either with the tensor product or with the direct sum or with the direct 
product according to which category M one is tacking into consideration. 
Examples of monoinds are (N,+,0) and any type of group {G,-,e). 
It is also possible to compare two different monoids as follows: 

Definition 3.2.7. Given two monoids M and N a map h: M ^ N is saied to be a monoid homomor- 

phism iff 

Vmi,m2eM h{mi * = h(mi) * h(m2) , = 1 (3.2.5) 
We will now give a list of various categories which are frequently used in physics. 



Category Objects morphisms 

Sets Sets functions 

Top Topological space Continuous maps 

Gr Groups Homomorphisms of groups 

Ab Abelian groups Homomorphisms of groups 

VectK Vector spaces over a filed K K-linear maps 

Man Manifolds Smooth maps 

Pos Partially ordered sets Monoton functions 

N N Natural numbers 

Set is a descrete category x € Set Identity arrows 

Preoder:P x € P At most one arrow between any two objects. 



3.3 The Duality Principle 

A very important notion in category theory is the notion of duality. In particular, for any statement 
(or "equation" ) Y expressed in categorical language its dual Y"^ is obtained by replacing the domain 
with the codomain and the codomain by the domain and reversing the order of arrow composition , 
i.e. h = go f becomes h = f o g. 

Thus, all arrows and diagrams in Y have the reverse direction in y°P, and the construction /notion 
described by Y°^ is saied to be dual to the notion described by Y. Moreover, we also have the notion 
of a dual category. 

Definition 3.3.1. Given a category C the dual is defined as follows: 

ObiC°P) := Ob{C) Morco^ia,b) := Morcib,a) (3.3.1) 

the composition law is: 

given f e Morc<>p{a,b) and g 6 Morcpib^c), then 

g f ■= f °e 9 (3.3.2) 



24 



It is easy to see that (^C°p)°p = C for any category. 
Therefore, given the construction Y°p referred to a category C, this can be considered as the construc- 
tion Y appUed to the dual category C°^. 

The notion of opposite categories leads to the very important notion of duality principle, by which a 
statement Y is true in C iff its dual Y°p is true in C°p. This principle allovirs us to prove various things 
simultaneously. By this we mean that if we have a statement X, which holds in the category C, then 
we immediately know that the statement holds for C°^. Moreover, if we derive a theorem T from 
the axioms of category theory, then such a theorem holds for any category C. However, by diiality T°p 
holds for every category C°^. But each category can be written as the opposite of some other category 
((C°^)°^ _ therefore holds for all categories. Then the duality principle allows us to derive a 
universal theorem from a specific instance of it. 

In what follows we will see many examples of statements, theorems and their duals. 

3.4 Arrows in a Category 

In this section we will explain the notions of injective, surjective and bijective map in a categorical 
language, i.e. from an external point of view. 

3.4.1 Monic Arrow 

Monic arrow is the "arrow-analogue" of an injective function. 

Definition 3.4.1. A C-arrow f : a ^ b is monic if for any pair of parallel arrows g : c ->■ a, h: a, 
the equality f ° g = f ° h implies that h = g, i.e. f is left cancellable. Monic arrows are denoted as: 



a>- 



We now want to show how it is possible to derive a monic arrow from an injective one and vice 
versa in Sets. 

Proof. Consider the sets A,B,C, an injective function f : A ^ B (i.e. if f(x) = f{y), then x = y) and 
a pair of parallel functions g:C^A and h : C ->■ A, such that 



commutes, i.e. f ° g = f ° h. 
Now if 




a;eC=> f o g{x) = f o h{x) 
f{9{x)) = f{h{x)) 



Since f is injective it follows that g{x) = h{x), i.e / is left cancellable. Vice versa, let / be left 
cancellable, and consider the following diagram: 
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From the above diagram it is easy to deduce that f ° g = f ° h, since f{x) = f{y). Given that 
X = g{Q) and y = h(0) by construction, and / is left cancellable by assumption, we get: g = h, therefore 
a; = y for f{x) = f(y), i.e. / is injective. □ 



3.4.2 Epic Arrow 

An epic arrow is the "arrow-analogue" of a surjective function. 

Definition 3.4.2. An arrow f : a ^ b in a category C is epic in C if, for any parallel pair g : b ^ c 
and h:b ^ c of arrows, the equality g ° f = h o f implies that h = g, i.e. f is right cancellable. Monic 
arrows are denoted as: 

a s*- b 

An epic is a dual of a monic. 
In Sets the epic arrows are the surjective set functions. 

Proof. Let us consider three sets A, B, C such that the set function f : A^ B is surjective but it is not 

right cancellable, i.e. given two functions g,h : B ^ C although h o f = g o f ^ h + g. What this implies 
is that there exists an a element y ^ B such that h{y) + g{y). However since / is surjective y = f{x) 
for some x ^ A, then, h o f(x) + go f(x) which contradicts the assumption that ho f = g o f. □ 

3.4.3 Iso Arrow 

An iso arrow is the "arrow-analogue" of a bijective function. 

Definition 3.4.3. A C-arrow f ■■ a ^ b is iso, or invertible in C if there is a C-arrow g ■ b ^ a, such 
that go f = la and f o g = If,. Therefore, g is the inverse of f i.e. g = f~^. 

Tlieorem 3.4.1. g is unique. 

Proof. Consider any other g such that g o / = la and fog =1;,, then we have 

g =ia°5 ={g°f)°g = g°{f°g) = g°h = g 

□ 

An iso arrow has the following properties: 
1. An iso arrow is always monic. 

Proof. Consider an iso /, such that f o g = f ok {f : a ^ b and g,h ■ c ^ a), then 

g = '^a°g= i.f'^ ° f) °g = f'^ °{f°g) 
-f-'°if°h) = if-'of)oh = h 

therefore / is left cancellable. □ 
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2. An iso arrow is always epic 



Proof. Consider an iso / such that g ° f = h o f [ f : a ^ b and g. h ■ b c) 



5=5°u = 5°(/°r') = (5°/)°r' = (/i°/)°/ 



-1 



therefore / is right cancellable 



□ 



Note: not all arrows which are monic and epic are iso, for example: 

1. An inclusion map is both monic and epic, but it is not iso, otherwise it would have an inverse 
and, as a set function, it would have to be a bijection, but it is not. 

2. In poset, eventhough all functions are monic and epic, the only iso is the identity map. 

In fact, consider a function f ■ p ^ q, this implies that p < q. If / is an iso, then /"^ '■ q ^ P 
exists, therefore, q < p. However, from the antisymmetry property p < q and q < p imply that 
p = q, therefore / = Ip is a unique arrow. 

Iso arrows are used to determine isomorphic objects within a given category. 

Definition 3.4.4. Given two objects a,b eC, we say that they are isomorphic a ^b if there exists an 
iso C -arrow between them. 

As we have seen from the above definitions, wc managed to give an external characterisation for 
the set theoretic concepts of injective, surjective and bijective functions. 

3.5 Elements and Their Relations in a Category 

In this section we will describe certain fundamental constructions or elements present in category 
theory. While reading this, it is useful to try and understand what the corresponding elements would 
be in Sets. 

3.5.1 Initial Object 

Definition 3.5.1. An initial object in a category C is a C-object such that, for every C-object A, 
there exists one and only one C-arrow from to A. 

An initial object is unique up to isomorphism, i.e. all initial objects in a category are isomorphic. 
To sec this, consider two initial objects Ai e C and A2 e C. Being both initial, wc have the unique 
arrows fi-Ai^ A2 and f^- A^^ A\. Moreover, the fact that they are initial implies that it is possible 
to uniquely compose the above arrows obtaining /i o /2 = i^As and /2 ° /i = idA^ ■ Therefore /i and /2 
are isomorphic functions and Ai ^ A2. 



Exeimples 



1. In C J, R, the initial object is / : ^ R, such that the following diagram commutes: 







k 



^A 



f 
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2. In Sets the initial object is the element. 

3. In Pos, the initial object is the poset (0.0). 

4. In Top, the initial object is the space (0, {0}). 

5. In Vectk, the one-element space {0} is the initial object. 

6. In a poset, the initial object is the least element with respect to the ordering. 
An initial object is the dual of a terminal object. 

3.5.2 Terminal Object 

Definition 3.5.2. A terminal object in a category C is a C-object 1 such that, given any other C-object 
A, there exists one and only one C-arrow from A to 1. 

Examples 

1. in C J, R the terminal object is (R, id^, such that the diagram 

A ^R 

R 

commutes (.'• k=f) 

2. In Sets a terminal object is a singleton {*}, since given any other element A € Sets there exist 
1 and only 1 arrow A -> {*}. 

3. In Pos the poset ({*},{(*, *)}) is the terminal object. 

4. In Top, the space({=*-}, {0, {*}}) is the terminal object. 

5. In Vectk, the one-element space {0} is the terminal object. 

6. In a poset, the terminal object is the greatest element with respect to the ordering. 

Given the notion of a terminal object we can now define the notion of an element of a C-object. Note 
that, so far, the definition of every categorical object that was introduced never rested on specific 
characteristic of its composing elements. This is because, as stated above, concepts in category theory 
are defined externally. In fact, it is the case that certain objects in a given category do not have 
elements. We will return to this later. For now we will give the categorical description of what an 
element of an object actually is. 

Definition 3.5.3. Given a category C, with terminal object 1, then an element of a C-object b is a 
C-arrow x:l^b. 

Example 3.5.1. In Sets, an element x & A, can be identified with the singleton subset {*}, therefore 
with an arrow {*} -> A from the terminal object to A. 
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3.6 Products 



We will now give the external/categorical description of the cartesian product. Such a definition will 
be a general notion of what a product is, which will be valid in any category independent of the 
details of that category. This is, in fact, one of the powerful aspects of category theory: an abstract 
characterization of objects in terms of universal properties. In this way, definitions become independent 
of the peculiarity of individual cases, becoming a more objective, universally valid construction. One 
can compare the level of abstraction in category theory with the level of abstraction in differential 
geometry, where one defined objects without the \mc of a specific coordinate reference frame. 

Let us now turn to our task of defining what a product is in categorical language. It should be 
pointed out that, as with all the other objects defined so far, if a product exists, it is uniquely up to 
isomorphism. Given a particular category, we can then verify whether or not the product exists in that 
category. It is only at this point that the particularity of the category in question enters the game, 
i.e. only into the proof of existence^. All the useful properties of the product follow from the general 
definition. So, what is a product? 

Definition 3.6.1. A product of two objects A and B in a category C is a third C-object Ax B together 
with a pair of C-morphisms (arrows): 

prA-AxB^A prB-AxB^B (3.6.1) 

such that, given any other pair of C-arrows f : C ^ A and g ■ C ->■ B, there exists a unique arrow 
{f,g):C-^AxB, such that the following diagram commutes^ 




I.e. 

PTA o if, g) = f and prb o (/, g) = g 

Given two products we would now like to know if and how is possible to relate them. To this end 
one needs to introduce the concept of a map between two product objects. Such a map will be called 
a product map. The definition is straightforward. 

Definition 3.6.2. Consider a category C which allows products. Then consider two C-arrows f ■ A ^ B 
and g ■ C D. The product map f x g : Ax C ^ B x D is the C -arrow ( / ° pr a, g ° P'l' b) ■ Such an arrow 



^The proof of existence is done by constructing an object and verifying if it satisfies the requirements of being a 
product. 

^Note that an arrow drawn as 

> 

indicates uniqueness, up to isomorphisms of that arrow. 
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is the unique arrow which makes the following diagram commute: 




prs 



Theorem 3.6.1. In Sets the product of two sets always exists and it is the cartesian product with 
projection maps. 



Proof. Given a set R with maps qi: S, q2: R^T, then the map 

ip-.R ^ SxT 

r ^ (gi(r-),g2(r)) 

would satisfy the commutativity property of the cross product, i.e. \/r & R 

(pio'0)(r) = gi(r) 
(P2°V')(0 = «2(r) 

We now need to prove its uniqueness. This is done as follows: 

if there exists a (j) which satisfies pi o (j) = and Pi ° 4> = ^2 then, for all r e i? we have 

^(^) = {qi{'r),q2{r)) = {pi{i'{r)),P2{ij{r))) = H'^) 

where the last equality holds, since {s,t) = Piis,t),p2{s,t)) for all {s,t) € S xT. 
It follows that tl) is unique. 



(3.6.2) 
(3.6.3) 

(3.6.4) 
(3.6.5) 



(3.6.6) 



□ 



We now want to show that the products are commutative, i.e. Ai x A2 - A2 x Ai. To this end let 
us consider each product separately. Being products, there exist unique arrows i and j such that the 
following diagrams commute: 



Ai XA2 



A2 X Ai 





A2 A2 

Composition of these diagrams in both orders gives us the following commuting diagrams: 

Ai XA2 A2X Ai 




pri 



A2 A2 




pr2 
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It is clear that j oi = idAixA2 and i° j = idA^xAi , thus i and j are isomorphic. 

The proof given above can be easily extended to give the associativity of the product operation in 
general, i.e. for an arbitrary amount of factors. 

It should be noted that the product of an empty set of objects is just the terminal object, and the 
product of the family consisting of a single object A is A itself with projection 1a- A-^ A. 

3.6.0.1 Examples 

• In Pos, products are cartesian products with the pointwise order. 

• In Top, products are cartesian products with the product topology. 

• In Vectk, products are direct sums. 

• In a poset products are greatest lower bounds. 

3.6.1 Co-Products 

We now define the categorical/external definition of disjoint union. 

Definition 3.6.3. A co-product of two objects A and B in a category C is a third C-object A + B 

together with a pair of C-arrows: 



iA-A^A + B is-B^A + B 



(3.6.7) 



such that, given any other pair of C-arrows f : A ->■ C and g : B C, there exists a unique arrow 
[f,g] : A + B ^ C which makes the following diagram commute: 




i.e. the co-product is the dual of the product. In the above, the arrows iA and is indicate canonical 
injection maps. 

Again, it is possible to define a map between two co-products. In fact, in defining such a map one 
can simply dualise the definition of the product map, thus obtaining the following definition: 

Definition 3.6.4. Assuming that co-products exist in C, we consider two C-arrows f : A ^ B and 
g ■■ C ^ D. The co-product m,ap f + g: A + C^B + D is the unique C-arrow [in ° f,iB ° g], such that 
the following diagram commutes: 



f 



D 



. ^ [iDof,iBog] 

AxC ^ B + D 



1-C 



C- 



-^B 
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Theorem 3.6.2. In Sets the co-product of any two elements X,Y e Sets always exists and it is the 
disjoint union 

Xl[Y = {ix,j)€iXuY)x{0,l}\x€Xiffj = 0,x€Yiffj = l} (3.6.8) 

We then have 

ix-X ^ (3-6-9) 

X (a;,0) (3.6.10) 

and 

iy-Y ^ XY[Y (3.6.11) 

y ^ (3.6.12) 

It should be noted that the co-product of an empty set is the initial object. 
3.6.1.1 Examples 

• In Pes, co-products are identified with disjoint unions (with the inherited orders). 

• In Top, co-products are identified with topological disjoint unions. 

• In Vectk, co-products arc identified with direct sums. 

• In a poset, co-products are identified with least upper bounds. 

3.6.2 Equaliser 

We now describe the categorical analogue of the concept of the largest set for which two functions 
coincide. This is the concept of an equaliser. 

Definition 3.6.5. Given a category C, a C-arrow i : E A is an equaliser of a pair of C-arrows 
f,g:A^B tf 

1- f °i = 9°i- 

2. Given another C-arrow h: C ^ A such that f o h = g o h, there is exactly one C-arrow k : C E 
such that the following diagram commutes: 




i.e. iok = h 

In Sets, the equaliser of a pair of maps f,g:A->-Bis the largest subset for which the two maps 
coincide, i.e. 

{x€A\fix) = gix)}£A (3.6.13) 
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3.6.3 Co-Equaliser 

Dual to the equaliser, there exists the co-equaliser which is defined as follows: 

Definition 3.6.6. Given two C-arrows f,g.A^B, the C-arrow h: B ^ C is a co-equaliser of f and 
g if the following conditions hold: 

1) hof = hog 

2) Given any other C-arrow h ■■ B C such that h o f = h o g, there exists a unique C-arrow 
u:C-^C such that the following diagram commutes 

f h 
A T R 



g 




C' 

In Sets the co-equaliser of a pair of maps f,g:A^B is the quotient of B by the least equivalence 
relation for which f{x) = g{x) for all x & A. The condition of being the least equivalence relation is 
required by condition 2) above. 

The construction of such an equivalence relation is done as follows: 
Consider the co-equaliser 

S = {(f(x),g(x))\x€A}^BxB (3.6.14) 

Although it is a co-equaliser it is not necessarily an equivalence relation on B. However, one can 
construct a minimal equivalence relation on B which contains S. In particular, such an equivalence 
relation R£ B x B would be such that 

• SqR. 

• Given any other equivalence relations T on B such that 5 £ T then, Rc,T. 
Such a relation is obviously 

S={x€A\fix)=gix)} (3.6.15) 

3.6.4 Limits and Co-Limits 

In the description of the elements/objects that we gave so far we have always utilised the notion of 
a universal property, which the object in question had to satisfy. In particular, we never constriicted 
any object in terms of the characteristics of its elements, but rather through its relations to other 
objects, such that these relations had to satisfy a universal property, thus obtaining a universal con- 
struction. As can be easily deduced from the universal constructions given above, these are unique up 
to isomorphisms. 

So, what are these universal constructions and universal properties? 
The precise characterisation of these concepts is given in terms of the notion of diagrams, limits and 
co-limits of these diagrams. 

Definition 3.6.7. Given a category C, a diagram D in C is defined to be a collection of C-objects 
ai&C (i^I) and a collection of C-arrows a, aj between some of the C-objects above. 

Using the notion of graphs given at the start of this lecture, a diagram can be defined as one graph 
in the collection of graphs composing a category. 
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Now a special type of diagram D is the D-cone, i.e. a cone for a diagram D. This consists of a 
C-object c and a C-arrow fi'- one for each e D, such that 



g 




c 



commutes when ever g is an arrow in the diagram D. 

A cone is denoted as {fi : c ^ Ui} and c is called the vertex of the cone. We now come to the definition 
of a limit. 

Definition 3.6.8. A limit for a diagram D is a D-cone {fi-c->- ai} such that, given any other D-cone 
{fi-c ai}, there is only one C-arrow g : c ^ c such that, for each ai & D the following diagram 
commutes: 



ai 



c 




The limiting cone of a diagram D has the universal property with respect to all other D-cones, in 
the sense that any other D-cone factors out through the limiting cone. 

Examples: 

Example 3.6.1. i) The product of two objects A and B in C, defined above, is actually the limiting 
cone of the diagram containing only two elements A and B and no arrows, i.e. it is the limiting cone 
of the arrowless diagram 

A B 

In fact a cone for this diagram is given by any C-object C together with two arrows f : C A and 
g:C^B giving the cone 



C 




A B 



Now, in order for this cone to be a limiting cone, we require that any other cone factors through it. 
This means that given another cone 

d 




A B 
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there exists a unique map h:C C, such that 



C' 



A 




But this is precisely the definition of the product, i.e. C = Ax B. 
Example 3.6.2. The terminal object is the limiting cone of the empty diagram. 
Example 3.6.3. The equaliser is the limiting cone of the diagram 

f 

A — R 

g 

By duality we also have the notion of a co-limit whose definition requires (as expected) the notion 
of a co-cone (dual to a cone). 

Given a diagram D a co-cone consists of an object c and arrows {fi ->■ c}, one for each element e D. 
A co-cone is denoted {fi : aj c}. 
We now define a co-limit as follows: 

Definition 3.6.9. A co-limit of D is a co-cone with the (co)-universal property that given any other 
D-cone {/^ : a, c } there exists one and only one map f : c ^ c such that the following diagram 
commutes 



ai 



c 




for all ai€ D 

From the duality principle one can figure out what exactly the co-product, initial object and co- 
equaliser, are. 

3.7 Categories in Quantum Mechanics 

In this section we will delineate different categories that arise in quantum theory, however we will not 

go into the details of how each of these categories is used. The aim is simply to show that category 
theory arises in many more contexts than one can imagine. The list of examples of categories in 
quantum theory is by no means complete. 

3.7.1 The Category of Bounded Self Adjoint Operators 
Definition 3.7.1. [1] [2] the Set O of bounded self-adjoint operators is a category, such that 
• the objects of O are the self-adjoint operators; 
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• given a function f : a(A) R (from the spectrum of A to the Reals) such that B = f{A) then 
there exists a morphism fo'-B^A in O between operators B and A. 

To show that the category 0, so defined, is a category, we need to show that it satisfies the identity 
law and composition law. This can be shown in the following way: 

• Identity Law: given any O-object A, the identity arrow is defined as the arrow idoj^ A A that 
corresponds to the arrow irf : R ^ K, in R. 

• Composition Condition: given two O-arrows fo'-B^A and go '■ C B, such that B = f{A) 
and C = g{B), then, the composite function foogo in O corresponds to the composite function 
/05 : R, ^ R in R. 

The category O, as defined above, represents a pre-ordered set. In fact, the function / : (j{A) -» R is 
unique up to isomorphism, therefore it follows that for any two objects in O there exists, at most, one 
morphism between them, i.e. O is a pre-ordered set. However, O fails to be a poset since it lacks the 
antisymmetry property . In fact, it can be the case that two operators B and A in O are such that 
At B, but they are related by O-arrows fo'B^A and go A ^ B in such a way that: 

go°fo = idB and fo°go = idA (3.7.1) 

It is possible to transform the set of self-adjoint operators into a poset by defining a new category 
[O] in which the objects are taken to be equivalence classes of operators, whereby two operators are 
considered to be equivalent if the O-morphisms, relating them, satisfies equation 3.7.1. 

3.7.2 Category of Boolean Sub-Algebrcis 

Definition 3.7.2. [1] [2] The category W of Boolean sub-algebras of the lattice P{T-L) has: 

• as objects, the individual Boolean sub-algebras, i.e. elements W € W which represent spectral 
algebras associated with different operators. 

• as morphisms, the arrows between objects ofW, such that a morphism iwiW2 '■ ^1 ^2 exists 

iffWiQW2. 

From the definition of morphisms it follows that there is, at most, one morphisms between any two 
elements of W, therefore W forms a poset under sub-algebras inclusion Wi £ VF2- 
To show that W, as defined above, is indeed a category, we need to define the identity arrow and the 
composite arrow. The identity arrow in W is defined as idw '■ W W, which corresponds to W £ W, 
whereas, given two W-arrows iwiW2 '• ^1 ^2 {Wi £ W2) and iw2W3 '■ W2 W3 {W2 £ W3) the 
composite iw^w^ ° iwiW2 corresponds to Wi £ W3. 

ExEimple 3.7.1. An example of the category W can be formed in the following way: 

consider a category consisting of four objects (operators): A,B,C,1 such that the spectral decomposition 

is: 

A = aiA +02 A +a3P3 

B = bi{PiVp2)+b2p3 
C=CiiPiVP3)+C2p2 

then the spectral algebras are the following: 

Wa = {0, A, A, A, A V A, A v A, A v A, i} 
Wb = {6,A,A vA,i} 
Wc = {6,A,AvAi} 

Wi = {1} 
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The relation between the spectral algebras is given by the following diagram: 

Wb 




Wc 

where the arrows are subset inclusions. 
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Chapter 4 

Lecture 4 



In this lecture I will describe how it is possible; to define maps between categories. There are two 
types of such maps called covariant functors and contravariant functors. I will describe both and give 
examples of both. We will then abstract a bit further and define maps between functors them selves. 
These are called Natural Transformations. Such transformations will enable us to define equivalent 
categories. 

4.1 Functors and Natural Transformations 

So far we have introduced the notion of a category. However, if we can not compare categories together 
we could not do much in terms of category theory. Thus, there must be a way of comparing categories 
or, at least, define maps between them. This is done through the notion of a functor. Generally 
speaking a functor is a transformation from one category C to another category V, such that the 
categorical structure of the domain C is preserved, i.e. gets mapped onto the structure of the codomain 
category V. 

There are two types of functors: 

1. Covariant Functor 

2. Contravariant Fiinctor 

4.1.1 Covariant Functor 

Definition 4.1.1. .• A covariant functor from a category C to a category V is a map F :C that 
assigns to each C- object a, aV-object F(a) and to each C- arrow f : b aV-arrow F{f) : F{a) ->■ F{b), 
such that the following are satisfied: 

1. F{1^) = 

2. F(f og) = F(f) o F(g) for any gic^a 

It is clear from the above that a covariant functor is a transformation that preserves both: 

• The domain's and the codomain's identities. 

• The composites of functions, i.e. it preserves the direction of the arrows. 
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A pictorial description if a covariant functor is as follows: 

/ 




F{a) — — ^F{b) 



F{h) 



F{c) 



4.1.1.1 Examples 

Example 4.1.1. Identity functor; 

idc ■ C ^ C is such that idcA = A for all A e C and idc{f) = f for all C-arrows f . Similarly one can 
define the insertion functor for any subcategory V <^C. This is trivially defined as follows 



I:V 

A 

if-.A^B) 



C 
A 

if--A 



B) 



Given such a definition it follows that 



I{idA) 



id 



1(A) 



Example 4.1.2. Power set functor; 

P : Sets ->■ Sets assigns to each object X € Sets its power set^ PX , and to each map f ■ X 
map P(f) ■ PX PY, which sends each subset S £ X to the subset f{S) £ Y. 



(4.1.1) 
(4.1.2) 
(4.1.3) 



(4.1.4) 
(4.1.5) 

>■ Y the 



Example 4.1.3. Forgetful functor; 

Given a category C with some structure on it, for example the category of groups Grp, the forgetful 
functor F : Grp Sets takes each group to its underlining set forgetting about the group structure, 
and each C-arrow to itself. 

Example 4.1.4. Horn functor; 

Given any C-object A, then the Horn functor C{A,-) ; C Sets takes each object B to the set of all 
C-arrows C{A,B) from A to B, and to each C-arrow f ■ B ^ C it assigns the map 



C(A,f):C(A,B) 
9 



CiA,C) 

C(A,f)(g) :=/o5 



(4.1.6) 
(4.1.7) 



such that the following diagram commutes 
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Example 4.1.5. Free Group Functor; 

Given the categories Sets and Grp the free group functor is a functor F : Sets Grp which assigns, to 
each set A € Sets, the free group^ generated by A and, to each morphism f, the induced homomorphism 
between the respective groups which coincides with f on the free generators. 

Example 4.1.6. Functors between Preorders 

Given two preorders {P,<), (Q,<). A cova.ria.nt functor F : (P, <) ->■ {Q,<) is defined as a covariant 
functor F : P ^ Q which is order preserving, i.e. 

Vpi,p2 eP tfpi<p2 then F{pi) < F{p2) (4.1.8) 

It can be easily seen that indeed the above map satisfies the conditions of being a functor. It follows 
that, in this case, F is simply a monotone map. 

Example 4.1.7. Given two monoids (M, *, 1), {N, *, 1), a covariant functor F : (M, *, 1) (N, *, 1) 

is such that it maps M to N, i.e. F{M) = N since monoids are categories with a single object. The 
functoriality condition is then defined as follows^ : 

Vmi,TO2 6M F(mi *m2) =F(mi) *F(m2) andF{l) = l (4.1.9) 

Hence, a covariant functor between monoids is just a monoid homomorphism. 

Example 4.1.8. Given a group (G, *, 1) (which, as we previously saw, can be considered as a monoid), 
a covariant functor F .G Sets represents the action of G on a set X e Sets. In particular F(G) = X 
and each map gi : G G gets mapped to an endofunction on X, i.e. F(gi) := gi * - : X ^ X . The 
functorial condition then amounts to the following: 

V5i,,g26G F{gi*g2) = F{gt)oF{g2) andF{l) = idx (4.1.10) 

Therefore, given any x e X the above maps imply 

(qi * 92)x = gi- gi-x and 1-x = x (4.1.11) 

Thus F defines an action of G on X. 

4.1.2 Contravciriant Functor 

Let us now analyse the other type of functor: contravariant functor 

Definition 4.1.2. A contravariant functor from a category C to a category V is a map X -.C 

that assigns to each C-object a a V-object X(a) and to each C-arrow f : a b a T>-arrow X(f) : X(b) 
X{a), such that the following conditions are satisfied: 

1. X{la)-lx(a) 

2. X{f o g) = X{g) o X{f) for any g : c ^ a 

A diagrammatic representation of a contravariant functor is the following: 




Xic) 

group G is called free if there exists a subset S S G, such that any element of G can be uniquely written as a 
product of finitely many elements of S and their inverses. 

'^Recall that in a monoid with set M maps have both domain and codomain equal to M (technically these type of 
morphisms are called endomorphisms) , i.e. m; : M -> M and represent elements of M. 
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Thus, a contravariant functor in mapping arrows from one category to the next reverses the di- 
rections of the arrows, by mapping domains to codomains and vice versa. A contravariant functor is 
also called a presheaf. These types of functors will be the principal objects which we will study when 
discussing quantum theory in the language of topos theory. 

4.1.2.1 Examples 

Example 4.1.9. Contravariant power set functor is a functor P ■ Sets Sets tuhich assigns to each 
set X its power set P{X) and, to each arrow f : X -^Y the inverse image map P{f) ■ P{Y) P{X), 
which sends each set S e P{Y) to the inverse image f~^(S) e P(X). 

Example 4.1.10. Contravariant Hom-functor: 

For any object A e C we define the contravariant Hom functor to be the functor C{-,A) : C ->• Sets, 

which assigns to each object B eC the set of C- arrows C{B,A) and, to each C-arrow f : B ->■ C, it 
assigns the function 

Cif,A):C{C,A) ^ CiB,A) (4.1.12) 

g ^ C(B,A)(f):=gof (4.1.13) 

such that the following diagram commutes 



B 




A 



4.1.2.2 Characterising Functors 

Irrespectively of whether we are talking about covariant or contravariant functors, there are several 
properties which distinguish different functors, these are the following: 

Definition 4.1.3. A functor F -.C ->-'D is called 

1. Faithful if 

F:Morcix,y)^MorviFx,Fy) 'ix,y€Ob(C) (4.1.14) 

is injective 

2. Full if 

F:Morc(x,y) ^ Mor-D(Fx,Fy) 'ix,y€Ob(C) (4.1.15) 

is surjective 

3. fully faithful if 

F:Morc{x,y)^Mor-D{Fx,Fy) Va;,2/e06(C) (4.1.16) 

is bijective 

4- Forgetful if F takes each C object to its underlining set, forgetting about any structure which 
might be present in C, while mapping each C-arrow to itself. Thus, all that is remembered by this 
forgetful functor is the fact that the C-arrows are set functions. 

5. Essentially surjective. A functor F -.C is essentially surjective (or dense) if each object d^V 
is isomorphic to an object of the form F{c) for some object c^C. 
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6. Embedding if F is full, faithful, and injective on objects. 

7. An equivalence if F is full, faithful, and essentially surjective. 

8. An isomorphism if there exists another functor G :V ^ C such that 

GoF = Idc, FoG^Idv (4.1.17) 

It should be noted that the definition of a full and faithful functor only requires that there is a 
bijection between the morphisms of the categories, not between the objects. In fact if f : C I? is a 
full and faithful functor, than it could be the case that: 

i there exists some y € Ob{V), such that there is no object x € Ob{C) for which y = F{x), i.e. F is 
not surjetive on objects. 

ii Given two elements Xi,X2 e Ob{C), then if F{xi) = F{x2) this does not entail that Xi = X2, i.e. 
F is not injective on objects. 



4.1.2.3 Preservation and Reflection 

So far we have classified functors according to how they act the collection of objects and morphisms 
seen as sets. However, one can abstract a little more and try understanding how functors behave on 
more complex striictures, such as properties of arrows. In particular consider a property P of arrows, 
a functor F -.C -*T> preserves P iff 

/ satisfies P =^ F{f) satisfies P (4.1.18) 

F reflects P iff 

F{f) satisfies P^ f satisfies P (4.1.19) 



4.1.3 Natural Transformations 

So far we have defined categories and maps between them called functors. We will now abstract a step 
more and define maps between functors. These are called natural transformations. 

Definition 4.1.4. A natural transformation from, Y : C ^ V to X : C ^ V is an assignment of an 
arrow N :Y ^ X that associates to each object A in C an arrow Na '■ Y{A) X{A) in V such that, 
for any C-arrow f : A^ B the following diagram commutes 



Y{B) 



X{B) 



YU) 



XU) 



B 



Y{A) 



Na 



X{A) 



I.e. 



NAoY{f) = X{f)oNB 



Here Na '■ Y{A) X{A) are the components on N, while N is the natural transformation. 
From this diagram it is clear that the two arrows Na and Nb turn the Y-picture oi f : A ^ B into the 
respective X-picture. If each Na {A e C) is an isomorphism, then A'' is a natural isomorphism 



N:Y ^X 



(4.1.20) 
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4.1.3.1 Examples 



Example 4.1.11. Consider the operation of taking the dual of a vector space defined over some field 
K. This operation is actually a functor as follows 



* : VectK 
V 



Vect 



K 



V* := Homk{V,K) 



(4.1.21) 
(4.1.22) 



Moreover, given a linear map f ■ V ^ W we obtain the map f* ■ W* V* such thai f*{4>) = (j) ° f 
where (j) € W* . By reiterating this functor we can define a double dual functor as follows: 



** : VectK 
V 



VectK 
V** 



such that v**{f) = f{v) for / e V* and v eV. 

It is then possible to define a natural transformation between the identity functor IvectK 
Vectk and the double dual functor as follows: 



N:l 



Vectk ** 



whose components are 



V 



1 



Vecti 



XV) 



Nv 



■V* 



(4.1.23) 
(4.1.24) 

VectK 
(4.1.25) 



Ivectt (/) 



w 



Nw 



Example 4.1.12. Given a map f : A-^ B in a category C, we obtain a natural transformation between 
covariant Hom-functors as follows: 



C(/,-):C(B,-)-C(A-) 

such that for each C we obtain 

Cif,C):C(B,C) - C(A,C) 

(g:B^C) ^ C(f,C)(g):=igof:A^C) 



(4.1.26) 

(4.1.27) 
(4.1.28) 



To show that C{f,-) is indeed a natural transformation we need to show that for all h : C ^ D the 
following diagram commutes 

e(B,h) 

C{B,C) > C{B,D) 



cu,c) 



CU,D) 



C(A,C) "^^^'^^ > C(A,D) 

Chasing the diagram around we have on the one hand 

C{A, h) (Cif, C)ig)) = C{A, h)igof) = ho{gof) 

and on the other hand 

Cif, D){C{B, h){g)) = C(/, D){hog) = {hog)of 



(4.1.29) 
(4.1.30) 
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such that 



h°igof) = (hog)of 



(4.1.31) 



This equality follows from associativity. 



Example 4.1.13. Given a map f ■ A ^ B in a category C it is possible to define a natural transfor- 
mation between contravariant Hom-functors as follows: 



C{-,f):Ci-,B)^Ci-,A) 



(4.1.32) 



That this is indeed a well defined natural transformation. In fact, given any object C the action of 
C(-,/) is 



CiC,f):CiC,A) ^ C{C\B) 

h - C(C,f)(h) = foh 



While for morphisms g : C ->■ D we get 



C{D,f):C{D,A) - C{D,B) 
k f ok 



(4.1.33) 
(4.1.34) 



(4.1.35) 
(4.1.36) 



such that the following diagram commutes 



C(C, A) ^^^'-^^ > C(C7, B) 



C(g,B) 



C(D, A) ^!^IL^ c(D, B) 

Thus C{C, f) o C{g, A){k) = C{C, f){k o g) = f o {k o g) while C{g, B) o C{D, f){k) = C{g,B){f o k) = 
(f ok) og by associativity {f o k) o g = f o {k o g) 

We will state and prove a lemma which is a version of the very important Yoneda Lemma which 
will be analysed in details in subsequent lectures. 

Lemma 4.1.1. Given a category C and two objects A,B e C, then for each natural transformation 
t : C{A, -) C{B, -) for covariant functors, there exists a unique f : B ^ A in C such that t = C{f, -) 



Proof 4.1.1. Let us define 



[f:B^A):= tA{idA) 



(4.1.37) 



Since t : C{A,-) ->■ C(B,-) is a natural transformation, given any arrow g : A ^ C we have the 
following commutative diagram 

C(A,A) "^^''^ . C(A,C) 



tA 



tc 



C(B, A) ^^^'^^ > C(B, C) 



Chasing the diagram around we have 



tciCiA,g){idA)) = tci9) 



(4.1.38) 
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On the other hand 



C{B,g){tA{idA)) 
thus, from the requirement of commutativity 



C(B,g)f = gof 



(4. 



1.39) 



tcig) 



9°f 



(4. 



1.40) 



However from the definition in equation 4- 1-27 we know that 



C{f,C){g) ■.= gof 



(4. 



1.41) 



thus 




1.43) 



1.42) 



4.1.4 Equivalence of Categories 

Now that we have defined maps between categories, i.e. functors and maps between functors, i.e. 
natural transformations, it is possible to compare two categories and see if they are equivalent or not. 
To this end we need the notion of isomorphic functors. 

Definition 4.1.5. Two functors F,G ■ C ^ V are said to he naturally isomorphic if there exists a 

natural transformation rj : F ->■ G, which is invertible. 

Wo can now define equivalent categories in terms of naturally isomorphic functor. 

Definition 4.1.6. Two categories C and V are said to be equivalent if there exists functors F -.C 
and G : V C, such that the functors F oG ^ idj) and G o F ^ idc are naturally isomorphic to the 
identities. In this case F is called an equivalence of categories. 
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Chapter 5 

Lecture 5/6 



In this lecure I will first of all introduce the category of functors whose objects are functors (lecture 4) 
and whose morphisms arc natural transformations (lecture 4). Such a category is denoted as for 
C and D being categories themselves. As we will see later on in the course, for a particular choice of 
D and C we obtain the quantum topos. I will then give the axiomatic definition of what a topos is. 
In particular I will focus on two main objects which are present in a topos, these are: 

i) Sub-object Classifier; 

ii) Internal logic: Heyting algebra. 

These will be very important when defining the topos version of quantum theory. 

5.1 The Functor Category 

We will now introduce a type of category which is very important for the topos formulation of quantum 
theory since i) it is actually a topos, ii) for an appropriate choice of base category it will be the topos 
in terms of which quantum theory is defined. 

The functor category is, in a way more abstract than any of the categories we have encountered 
so far since it has as objects contravariant functors, and as maps natural transformations. So it is 
one level higher in abstraction of the 'standard' category, which had as objects simpler elements with 
not so much structure and as maps simpler function between these elements. On the other hand the 
elements in the functor categories are complicated object being themselves maps between categories, 
thus they carry a lot of structure. The maps between these objects are now required to preserve such 
complicated structures. However, on a general level, we still simply have a collection of objects with 
maps between them, the only difference is that now the hidden level of complexity has to be taken 
into consideration when defining any categorical construction. So, for example, as we will see in the 
examples below, when defining the product, the equaliser, etc, the structure of the individual elements 
of the category has to be taken into consideration. 
The definition of the functor category is as follows: 

Definition 5.1.1. Given two categories C and V, the functor category Tf has: 

• Objects.- all functors of the form F -.C ^V. 

• Morphisms; natural transformations between the above mentioned functors. 

Given two natural transformations Ni : F G and N2 ■ G H in composition is defined as 
follows 

N2oNi:F^H (5.1.1) 
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such that, for each C e C the individual components are 

(iV2oiVi)c : FiC)^H{C) (5.1.2) 

Composition is associative 

Of particular importance for us is the case in which V is the category Sets. In fact Sets'', for 
a particular C, will be the category which we will use to describe quantum theory. In particular, for 
quantum theory we will be using the presheaves Sets for an appropriate C. 

So let us analyse Sets 

5.2 The Functor Category with Domain Sets 

We will now describe in detail the functor category Sets for some category C. The reason we are 
interested in this category is two fold: 

i) It is actually a topos 

ii) It will be the topos in which quantum theory will be defined. 

Given a contravariant functor between a category C and Sets, we can form a category Sets such 
that we have the following: 

• Objects: all contravariant functors P : C Sets 




P(0) 

• Arrows: all natural transformation N : P ->■ P between contravariant functors such that, given 

^Note that C°'' represents the opposite of the category C. Objects in C°'' are the same as the objects in C, while the 
morphisms are the inverse of the morphisms in C, i.e. 3 a C°^-morphisms / : A -»■ B iff 3 a C- morphisms f ■ B ->■ A. 
Thus the category Sets'' has as objects covariant functors from C°p to Sets or, equivalently, contravariant functors 
from C to Sets. 
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a function f : D ^ C mC the following diagram commutes 

PU) 



P{C) 



P{D) 



Nc 



Nd 



P{C) 



The morphisms satisfy the following conditions: 



P (/) 



P{D) 



• Identity maps for each object X in Sets are identified with natural transformations ix , whose 
components ix^ are the identity maps of the set X(A) in Sets. 



Composition of maps in Sets : 

("Op n TV 

Consider the functors X,Y and Z that belong to Sets , such that there exist maps X — >■ Y 

and Y — > Z between them. We can then form a new map X >■ Y, whose components would 

be (M o N)a = Ma ° Na, i.e. graphically we would have 



XiA) 



Na 



Y{A) 



Ma 



Z(A). 



ZU) 



■X{B) 



Nb 



Y(B) 



Mb 



Z(B) 



Depending on the choice C, there are a number of relevant elements of the category Sets'" in 
quantum theory. Here we will only give a few example of such presheaves (see [1], [2], [16]). A more 
in depth analysis will be given in subsequent lectures. 



5.2.1 Spectral Presheaf on the Category of Self- Adjoint Operators with 
Discrete Speactra 

Definition 5.2.1. Spectral Presheaf on Od (subcategory of O, in which the operators have discrete 
spectra)^ S : Od Sets is defined such that: 

1. Objects Ae O get mapped to = a{A) where cr(A) is the spectrum of A. 

2. Morphisms fo-B^Ain Od, such that B = f{A) (f : a[A) £ H ^ RJ, gets mapped to Y.{fo) ■ 
T,{A) ->■ T,{B), which is equivalent to T,{fo) ■ (j{A) (j{B) and is defined by E(/ci)(a) := f{a) 
for all a e a{A). 

^Hcic it is intended natural transformations, but we will often simply call them maps. The specification of what type 
of maps we are considering should be clear from the context. 

■'The condition of the spectrum being discrete implies that given a Borel function / : cr(j4) £ R -»■ R, then a{f{A)) = 
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In order to prove that S, as defined above is indeed a presheaf, we need to prove that, given any 
function go -C B such that C = g{B) then, the following equation is satisfied: 

o = S(/o o go) 

Proof. If we consider the composite function fo°go = ho'C^A from the definition of S we have 

Jligo) ■■ <7{B) ^ <j{C) 
S(/oo3o) = I](/io):a(i)^a((7) 

therefore 

S(/o05o)(a) = E(/io)(a) 

= h{a) 

= {gof)(a) 

= 5o(S(/o)(a)) 

= [E(5o)oS(/o)](a) 



5.2.1.1 Example of Spectral Presheaf 

Let us consider a simple category whose elements arc defined by 

A = aiPi +02^2 +03^3 

B = bi{PiVP3)+b2P2 
C=CiP3+C2(Pl VP2) 

This can be represented in the following diagram: 

i 

90 ^\ /o 



□ 



c 



A 

ko 

6 

The elements of the presheaf S are the following: 

a(A) = {01,02,03} 
<7(B) = {61,62} 
a(C) = {ci,C2} 

From definition 5.2.1 it follows that, for example, the map jo -C A gets mapped to ^(jo) '■ o'(A) 
(t(C) such that, component-wise, we get the following mapping: 

S(io)(a3) = ci 
S(io)(ai) = C2 

S(jci)(a2) = C2 
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5.2.2 The Dual Presheaf on W 

Another presheaf which can de defined in quantum theory is the dual presheaf on the category W of 
Boolean algebras under sub-algebra inclusion. In particular we have: 

Definition 5.2.2. The dual presheaf on W is the contravariant functor D : W Sets defined as 
follows: 

• On objects: D{W) is the dual of W ; thus it represents the set Hom{W, {0,1}) of all homo- 

morphisms from the Boolean algebra W to the Boolean algebra {0,1}. 

• On morphisms: given iw2,Wi '■ W2 ->■ Wi then D{iw:i,Wi) '■ D(Wi) ->■ D{W2) is defined by 
D(iw2Wi){x) '•- x\w2 where x\w2 denotes the restriction of D{Wi) to the sub-algebra W2 £ 

5.3 Top OS Theory 

In this lecture wc will analyse, in details, what a topes is. The very hand wavy definition of a topos 
is that of a category with extra properties. What these extra properties are we will see later on, the 
important thing for the time being is what this extra properties imply. The implications of these extra 
properties arc that they make a topos "look like" Sets, in the sense that any mathematical operation 
which can be done in set theory can be done in a general topos. 

In the previous lecture we gave an account (not complete) on how set theoretical structures can 
be given an external characterisation through category theory. Although it is true that all of the 
set theoretic constructions can be defined in a categorical language, however, it is not true that all 
categories have all these set theoretical constructions. 

A topos, on the other hand, is a category for which all the categorical versions of set constructs exist 
and are well defined. It is precisely in this sense that a topos "looks like" Sets. 

Before giving the axiomatic definition of what a topos is we, first of all, need to define certain extra 
constructs of category theory, which are required to be present for a given category to be a topos. 

5.3.1 Exponentials 

Given two sets A and B, let us imagine we would like to group all arrows between them, i.e., we would 
then define the set {/j : A B}. An important property of the set {/j : A B} is that 

if e Sets then {fi-.A^B}^ Sets (5.3.1) 

We will call this object (which in this particular situation is the set {/j : A ->■ B}) an exponential and 
we will denoted it as B^. 

Wc now would like to abstract the characterisation of such an object for a general category. Thus 
we would like to define an object B^ with the properties i) if A € C and B € C then B^ € C; ii) it 
represents a certain relation between A and B. 

Since in categorical language objects are defined according to the relations with other objects, we 
will define B^ in terms of what it 'does' operationally. To this end let us consider all three objects 
involved: A, B, B^. Taking inspiration from what they actually represent in Sets, a possible relation 
between then can be defined as follows: 

ev.B^y^A B (5.3.2) 
(fi,a) ^ ev(fi,a) := fi(a) (5.3.3) 

This definition seems very plausible, however, for it to make sense in the categorical world it has to 
be universal, in the sense that any other arrow g : C x A^ B will factor through ev in a unique way. 
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Thus, there will exist a unique arrow g:C ^ B^, which makes the following diagram commute 

X A '-^ ^ B 

A 

CxA 

where 

g:C ^ B^ (5.3.4) 

c ^ 9{c)-= g{c,-) (5.3.5) 

such that 

g{c,-):A B (5.3.6) 

a H>- g{c,a) (5.3.7) 

Thus the map g assigns to any c e C a function A -> _B by taking g and keeping the first term fixed at 
c, while ranging over the elements of A. Thus for each c € C we have that g = gc-= 9{c, -). 
We are now ready to give the abstract categorical definition of what an exponential is. 

Definition 5.3.1. Given two C-objects A and B, their exponentiation is a C-object B^ together with 

an evaluation map ev : B^ x A ^ B with the property that, given any other C-ohject C and C-arrow 
g : C X A ^ B, there exists a unique arrow g : C ^ B^ , such that the following diagram commutes 

B^xA '-^ ^B 

A 

CxA 

Therefore for any {c, a) e C x A wc get that 

evo{gx l^)((c,a) = ev{{g{c),a)) = gda) = gi{c,a)) (5.3.8) 

Now that we have abstractly defined what an exponentiation is, we would like to know what its 
elements are. Remember that we started off with the example in Sets and in that case we knew that 
the objects in B^ arc maps { fi : A ^ B}. Wc then abstracted from this particular example and defined 
a general notion of an exponential in terms of the universal property of the exponential map. However, 
such definition did not relay on what type of elements B^ had, if any. We now would like to go back 
full circle and see what we can say about the elements of B^. Wc know from previous lectures that 
an element in any object C is identified with a map 1 ->■ C. This correspondence will be used in the 
following definition. 

Definition 5.3.2. Objects of B^ are in one-to-one correspondence with maps of the form f : A^ B. 
To see this let us consider the following commuting diagram 

B^xA > B 

A 

/xIa I 

IxA 
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where f : Ix A B is unique given f. But Ix As A, therefore to each element of B^ (f : 1 ^ B^) 
there corresponds a unique function f : A-^ B. 

The above definition of exponentials allows us to define a subset of categories called cartesian closed 
categories. The precise definition is as follows: 

Definition 5.3.3. A category C is said to be cartesian closed (CCC) if it has terminal object, products 

and exponentials. 

Examples of CCC are Sets and Boolean algebras, seen as categories. For those who are interested 
in logic, a Boolean algebra is defined as a CCC as follows: 

• Products are given by conjunctions 

A/\B (5.3.9) 

• Exponentials are implications 

A^ B:=^Aw B (5.3.10) 

• Evaluation is Modus Ponens, 

{A^ B) /\A<B (5.3.11) 

• Universality is the Deduction Theorem, 

C aA<B^C <A^B. (5.3.12) 

5.3.1.1 Examples of Exponentiation 

In the following, we will give examples of cartesian closed categories and how the exponentials in each 
of them are formed. 

Example 5.3.1. In Sets, given two objects A and B, the exponential B^ is defined as follows: 

= {f\fis a function from A to B} (5.3.13) 

In this case the evaluation map would be the following: 

ev({f,x)) = f(x) with x & A 

Example 5.3.2. Consider the category Finord of all finite ordinals. In such a category we have as 
objects numbers 0,1, ■■■,n where 



= (5.3.14) 

1 = {0} (5.3.15) 

2 = {0,1} (5.3.16) 

3 = {0,1,2} (5.3.17) 
: (5.3.18) 

n = {l,2,-,n-l} (5.3.19) 



The maps are then simply the set functions between these cardinals. Given two such elements n and 
m, then the exponential would be n™ where m is the exponent. Such an element should be considered 
as a finite ordinal with n™ elements in it. 
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5.3.2 Fullback 

We will now define another construction which is present in any topos. This is the notion of pullback 
or fiber product. 

Definition 5.3.4. A pullback or fibered product of a pair of functions f ■ A ^ C and g : B C 

(with common codomain) in a category C, is a pair of C -arrows h : D A and k: D ^ B, such that 
the following conditions are satisfied: 

1. f o h = g o k i.e the following diagram commutes 




One usually writes D = Axq B. 

2. Given two functions i : E ->■ A and j : E ->■ B, where f o i = g o j then, there exists a unique 
C-arrow I from E to D such that the outer rectangle of the following diagram commutes 




I.e. 

i = hoi j = k o I 

We then say that f (respectively g) has been pulled back along g (respectively f ). 
A pullback of a pair of C-arrows A^ C B \s a, limit of the diagram 

B 



C 



In fact a cone for this diagram is a pair of C-arrows A D ^ B which compose to give the commu- 



Strictly speaking one has two cones C ^ D ^ A and C ^ D B, but when composing the diagrams it turns out 
that j=g°h = foi, thus we can omit the j map. 
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tative diagram 




k I j I 

A limiting cone is such that given any other two cones A <— E ^ D and B <— E ^ D it factors uniquely 
through it, i.e. it gives rise to the following commuting diagram. 




5.3.2.1 Examples of Pullback 

Example 5.3.3. IfA,C,D and B are sets, then 

D = AxcB= {{a,b) € A x B\f(a) = g(b)} cAxB} 

with maps 

k:AxcB ^ B 
(a, 6) I-*- b 

and 



h: Axc B A 
(a,b) i-> a 



(5.3.20) 

(5.3.21) 
(5.3.22) 

(5.3.23) 
(5.3.24) 



satisfies the conditions of being a pullback. 



Proof. Given a set E with maps j : E ^ B and i: E ->■ A, then the map I: E ^ AxqB, (e i 
would make the diagram 

E- 




commute. In fact we have the following identities for all ee E, ho l{e) = i{e) and k o 1(e) = j{e). □ 
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Moreover I is unique since, given any other map m: E ^ Axq B, such that hom = i and kom = j, 
then for all E the following holds: 

1(e) = (i(e),i(e)) = (h(m(e)) , k(m{e))) = m(e) = ih(a,b),k(a,b)) = (a, 6) (5.3.25) 

Therefore I is unique. 

5.3.3 Pushouts 

As usual, any notation in category theory has a dual, thus we will now define the dual of a pullback 

which is a push out. 

Definition 5.3.5. A Pushout or fibered co-product of a pair of functions f : A->- B and g : A^ C 
in a category C is a pair of C -arrows h : B ^ D and k: C ^ D, such that the following conditions are 
satisfied: 

1. h o f = k o g, i.e the following diagram commutes 

f 




One usually writes D = C +aB. 

2. Given two functions i : B ^ E and j ■ C E, where i ° f = j ° g, then there exists a unique 
C-arrow I from D to E, such that the outer rectangle of the following diagram commutes 




I.e. 



i = loh j = lok 

We then say that f (respectively g) has been pushed out along g (respectively f). 
5.3.3.1 Examples 

Example 5.3.4. In Sets, given three sets A, B, C, the set D = C +aB always exists and it is identified 
with the disjoint union of C and B, i.e. 

D = CuB:={(a.,t)e(CuS)x{0,l}||^J^ ^^J} 
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where, in this case, the arrows h and k are defined as follows: 



and 



h:B 
b 



k:C 

c 



CuB 
(6,0) 



CuB 



(5.3.26) 
(5.3.27) 



(5.3.28) 
(5.3.29) 



We now want to prove that CuB, as defined, does indeed satisfy the conditions of a pushout. 
Proof. : 

Given a set E and two maps j : C ^ E, i : B ^ E, we define the map I : C u B ^ E, such that 

(c,l)^j-(c) and (6,0)^^(6). 

It is then easy to see that the diagram 




commutes. In fact we have the following: 

{I o h){b) = l{b,0) = i{b) 

and 

(lok)(b) = l(c,l)=j(c) 



(5.3.30) 



(5.3.31) 



The second step in the proof is showing that the map I is unique. In fact, given another map m : 
C u B ^ E, such that moh = i and m o fc = j, then we would have the following equality: 



and 

This shows that I is unique. 



Z(6,0) = i(b) = m(/i(6)) = m(6,0) 
/(c,l)=j(c)=m(/c(c))=j(c) 



(5.3.32) 

(5.3.33) 
□ 



5.3.4 Sub-Objects 

Everyone is familiar with the notion of a subset in the category Sets. We now would like to generalise 
this notion and describe it in categorical language, i.e. in terms of relation. 

Let us start with Sets and see how much we can abstract from the already known definition of 
subset. Consider two sets A and B such that A £ B. This means that there is an inclusion map 
f : A ^ B. In categorical language the map / is monic. So if we went the other way round and 
considered a monic arrow f : A>^ B, this would determine a subset of B, namely Imf := {f{x)\x e A}. 
Thus Imf £ B and Imf ^ A. 

What this means is that the domain of a monic arrow is isomorphic to a subset of the codomain of 
the arrow, i.e. up to isomorphisms the domain of a monic arrow is a subset of the codomain. 
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As you might have noticed, going from a subset of a set to the set itself requires a change of type, we 
arc in a different object (namely going from domain object to codomain object). This implies that in 
the categorical version of subset, there is no feasible way to say that the same element x is in both a set 
and a subset of the set. All we can say is that two elements are isomorphic. This might seem striking 
at first since we arc used to think in Sets-language terms, where object arc determined/defined by the 
elements which comprise them thus, saying that two sets are the same means saying that the elements 
which compose them are the same. However, in categorical language "the same" now becomes "are 
isomorphic" since all is defined in terms of relations, i.e. arrows between objects. 

So, preliminary, we will define a sub-object of a C object B as an arrow in C which is monic and 
which has codomain B. 

However, this is not the end of the story, since we arc not taking into account that some objects might be 
isomorphic which in categorical language means the same, thus, we should only really consider them 
once. Therefore our definition of a sub-object should take into account the existence of equivalent 
objects. In order to do so we need the following definition: 

Definition 5.3.6. Given an arrow f : A ^ B in some category C, ij for some arrow g : C ^ B in C, 
there exists another arrow h : A C in C such that f = g ° h, then we say that f factors through g, 
since f = g°h can be solved for h. 

Diagrammatically what factorising means is that the following diagrams commute 



h 




c 



We now consider two sub-objects g : C ^ B and f : A ^ B, such that they both factor through 
each other, i.e., the following diagram commutes 



A ^B a ^B 




We then consider such sub-objects as equivalent. This leads to the definition of the following 
equivalence relation. 

Definition 5.3.7. Given two monic arrows f,g with the same codomain we say that they are equivalent 
f ~ g iff they factor though each other. 

Given the above we are now ready to define the categorical version of a sub-object. 

Definition 5.3.8. In a category C, a sub-object of any object in C is an equivalence class of monic 
arrows under the equivalence condition ~ defined in 5.3.7. We will denote such an equivalence class as 
[/]. The sub-object is a proper sub-object if it does not contain idc. 

This definition of sub-objects allows us to define the collection of all sub-objects of a given object 
as a poset under subset inclusion. In particular, we know from set theory that the collection of all 
subsets of a given set X is a poset, such that there is an arrow between any two such subsets A and B 
iS Aq B. Thus, diagrammatically, we have 
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B 




X 



Therefore abstracting such a definition to categorical language we say that two monic arrows f : A>-^ B 
and g - C >^ B are such that / £ 5 iff the following diagram commutes 




i.e. f = g oh. (h is monic^ 

If we now consider all sub-objects of a given object B 

Sub(B) := {[/]|/ is monic and cod/ = B} where [/] = {^1/ g} (5.3.35) 

then such a collection of sub objects forms a poset under subset inclusion defined by 

[/] c [5] iff / c 5 (5.3.36) 

Proof. 

• Reflexive: [/] £ [/] implying that / £ /. The latter is satisfied since 




• Transitive: [/] £ [g] and [g] £ [h] then [/] £ [h]. The fact that [/] £ [g] and [g] £ [h] implies 

^Given / : A -»• B, and h,k : D ^ A, assume that f o h = f o k. Then consider g : B ^ C such that (g o /) is monic. It 
follows that 

(g ° f) ° h = g o (f o h) = g o [f o k) = {g o f) o k implies that h = k (5.3.34) 
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that the diagram 




commutes, where / e [/], g & [g] and h & [h]. If f o g = k and g = hoi then it follows that 
f = ho(iok) thus fch and [/] E [h] 

• Antisymmetric: If [/] £ [g] and [5] £ [/] then f £ g and g £ f. This implies that / ~ fit thus 
[/] = [5]. 

If we had only considered equivalence classes then f £ g and 5 £ / would only imply / ~ 5 but 
not f = g. This would only be the case iff the only arrow allowing the factorisation of / via g (or 
other way round) would be the identity arrow. 

□ 

From now on, when wc will talk about sub-objects it will be implicit that we are referring to 
equivalence classes of sub-objects, even though it is not explicitly stated. 

It is interesting to note that sub-objects, given by a categorical definition, are not the same as 
subsets, but each subset determines and is determined by a unique sub-object. In fact we have the 
following definition of a sub-object in Sets: 

Definition 5.3.9. In Sets a sub-object is an equivalence class of injections (set theoretic equivalence 
of monic map). 

The 1:1 (one to one) correspondence between sub-objects and sets in set theory is given by the 
statements in lemma 5.3.1 and 5.3.2. 

In particular , lemma 5.3.1 shows that given a sub-object O of a set S there corresponds a unique 
subset I oi S. On the other hand lemma 5.3.2 shows the reverse, given a subset 7 £ 5 there corresponds 
a unique sub-object O of S. 

Lemma 5.3.1. 

Given a set S and a sub-object O ( equivalence class of injective maps with codomain S) we have the 

following: 

a) any two injections f : A ^ S and g : B ^ S which are in O (i.e. they are equivalent) have the 
same image I in S. 

b) The inclusion i : I ^ S is equivalent to any injection in O, thus it is an element of O. 

c) If j : J ->■ S is an inclusion of a subset J into S that is in O, then I = J and i = j . 

d) It follows from the above statements that every sub-object O of S contains one and only one 
injective map which represents the inclusion of a subset of S into S. This subset is the image of 
any element of O. 

Lemma 5.3.2. 

On the other hand, given an inclusion map i: I ^ S of a subset I into S, we have that: 



59 



1. i is injective, thus it is an element of some sub-object O of S. 

2. Any two distinct equivalence classes are disjoint, thus i can not belong to two different sub-objects. 

3. Hence each subsets of S (and their in,clusion maps) defined a unique sub-object of S. 
Proof. Wc now proof both of the above lemmas. 

1- 0:= where /i~/2 iff 

A and A 

f2 

9 

B B 

Since fi°h= f2 { im{fi o h) = im(f2)) and /i and /2 are monic then h is monic which in Sets 
means it is injective. Thus im{h) c A which in Sets can be written as im{B) Q A it follows that 
ifn{fi) - *™(/2)- On the other hand /2 ° g = fi thus im(/2 ° g) = im{fi) g is monic. Therefore 
im,{g) c B implying that ini{fi) c irn{fi). Thus im(fi) = im{f2). 

2. J : J -> S* is an inclusion in O, thus an injection, i.e. an element. Each element in O has the same 
image therefore im{j) = I. but im(j) = J since J £ 5 thus J = I and j = i. 

□ 

The difference between the categorical definition of a sub-object, as an equivalence class of monic 
arrows and the standard definition of a subset in set theory is quite important at a conceptual level, 
although, from an operational point of view they are equivalent. To understand this consider the 
integers Z. In standard set theory they are simply a subset of the reals R, such that each integer is 
actually a real. On the other hand in category theory sub-object relations only require the existence 
(or definition) of a monic map between Z and R. Thus, in this case, an integer needs not be a real 
number, it could, in principle, be something different. Reiterating, in standard set theory, the image of 
each integer is represented by the same integer, so that the integers arc a subset of the real numbers. 
From the categorical point of view, instead, this condition can be relaxed, and all that is needed is 
that there exists a monic map m : Z ^ R. If one wants to recover the standard definition in which such 
monic arrow picks out the same integer, then an extra condition has to be placed, namely, that m is 
an equivalent monic, i.e. picks out the same sub-object. However, from an operational point of view 
the integers, as defined by a monic map Z R behave the same way, whether this extra condition is 
taken into consideration or not. 




5.3.5 Sub-Object Classifier (Truth Object) 

Now that we have defined what a sub-object is we would like to understand how to identify sub-objects. 
To this end let us consider a specific example in Sets. Here we have the following isomorphisms which 
we will prove later. 

Sub{S) c^2'^ := {S ^2 = {0,1}} (5.3.37) 

In fact, given a subset A of S, i.e A£ S, the notion of being a subset can be expressed mathematically 
using the so called characteristic function: xa'S^ {0, 1}, which is defined as follows: 

X.(.)4j '.i^l'l (5.3.38) 
1 if x & A 
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(here we interpret l=true and 0=false). The role of the characteristic function is to determine which 
elements belong to a certain subset. 

Remembering that in any category sub-objects are identified as monic arrows, we define the value 
true in terms of the following monic map: 

true ■.1 = {0} 2 = {0,1} (5.3.39) 

1 (5.3.40) 

Given this definition, it can be easily seen that 

A = {x\x € S and XAix) = 1} = (1) (5.3.41) 
This equation is equivalent to the statement that the following diagram 
Diagram 5.3.1. 

A'^ 

! XA 



1 ^2 

true 

is a pullback, i.e. A is the puUback of true : 1 ->■ {0, 1} along xa- In fact, if we consider the following 
diagram 




true ^ 



such that the outer square commutes, we then have that for any c e C; XA(.g(c)) = true{\{c)) = 1. 
From the definition of A above it follows that g{c) 6 A. Thus we can define the map I for each c e C 
as l{c) := g{c). Obviously such choice makes the whole diagram commute and is the only arrow that 
would do so. It follows that Aq S iS the diagram 5.3.1 is a pullback. xa is the only arrow that makes 
such a diagram a pullback. 

Proof. Given the pullback diagram 




h 



true ^ 
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We want to show that h = xa- Since the diagram is indeed a pullback and / a monic, we have that 
for all X e A, f{x) = true(\(x)) = 1 therefore A = /"^(l), but this is precisely the definition of the 
characteristic map xa- 

□ 

When diagrams like this arise: 




we say that (j) classifies / or the sub-object represented by /. 

We can now give an abstract characterisation of what it means to classify sub-objects. 

Definition 5.3.10. Given a category with a terminal object 1, a sub-object classifier is an object 
Q., together with a monic arrow T : 1 (topos analogue of the set theoretic arrow true) such that, 
given a monic C-arrow f ■■ a ^ b, there exists one and only one Xf arrow, which makes the following 
diagram 




a pullback. 



Axiom 5.3.1. Given a category C with sub-object classifier fl and sub-objects, there exists (in C) an 
isomorphisms 

y:Subc{X)^C{X,Q) VX e C (5.3.42) 

In order to prove the above axiom we need to show that y is a) monic, b) epic c) has an inverse. 
Since the prove of the above theorem in topos is quite complicated and needs definitions not yet given 
we will use an analogous proof in Sets, which essentially uses the same strategy as the proof in topos, 
but, is much more intuitive. In Sets we can write the above axiom as follows: 

Axiom 5.3.2. The collection of all subsets of S denoted by P(S') and, the collection of all maps from S 
to the set {0, 1} = 2 denoted by 2^ are isomorphic. This means that the function y ■ 'P{S) 2^ , which 
in terms of single elements ofV{S) is A-^ xa, is a bijection. 

Proof. Let us consider the Diagram 5.3.1 

a) y is injective (1:1): consider the case in which XA = Xb, where 



Xb{x) 



while Xa was defined as in equation 5.3.38. 



|1 iff xeB 
|0 iff xiB 
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Since the two functions are the same, they both associate the same domain to the codomain 1, 
therefore A = B{A = (1) = Xb (1) = B). 

b) y is surjective (onto): given any function / e 2"^, then there must exist a subset A of S, such that 
Af = {x:xeS and /(x) = 1}, i.e. A/ = /"^({l}). Therefore / = XAy 



c) The inverse is simply given by x ^(1)- 



Corollary 5.3.1. The domain of the arrow true; 1 -^Q is always the terminal object. 



□ 



Proof. Let us assume that instead of the terminal object being the domain of the true map wc have 
a general clement Q, obtaining true : Q ^ O. Wc now want to consider the identity arrow idA on an 
object A. Being an identity, such a map is iso, thus monic. Wc then want to analyse what sub-objects 
this map defines. We already know the answer since it is simply an identity map, but nonetheless we 
apply the sub-object classifier procedure and define the pull back diagram 




true 



Thus we obtain that xa = true o h. 

On the other hand, given any arrow k : A ^ Q, we can define the following puUback classifying 
diagram 




This means that in this case true o k = true o h. We know that true is monic, thus k = h. What this 
means is that for a given object (in this case) A there is one and only one (up to isomorphisms) arrow 
from A to Q, this Q must be the terminal object. □ 



5.3.6 What is a Sub-Object Clcissifier in Topos ? 

In the case of Sets, O = {0, 1} therefore the elements of fl are simply and 1, which can be identified 
with the values false and true in the context of the theory of logic. This is not the case for a general 
topos. 

("Op 

Since we are mainly interested in the topos Sets , which will be the topos in which quantum 

theory will be expressed (and will be explained in details in Lecture 9), we will analyse what the 
elements of the sub-object classifier are in this case. To fully understand the nature of these elements 
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it is not necessary that you know the details of the topos Sets . For now it suffices to know that it 
is actually a category with objects and morphisms. The details of cither are irrelevant at this point. 

Given the category Sets'' , the elements of the sub-object classifier are sieves. 
In what follows we will first define what a sieve is and, then, we will show that they can be identified 
with elements of O. 

5.3.7 Sieve 

Definition 5.3.11. A sieve on an object AeC is a collection S of morphisms in C whose codomain 
is A and such that, if f : B ^ Ae S then, given any morphisms g -.C B we have f o g & S, i.e. S is 
closed under left composition: 




C 



It is also possible to define maps between different sieves when the objects these sieves are defined 
on are related in some way. For example, if we have a C-arrow f : A-* B then it is possible to define 
a map from the set of all sieves on B, which we denote fl(B) to the set Cl(A) of all sieves on A as 
follows: 

QsA-^iB) n{A) (5.3.43) 
S H> ^lBA{S).= {g\cod{g) = Aand f og^S) (5.3.44) 

Sometimes you can symbolically write ^lBA{S) = Sc\ j A where J, A is the principal sieve on A, i.e. the 
sieve that contains the identity morphism of A, therefore it is the biggest sieve on A^ . 

An important property of sieves is the following: 
if / : -B ^ ^ belongs to S which is a sieve on A, then the pullback of 5 by / determines the principal 
sieve on B, i.e. 

f*{S) := {h:C ^ B\f oh^ S) = {h:C ^ B) =\, B 



is 

o 

B^ C 



A^ D 

An important property of sieves is that the set of sieves defined on an object forms a Heyting algebra 
with partial ordering given by subset inclusion. The fact that the set of sieves forms a Heyting algebra 
is very important since, as we will see later on, such an algebra will represent the logic of truth values. 
Thus the next question to address is: what is an Heyting algebra? The answer to this question will be 
the topic of the next section. 

5.3.7.1 Heyting Algebra 

Definition 5.3.12. A Heyting Algebra H is a relative pseudo complemented distributive lattice. 

^Essentially i A is the sieve which contains all possible C-arrows, which has as codomain A, i.e. i A:= {fi € C\cod{fi) = 
A}. 
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We will explain these attributes one at a time. The definition of a lattice was already given in the 
handout of lecture 3, but for sake of completeness we will nontheless restate it here. 

Definition 5.3.13. Given a poset (L,<), we say that this is a lattice if the following conditions are 
satisfied. 

1 ) Given any two elements a,b e L it is always possible to define a third element avb€ L called the 
join or least upper bound or supremum. 

2) Given any two elements a,b€ L it is always possible to define a third element a A 6 € L called the 
meet or greatest lower bound or infimum. 

because the elements of the lattice involved in defining join and meet are two, the operations v and 
A are the binary operations of the lattice. 

If only the first condition holds we say that L is a join-semilattice, if only the second holds i is a 
meet-semilattice. 

A lattice L is saied to be distributive if for any e L the following relations hold: 

ai A (a2 V as) = (ai a 02) v (ai a as) 
ai V (02 A as) = (ai v 02) ^ (ai v 02) 

In order to understand the property of being a relative pseudo complemented lattice we first of all have 
to introduce the notion of least upper bound (l.u.b) (and dually of greatest lower bound (g.l.b)) of a 
set. We are already acquainted with the notion of the l.u.b for two elements a, 6 in a lattice L with 
ordering <. This is simply given by the element a v 6. Similarly, the g.l.b. is a A 6. But how do we 
define such notions with respect to a set A c L7 The definition is quite intuitive: the g.l.b. of a set A 
is an element c & L, such that for all a € A, c< a and given any other element b < a for all a € ^ then 
b < c. The condition of c being the g.l.b. of A is denoted by c < ^. Moreover, we say that c is the 
greatest element of ^4 if c is the g.l.b and c £ A. 

Dually the l.u.b y € L oi A, denoted A<y is such that for all a € A, a < y and, given any other element 
z & L, such that A< z, then y < z. We can now define the notion of a relative pseudo-complement as 
follows: 

Definition 5.3.14. L is a relative-pseudo complemented lattice iff for each two elements a,b& L there 
exists a third element c, such that 

1. a Ac<b 

2. L x<c iff aAx<b 

where c is defined as the pseudo complement of a relative to b i.e., the greatest element of the set 
{x -.aAx <b}, and it is denoted as a^b, i.e. 

a^b = \/{x:xAa<b} (5.3.45) 

If in the above definition we replace b with the element 0, then we obtain the notion of pseudo- 
complement. 

Definition 5.3.15. Given a lattice (i,<) with a zero element, the pseudo-complement of a is the 
greatest element of L disjoint from a, i.e. the greatest element of the set {x € L\aAx = 0}. The pseudo 
complement of a will be denoted as a 

If every element of L has a pseudo-complement, then L is a pseudo-complemented lattice. 

The pseudo complement in a Heyting algebra is identified with the negation operation, i.e. -•a := 
a => 0. From the above definition of negation operation (-.a : a => 0) in a Heyting algebra, we obtain 
the following corollary: 
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Corollary 5.3.2. Given any element S of an Hey ting algebra, we have the following: 

Sv^S<l (5.3.46) 

Proof. Let us consider S v -.5. This represents the least upper bound of S and -i^ therefore, given any 
other element Si in the Hcyting algebra, such that S < Si and ->S < Si, then, S v ->S < Si. But, since 
for any S we have 5 < 1 and -.S < 1, it follows that 5 v -.^ < 1. □ 

5.3.8 Understanding the Sub-Object Classifier in a Topos 

As previously stated, the role of a sub-object classifier is to identify sub-objects. This is done in terms 
of associating for each sub-object A, of a given object X, an element of the sub-object classifier. For 
Sets this is very straightforward since in this case f2 = {0,1}, which can be interpreted as the values 
true and false. Thus, in this case, each sub-object A is uniquely identified in terms of the elements x 
which belong to them, i.e. for which Xa{x) = 1. 

The fact that in Sets the set of truth values is simply {0, 1} implies that the logic which is derived 
is a Boolean logic, i.e. a classical logic. This is basically the logic that each of us adopts when speaking 
any western language. It is the logic of the classical world, and the logic of the western way of reasoning. 

On the other hand, for a general topos the sub-object classifier will not simply be the two valued 
set {0, 1} as it is for Sets. This 'complicates' (depending on the point of view) the situation however, 
at an interpretative level, the role of the sub-object classifier is still unchanged and the elements still 
represent truth values. Since these triith values will, in general, not be simply true or false, we will not 
end up with a Boolean Logic. Instead, we will end up with an intuitionistic logic which, mathematically, 
is represented by a Heyting algebra described above. 

In particular, in classical logic, either a statement is true or it is false there is nothing in between. 
This is not the case for intuitionistic logic. If one thinks about it, examples of intuitionistic logic 
can be found in our language. In fact, although the way we reason is governed by classical logic, 
some aspects of our language can, in a way, be considered more intuitionistic in nature. For example, 
statements regarding more subjective issues. Consider the statement "I am tired" or " I am hungry" 
the truthfulness of these statements is not simply true or false. In fact, if you asked the question "are 
you tired?" or "are you hungry?" in most cases you will not get a simple yes or no answer but you 
could get something more elaborated such as "I am a little tired" ( "I am a bit hungry" ) or "I am not 
so tired" (" I am not so hungry"), extremely , not at all etc. This is because the expressions tired, 
hungry, can be quantified, i.e. graded. At the extreme points there will be the answers "yes I am 
tired" (true) and "no, I am not tired" (false) and similarly for "hungry" . However, as we have just 
seen, there will be many different statements in between (different truth values). 

Can these truth values be quantified? The answer is "yes" , as long as we remain in the real of 
language since we know that, for example, the expressions "very" , "a little" , "quite" , have the following 
relations in terms of strength: 

a little < quite < very (5.3.47) 

In this case if you are "very hungry" but just "a little tired", the statement " you are hungry" is 
more true than the statement "you are tired" . However, this analysis relies only on the meaning that 
language has given to such expressions. The question is if it would be possible to define relations of 
truthfulness on a more objective ground. To this end let us consider the statement " the 1 litre bottle 
is full" which we symbolically denote as X. Let us also consider two identical bottles bi and 62 one half 
full and the other three quarters full, respectively. Obviously, the statement X, when referred to 61, is 
less true than when referred to 62- The objectiveness of such truth values can be defined by measuring 
how much water there is in each bottle (1/2 and 3/4). 

Alternatively, one can also assert how true the proposition X is in a more operational way by 
measuring how much water needs to be added, such that the proposition X is true in the classical 
sense, i.e. such that there is 1 litre of water in the bottle. Thus, if proposition X is true when there 
is exactly one litre of water in a bottle, such that no more water has to be added, it is then possible 
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to define the truth value of X, given a system 6j, as (1 - water to be added). This tells you precisely 

how far away you arc from the truth, i.e. from one litre of water. 

Thus, the truth value of the proposition X, given the 'states' bi and 62 is now given by 

v{XM) = (1 - 1/2) < v{XM) = (1 - 1/4) (5.3.48) 

Obviously, the extreme points of such truth values arc and 1; for example when the bottle is empty 
(1 litre of water has to be added v{X,h) = 1-1 = 0) and when the bottle is full (no water has to be 
added v{X, 6) = 1 - = 1), respectively. 

This way of defining truth values is based on the idea of how much one has to change the system 
(fill up the bottles) in order for the untouched proposition to be true. However, it is also possible to 
proceed the other way, i.e. generalise the proposition so that the now unchanged system satisfies the 
more general proposition. Therefore, keeping with our water bottle'' examples, let us assume we have 
a litre bottle 61 which has 1/10 of a litre of water in it. Again, we have the proposition X stating "the 
bottle is full". We can't say that X is true given hi, but we can't even say it is false since h\ is not 
empty. So the question is what can we say about the truth value of X given 61 without changing the 
system? Well, we simply do the 'inverse' procedure as we did before, i.e. we generalise the proposition 
X. 

To understand this it is convenient to re- write X as "&i has 1 litre of water" . We then start generalising 
such a proposition by subtracting amounts of water to the bottle and forming new propositions. For 
example, we consider the proposition X112 = "6^ has (1-1/2) litres of water". However, given our bottle 
bi which has only 1/8 of water we still can not say that X112 is true. So we keep generalising the 
proposition till we reach the proposition X^j^ = "foi has (1-7/8) litres of water". Such a proposition is 
true given b\. 

This example shows how it is possible to identify truth values of propositions, given a state, in 
terms of how much the original proposition had to be generalised such that this new coarse grained 
proposition is true (given that state). 

Thus, in our case, the truth value of the original proposition X, given the state bi, is defined in 
terms of how much we have to generalise X, in this case we coarse grain it to X^j^, such that X^j^ is 
true given 6j. Mathematically this is given by the equation 

v{X, 61) := 1 - inf{x\v{X^, 61) = 1} = 1 - 7/8 = 1/8 (5.3.49) 

It is now straight forward to see how truth values can be compared. In particular, if we have a bottle 
which contained 1/2 litre of water then its truth value would be 

v{X, 62) := 1 - inf{x\v{X:^, 62) = 1} = 1 - 1/2 = 1/2 (5.3.50) 

It then follows that v{X,b2) > v{X,bi). 

In this schema we obviously don't just have 'true' or 'false' as truth values, but we have many more 
truth values, whose limiting points are precisely 1 (true) and (false). 

Although this is a very general description of how different truth values, other than 'true' or 'false', 
can be obtained, it still helps shedding some light on how intuitionistic logic works. In such a logic 
truth values are not constricted to be only true or false but there are many more values in between. 
Obviously, the two limiting points will then coincide with the classical notions of true and false. 

What the above implies is that, differently from a Boolean algebra, in a Hey ting the law of excluded 
middle does not hold: S'v-iS' < 1 (in a Boolean logic we would simply have Sw^S = 1). Thus, differently 
from ordinary logic where something is either true or false, in intuitionistic logic this is not the case. As 
a consequence, the sum of a proposition and its negation doesn't give the 'whole story', which implies 
that double negation does not give back the original element, i.e. ->->S > S. On the other hand strict 
equality would hold for Boolean algebras. 

Above we have given a very intuitive definition of what a sub-object classifier does in a general 
topos, while the technical definition was given in 5.3.10. However the important point to understand 

don't know about you but I'm getting very thirsty writing this ;) 
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is that in a general topos the sub-object classifier together with the Heyting algebras of sub-objects 
enables us to render mathematically precise the notion of a proposition being nearly true, almost true 
etc. Moreover, it allows for a well defined mathematical notion of how 'far away' from the truth a 
proposition, given a state, actually is. This 'distance' from the truth is in the end what a truth value 
represents in a general topos. 

In particular, in the yet to be defined topos Sets , the elements of the sub-object classifier are 
sieves and these represent truth values, thus the bigger the sieve is the truer a proposition will be. The 
principal sieve, which is the biggest sieve, represents the analogue of the classical value true, while the 
empty sieve represents the classical value false. 

5.3.9 Axiomatic Definition of a Topos 

Now that we have defined all the above constructions we are ready to give the axiomatic definition of 
a topos. 

Definition 5.3.16. An elementary topos is a category with all finite limits, exponentials and a sub- 
object classifier. 

An alternative but equivalent definition is: 

Definition 5.3.17. A topos is a category r with the following extra properties: 

1. T has an initial object (0). 

2. T has a terminal object (1) . 

3. T has pullbacks. 
4- T has pushouts. 

5. T has exponentiation, i. e. r is such that for every pair of objects X and Y in t, the map Y-^ 
exists. 

6. T has a sub-object classifier. 

It is straightforward to see that condition (1) and (3) above are equivalent to stating that a topos r 
has all finite limits. By duality, if t has all finite limits it also has all finite co-limits. This requirement 
is equivalent to conditions (2) and (4). 
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Chapter 6 

Lecture 7 



In this lecture I will describe sonic; categorical constructs present in the topos of contravariant presheeaves 
Sets'^ . This topos is important since, for a particular choice of C is will be the topos we will utilised 
to express quantum theory. 

6.1 Categorical Constructs in the Topos of Presheaves Taking 
Values in Sets 

We will now show how some of the categorical construct, which we delineated in lecture 2, apply to 

/"Op 

the category Sets 
6.1.1 Fullbacks 

/-•op nop pop 

Fullbacks exist in any category of presheaves Sets . In fact, if X,Y,B € Sets , then P € Sets 

pop 

is a pullback in Sets iff 



P{C) ^ Y{C) 

h 9 

XiC) ^B{C) 

is a pullback in set. This implies that P(C) = {X xbY)C ^ X(C) xb(c) Y{Cy. 
The fact that a pullback in Sets*^ is defined in terms of a pullback in Sets, implies that the former 
always exists, since the latter does. In fact, given any object (7 e C and any three functors X, Y, B, 
it is always possible to construct (in Sets) a diagram as the one above, where P{C) = {X Y)C ^ 
^(C) ^B{C) Y{C). This implies that it is always possible to define a functor P : C ^ Sets which 
assigns, for each C 6 C an object P{C) = {X xg Y)C ^ X{C) x^i^q^ Y{C) (a set) and, for each arrow 
f : A ^ C in C the unique arrow P{f) ■ P{C) P{A) in Sets, which makes the following cube a 

^Note that the last product is all in Sets 
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pullback in Sets 



PiC) 



■Y(C) 



XiC) 




Y(A) 



■BiA) 



X{A) 

Where, again the outer square is a pullback in Sets and, as such, it always exists. 

6.1.2 Sub-objects 

A sub-object of a prcshcaf is defined as follows: 

Definition 6.1.1. Y is a sub-object of a presheaf X if there exists a natural transformation i:Y ^ 
X which is defined, component wise, as ia '■ Y{A) X{A) and where ia defines a subset embedding 
i.e. Y{A)£X{A). 

Since Y is itself a presheaf, the maps between the objects of Y are the restrictions of the corre- 
sponding maps between the objects of X. This can be easily seen with the aid of the following diagram: 




X{A) 



Yif) 




X{B) 



An alternative way of expressing this condition is through the following commutative diagram: 

Y{A) — — ^Y{B) 



X{A) 



■X(B) 



6.1.3 Initial and Terminal Object 

An initial object in the topos of presheaves is defined as follows: 
Definition 6.1.2. See Exercise 
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An initial object is the dual of a terminal object. A terminal object in the Topos of presheaves 
Sets is defined as follows: 

pop 

Definition 6.1.3. A terminal object in Sets is the constant Junctor 1 : C Sets that maps every 
C-object to the one element Set {*} and every C-arrow to the identity arrow on {*}. 

C {*} 




6.1.4 Sub-object Classifier in the Topos of Presheaves 

We will now describe the most important object in Sets : the sub-object classifier. As previously 
described this will allow us to define truth values in our topos representation of quantum theory. 

Definition 6.1.4. A Sub-object Classifier ft is a presheaf O : C Sets such that: 

• To each object A e C there corresponds an object fl{A) e Sets, which represents the set of all 
sieves on A. 

• To each C-arrow f : B ^ A, there corresponds a Sets-arrow : il{A) Cl(B), such that 
^if)iS) -{h-.C^BlfoheS} is a sieve on B, where n{f){S) := f*{S). 

We now want to show that this definition of sub-object classifier is in agreement with definition 
1.10 in lecture 5. In order to do that we need to define the analogue of arrow true (t) and of the 
characteristic function in a topos. 

Definition 6.1.5. J -.1^0. is the natural transformation that has components : {*} ->■ Q,{A) given 
by T^(*) =J, A = principal sieve on A. 

nop 

To understand how T works, let us consider a monic arrow cr : F X in Sets , which is defined 
component- wise by a a '■ F{A) -> X{A) and represents subset inclusion. 

Now let us define the character : AT f2 of cr which is a natural transformation in the category of 
presheaves, such that the components x'a represent functions from X{A) to as depicted in: 

F{A) C — ^ X{A) 

Xa 

{*} — ^n{A) 

where T{*}=i A. 

From the above diagram we can see that x'a assigns to each clement x € X{A) a sieve Xa(^) ^ ^{A) 
on A. For an arrow f : B ^ A'mC to belong to the sieve x^(a;) on A we require that the following 
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diagram commutes 



F(A)C 



X(A) 



'-^ ^X{B) 

Such that F{f) is the restriction of X{f) to F{A), since F is a sub-presheaf of X. Therefore 

X^(x) := {/ : S - A\Xif)ix) e (6.1.1) 
This condition is expressed by the following diagram: 



XiA) 




X{B) 



i.e. / belongs to Xa(2^) ^if) maps x into F{B). 
X^(a;), as defined by equation 6.1.1, represents a sieve on A. 

Proof. Consider the following commuting diagram which represents sub-object F of the presheaf X. 

Fif) F(g) 



F(A) 



■F(B) 



F(C) 



XiA) 



xif) 



X{B) 



■X{C) 



li f : B ^ A belongs to XAi^) then, given g -.C ^ B it follows that fog belongs to Xjii^)' since from 
the above diagram it can be deduced that X{f o g){x) e F{C). This is precisely the definition of a 
sieve, so we have proved that X^(a;) ■= {f ■ B ^ A\X{f){x) e F{B)} is a sieve. □ 

As a consequence of axiom 3.1 in lecture 5 the condition of being a sub-object classifier can be 
restated in the following way. 

Axiom 6.1.1. Omega Axiom: Q is a sub-object classifier iff there is a "one to one" correspon- 
dence between sub- object of X and morphisms from X to fl. 
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Given this alternative definition of a sub-object classifier, it is easy to prove that CI, as defined in 
6.1.4 is a sub-object classifier. In fact, from equation 6.1.1, wc can sec that indeed there is a 1:2:1 
correspondence between sub-objects of X and characteristic morphisms (character) x- 
Moreover, for each morphism x : X O we have 

F^(A) := XaIMa) -=1 A} = {x€ X(A)\xa(x) =1 A} = sub-object oiX{A) (6.1.2) 
6.1.4.1 Elements of Sub-Object Classifier 

The elements of the sub-object classifier O in a topos are derived from the following theorem: 
Theorem 6.1.1. Given an object AeC (where C is a locally small category), the a sieve on A can be 

nop 

identified with representable functor (defined below) y{C) := Homc{-,A) € Sets 

In order to prove the above theorem we need the following lemma: 

Lemma 6.1.1. Preliminary: if C is a, locally sm.all category , then each object A of C induces a 
natural contravariant functor from C to Sets called a hom-functor y{A) := Homc{-, A)^ . Such a 
functor is defined on objects C as 

y(A):C ^ Sets (6.1.3) 
C ^ HomePC, A) (6.1.4) 

on C -morphisms f -.C ^ B as 

y{A){f):Homc{B,A) ^ Homc{C,A) (6.1.5) 
g ^ y{A)U){9)--=9of (6.1.6) 

Yoneda lemma: Given an arbitrary presheaf P on C there exists a bijective correspondence between 
natural transformations y{A) ->■ P and elements of the set P{A) (A&C) defined as an arrow 

e:Natc{y{A),P) ^ P{A) (6.1.7) 
(a:y{A)^p) ^ 0{a) = aA{lA) (6.1.8) 

We have now the right tools to prove the above theorem. 

Proof. Let us consider to be a sub-object classifier of C = Sets , i.e. we want CI to classify sub- 
objects in Sets^ . 

Consider now a presheaf y(C) = Homc(-, C) e C. We know from axiom 3.1 lecture 5 that 

Sub^(Home(-,C)) = Hom^{Homc{-,C),Cl) 

From Yonedas lemma it follows that 

Hom^{Homc(,-,C),Ct) = Ct{C) 

therefore the sub-object classifier CI must be a presheaf Cl:C ^ Sets, such that 

Cl{C) =Sub^{Homci-,C)) 

= {S\S a sub - functor of Homc{-,C)} 

Now if Q a Homc{-,C) is a sub-functor of Homc(-,C), then the set 

S = {/I for some object A, f -.A^C and f e Q{A)} 

■^A Category C is said to be locally small iff its collection of morphisms form a proper set. 
^We have already encounter this in lecture 4. 
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is a sieve on C. Conversely, given a sieve 5 on C we define 

Q{A) = {flf : A ^ C and f e S} £ Homc{A,C) 

which determines a presheaf Q : C ->■ Sets which is a sub-functor of Homci-,C), i.e to each object 
AeC, Q assigns the set Q{A) E Homc(A,C). The above discussion shows that there exist a bijective 
correspondence between sub-functors Q £ Homc(-,C) and sieves S on C. Therefore 



Sieve on C ^ sub - functor of Homc{-,C) 

For each object A in a category C we can now define a presheaf y(A) such that: 

• Given an object D of C we have 

y(A)D = HomciD,A) 

• Given morphisms a: B ^ D and 6 : D ^ A we obtain: 



□ 



yiA)ia):HomciD,A) 
6 



Homc{B,A) 
y{A){a){e) = eoa 



(6.1.9) 
(6.1.10) 



A very simple graphical example of the above is the following: 

.E. 




\\y(A) 



Homc{A,A) 



Homc{E,A) 



Homc{B,A) 



Homc{D,A) 



Considering the above construction it follows that, for any morphism on C of the form f : A ^ Ai 
there exists a natural transformation y(^) y(^i) between the respective presheaves as constructed 
above. 

We can therefore deduce that y is actually a functor from the category C to the set of presheaves defined 
on C, i.e y : C Sets , such that to each object A in C, y assigns the Hom-functor Homey-, A), i.e. 



A 



Sets^ 



y(^) := Homc{-,A) 
where Hom{-,A) corresponds to a Presheaf on C. 



(6.1.11) 
(6.1.12) 
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In this setting, given a C-arrow f : C D and a C-objectA the induced morphisms is 

y(/) : Homci-,C) - Homc{-,D) (6.1.13) 

whose natural components, for any Ae C are 

y{f){A) = HomciAJ) : HomciAC) ^ HomciA,D) (6.1.14) 

i.e.. they correspond to y{A){ f). 

The importance of Yoneda's Lemma is reahy that it enables us to identify the elements of a sub- 

/'Op 

object classifier for the topos Sets as sieves. Since elements of the sub-object classifier are identified 

with truth values, it follows that in the topos Sets we will end up with a multivalued logic differently 
from the logic we obtain in Sets, where [I = {0, 1}, i.e. where the only truth values are true and false. 
We will talk more about this in coming lectures. 

6.1.5 Global sections 

Other important features of topos theory are the global and local sections which wc will define below. 

Definition 6.1.6. A global section or global element of a presheaf X in Sets'^ '' is an arrow 

k ■ 1 ^ X from the terminal object 1 to the presheaf X. 

What k does is to assign to each object A in C an element kA e X{A) in the corresponding set of 
the presheaf X. The assignment is such that, given an arrow f : B A the following relation holds 

X{f){kA) = kB (6.1.15) 

What 6.1.15 imcovers, is that the elements of X{A) assigned by the global section k, are mapped into 
each other by the morphisms in X. Presheaves with a local or partial section can exist even if they do 
not have a global section. 

A particular important type of global sections arc the global elements of O. In fact the collection 
r(r2) of all such global section forms a Heyting algebra and represents the collection of all truth values 
in a topos logic. We thus obtain as an internal logic in a topos a multivalued logic which is of an 
intuitionistic type. 

6.1.6 Local sections 

Definition 6.1.7. A local or partial section of a presheaf X in Sets'-' " is an arrow p.U->-X where 
U is a subobject of the terminal object 1. 

In a presheaf, a subobject U of 1 can either be the empty set 0, or a singleton {*}. Thus for each 
object C 6 we either obtain the empty set U{C) = or a singleton U{C) = {*}, to each such 
singleton we then assign an element of X(C). This assignment is said to be "closed downwards", i.e. 
given a subobject U(A)={>f-} of 1 and a C-morphisms f : B ^ A then we have U(B)={*}, therefore 
Pa{{*}) =■■ Pa e X{A) and X(f){pa) = Pb- 

To better explain the above let us consider a category with 4 elements {A,B,C,D} such that the 
following relations hold between the elements: 

A ^B 



i g 

D 

p 
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Given a subobject U of 1 we then have the following relations 

u(f) 

U{A) — — ^ UiB) 



U(i) 



U(g) 



U{D) 



U{p) 



U{C) 



If U(A)=0 then U(f) is either the unique function ^ {*} iff U{B) = {*} or ^ iff U{B) = 0. If 
instead U{A) = {*} then the only possibility is that U{B) = {*} since there docs not exist a function 
{*} ->■ 0. Therefore p assigns to particular subsets of objects AeC, elements pA- namely those objects 
A e C for which U{A) = {*}. These objects A are called the domain of p {dom p) and are such that 
the following conditions are satisfied: 

• The domain is closed downwards i.e. if A e dom p and if there exists a map f : B ^ A then 
B e dom p 



• If ^ e domp and if there exists a map f : B ->■ A, then the following condition is satisfied: 

xUKpa) = PB 

6.2 Exponential 

pop fOp 

In Sets the exponentiation can be defined as follows: Consider a functor F e Sets such that, 
given an object a e C, F defines a functor'* Fa'-C \ Sets. Fa assigns to each object f:b^a&Cia 
an object Fa{f) := F{b), and to each arrow h : (6, /) {b,g), such that 




commutes in C, it assigns the arrow F(h) : F{c) F{b). 

Given this context we define the exponential : C Sets between the contravariant functors F,G e 
Sets as the functor with 

• Objects: 

G^{a)=Nat[Fa,Ga\ (6.2.1) 
i.e. the elements of G^{a) are the collection of all natural transformations from Fa to Ga^- 

• Morphisms: given an arrow k : a d we get 



G^{k) : Nat[Fd,Gd] ^ Nat[Fa,Ga] 



(6.2.2) 



■'Recall from lecture 2/3 that C J, a is the comma category described in example 2.3 

■''Here the functor Ga : C i a -> Sets is tiie induced functor from G* tims, for a given element / : 6 -> a it assigns the 
element Ga(f) '■= G(b), and to each morphism i : f ^ g { g : c ^ a) it assigns the morphism G{i) : G{c) G{b). 
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To better understand this definition consider the natural transformation a e Nat\F4,Gd\ and 6 e 
Nat\_Fa,Ga\. The action of G^(k) can then be illustrated as follows: 



G" (k) 



Gd 



Ga 



i.e an arrow in G^{k) assigns, to each natural transformation a from Fd to Gd a natural transformation 
9 from Fa to Ga- The way in which the natural transformation d is picked given a can be understood 
by considering the individual components. In particular, an element h : c d & C i d, then 



ah-.Fdih) - Gd{h) 
F{d) ^ G{d) 

On the other hand an element f:c^a&Cia gives 

ef.Faif) - Gaif) 

F(c) - G(c) 

Now, if we consider a map k : d a & C, such that the following diagram commutes 

d 




(6.2.3) 
(6.2.4) 



(6.2.5) 
(6.2.6) 



we require that Of = akoh- 

In this formulation the evaluation function is the map: ev : G"^ xF^G in Sets^ , such that 

eva : G^ (a) X F(a) ^ G(a) 

{e,x) ^ eva({e,x)) = ei^(x) 



(6.2.7) 
(6.2.8) 



where d e Nat[Fa, Ga] and x e F(a). 
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Chapter 7 

Lecture 8 



In this lecture I will describe how topos quantum theory can be seen as a contextual quantum theory, 
in the sense that each element is defined as a collection of 'context dependent' descriptions. Such 
context dependent descriptions will turn out to be classical snapshots. 

I will then describe the above mentioned contexts which are Abelian Von Neumann sub-algebras, 
the collection of which forms a category. What this implies is that, although locally quantum theory 
can be defined in terms of local classical snapshots, the global/quantum information is put back into 
the picture by the categorical structure of the collection of all such classical snapshots. I will give an 
example of the category of Abelian Von Neumann sub-algebras for a 4 dimensional Hilbert space. 

Given the definition of our base category we will then define the topos analogue of the state space. 
This is the spectral presheaf. I will end with a specific example on how such a presheaf is constructed 
in the case of a 4 dimensional complex Hilbert space. 

7.1 The Notion of Contextuality in the Topos Approach 

In previous lectures we have seen how the Knochen-Specker theorem seems to imply that quantum 
theory is contextual, since values of quantities depend on which other quantities are being measured 
at the same time. However, that is not the notion of contextuality that we want to address here. In 
fact, in the topos approach to quantum theory there is another type of contextuality arising which is 
fundamental for the formulation of the theory. Surprisingly enough also this notion of contextuality 
is derived from the Kochen-Speker theorem, but in a very different fashion. In particular, although 
the K-S theorem prohibited us to define values for all quantities at the same time in a consistent 
way, it nonetheless allowed for the possibility of assigning values to commuting subsets of quantities. 
These commuting subsets can be considered as classical snapshots since all the peculiarities of quantum 
theory arise from non-commuting operators. Thus, with respect to these classical snapshots (contexts), 
quantum theory behaves like classical theory. 

The idea is then to define quantum theory locally with respect to these classical snapshots but, then, 
on has to consider all the information coming from the collection of these classical snapshots all at 
the same time. Thus, in this way, quantum theory could be seen as a collection of local classical 
approximations. 

Although it seems like one is cheating by doing this, it turns out that this is not the case. The 
reason being that the collection of all the above mentioned classical snapshots actually forms a category 
which means that it is always possible two relate (compare) any two contexts. 

What is happening is the following: we first consider different contexts which represent classical 
snapshots, we then define our quantum theory locally in terms of such classical snapshots, therefore in 
a way performing a classical approximation. The quantum information, which is lost at the local level 
is, however, put back into the picture by the categorical structure of the collection of all the classical 
contexts. In this way no information is lost and we therefore did not cheat. 
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The category of classical snapshots we will be utilising is the category of abelian von Neuman 
sub-algebras of the algebra B('H) of bounded operators on the Hilbert space. 



7.1.1 Category of Abelian von Neumann Sub- Algebras 

In what follows we will first give the axiomatic definition of what this category is and, then, explain 
through an example what exactly these von Neumann algebras are. 

In particular, consider the algebra of bounded operators on a Hilbert space which we denote as 
A quantum system can be represented by a von Neumann algebra N which is identified with a 
sub-algebra of B{'H). A von Neumann algebra is a *-algebra of bounded operators. We will give the 
technical definition of a von Neumann algebra below, however we will also give a concrete example 
on how it is constructed, which might be much more clear to understand. For all practical purposes 
it is not necessary to understand in details what a von Neumann algebra is, since the study of these 
algebras is quite complex and would be behind the scope of this lecture course. All that is needed is 
to understand roughly what they arc, how they can be formed and the philosophical implications of 
their usage in topos quantum theory. 

In order to give the technical definition of a von Neumann algebra we need to make a regression 
in ring theory and give a few definitions (you are not required to know these definitions or learn them 
since they will not be examinable, but they might help to get a general understanding. ) 

Definition 7.1.1. A ring is a set X on which two binary operations are defined : 

+ :XxX ^ X (7.1.1) 

{xi,X2) ^ X1+X2 (^-l-S) 

and 

■■■XxX ^ X (7.1.3) 

{X1,X2) ^ XI-X2 (7.1.4) 

called addition and multiplication. Generally a ring is denoted as (X, +,•) and it has to satisfy the 
following axioms: 

• {X, +) must be an abelian group under addition. 

• (X, •) must be a monoid under multiplication. 

In the above definition only the addition operation is required to be commutative, while the multi- 
plication is not. However both operations are required to be associative. For this reason rings are often 
also called associative rings to distinguish them from non-associative rings, which arc a subsequent 
generalisation of the concept of a ring in which {X, •) is not a monoid but all that is required is that 
the multiplication operation be linear in each variables. 

Of particular importance to us is the concept of a *-ring which is defined as follows 

Definition 7.1.2. A *-ring is an associative ring with a map * : A-)- A s.t. 

(x + yy = x*+y* (7.1.5) 

(x-yY = y*-x* (7.1.6) 

1* = 1 (7.1.7) 

ix*y = X (7.1.8) 

for all x,y in A. We say that * is an anti- automorphism and an involution. Elements such that x* =x 
are called self-adjoint or Hermitian. 

Given all the above definition we are now ready to define what a von Neumann algebra is 
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Definition 7.1.3. A von Neumann algebra is a *-algebra^ of bounded operators on a Hilbert space 
that is closed in the weak operator topology and contains the identity operator. 

The above definition c;an be trivially extended to the notion of abelian von Neumann sub-algebras. 
The way in which von Neumann algebras are generated given a Hilbert space is through the double 
commutant theorem. In particular, given an algebra B c B{T-L) of bounded operators on a Hilbert 
space 7i, which contains the identity and is closed under taking the adjoint, then the commutant of 
such an algebra is 

b' := {A e B('H)\[A, B]=OW B^Bjc B{H) (7.1.9) 

The double commutant is then the commutant of i? : {B ) = B . This algebra B is the von- Neumann 
algebra generated hy B iS B = B . In the example below we will give a concrete example of how such 
algebras are generated. 

Given a Hilbert space T-L, the collection of all the abelian von Neumann sub-algebras, denoted as 
V('H), forms a category. The importance of this lies in the fact that although each algebra only gives 
a partial classical information of the system, the collection of all such algebras retains the full quan- 
tum information, since the categorical structure relates information coming from different contexts. In 
particular, let us consider two contexts Vi and V2. If they have a non-trivial intersection Vi n V2 then 
we have the following relation-arrows: 

14 ^ Fi n T/2 ^ V2 

Now, given any self adjoint operator A in n V2 it can be written as g{B) for a self adjoint operator 
B eVi and a Borel function g : K, ^ R. On the other hand A = f{C) for C* e V2 and / is another Borel 
function. It follows that [^, B] = [^,(7] = 0, however it is not necessarily the case that [B,C] = 0. 
Thus, although the elements in V{T-l) are abelian the categorical structure knows about the relation 
of non commutative operators. 

The formal definition of the category ViH) is as follows: 

Definition 7.1.4. The category ViH) of abelian von Neumann sub-algebras has 

1. Objects.- V e V('H) abelian von Neumann sub-algebras. 

2. Morphisms; given two sub-algebras Vi and V2 there exists an arrow between them i : Vi ->■ V2 iff 

Prom the definition it is easy to understand that V('H) is a poset, whose ordering is given by subset 
inclusion. 

It is interesting to understand what this poset structure actually means from a physics perspective. 
In particular, if we consider an algebra V such that V £ V, then the set of self-adjoint operators 
present in V , which we denote V^^, will be smaller than the set of self-adjoint operators in V, i.e. 

£ Vsa- Since self-adjoint operators represent physical quantities, the context V contains less 
physical information, so that, by viewing the system from the context V , we know less about it then 
when viewing it form the context V. This idea represents a type of coarse graining which takes place 
when going from a context with more information to a context with less information V . If we went 
the revers direction we would instead have a process of fine graining. 

This idea of coarse graining is central in the formulation of the topos quantum theory. We will see 
later in the course how it is actually implemented in detail. 

7.1.2 Example 

Let us consider a four dimensional Hilbert space H = C*. The first step is to identify the poset of 
abelian von Neumann sub-algebras V(C''). Such algebras are sub-algebras of the algebra i3(C'*) of all 

^ A *-algebra A is a *-ring that is a module over a commutative *-ring R, with the * agreeing, on R£ A 
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bounded operators on H. Since the Hilbert space is C*, S(C^) is the algebra of all 4 x 4 matrices with 

complex entries which act as linear transformations on C^. 

In order to form the abelian von Neumann sub-algebras one considers an orthonormal basis (f/'i) V's, V'S; ^"4) 
and projection operators (Pi,P2,P3,P4) which project on the one-dimensional sub-spaces C^'i, 

CV^4, respectively. One possible von Neumann sub-algebra V is, then, generated by the double 
commutant of collections of the above projection operators, i.e. V = ^mc( A, -P2, -P3, -Fk)- 
In matrix notation possible representatives for the projection operators are 



/I 








0\ 




(0 








0\ 




(0 








0\ 
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1/ 



The largest abelian von Neuamnn sub-algebra generated by the above projectors isV = Zinc (A ) A , A ) A) , 
i.e. the algebra consisting of all 4 x 4 diagonal matrices with complex entries on the diagonal. Since 
this algebra is the largest, i.e. not contained in any other abelian sub-algebra of B(C*) it is called 
maximal. 

Any change of bases (V'i,'i/'2,V'3) (pi,P2,P3,P4) would give another maximal von Neumann sub- 

algebra V = lin([;{pi, p2, P3, Pi). In fact, there are uncountably many such maximal algebras. If two 
basis are related by a simple permutation or phase factor then the abelian von Neumann sub-algebras 
they generate are the same. 

Now considering again our example, the algebra V will have many non maximal sub-algebras which 
however can be divided into two kinds as follows: 

Vp^p, = linc(Pi,Pj,Pk + Pi) = (DPi + (DPj + C(Pfc + Pi) = €Pi + €Pj + C(i - A + A) (7.1.10) 

for i^jifcfc^Ze {1,2,3,4} 
and 

Vp^ = Unc{Pi,Pj + Pk + Pi) = <DPi + <C(Pj +Pk+ Pi) = €Pi + C(i - A) (7.1.11) 
for i * j * fc * Z = 1,2,3,4 

Again there are uncountably many non maximal abelian sub- algebras. It is the case though that 
different maximal sub-algebras have common non-maximal sub-algebras, as could be the case that 
non-maximal abelian sub-algebras contain the same non-maximal abelian sub-algebra. 
Thus, for example, the context V above contains all the sub-algebras Vij and Vj for i,j e {1,2,3,4}. 
Now consider other 4 pair wise orthogonal projection operators A, A, Qa, Q4, such that the maximal 
abelian von Neumann algebra V = linic{Pi, P2,Qi,Qi) + V. We then have that 

V nV' = {Vp^,Vp^,Vp^^p;\ (7.1.12) 

Prom the above discussion it is easy to deduce that the sub-algebras Vp, are contained in all the other 
sub-algebras which contain the projection operator A and all the sub-algebras yp^p. are contained in 

all the sub-algebras which contain both projection operators A and Pj. 

We should mention that there is also the trivial algebra V = CI but we will not consider such algebra 
when considering the category V('H) since, otherwise, as will be clear later on, we will never end up 
with a proposition being false, but the minimal truth value we would end up would be the trivially 
true one. 

7.2 Topos Analogue of the State Space 

We would now like to define the topos analogue of the state space. The way in which we would like to 
construct such a state space is in analogy with how it is constructed in classical physics. In particular 
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we would like a state space which allows a definition of physical quantities in terms of maps from the 

state space to the reals, as is the case in classical physics. 

Since we are in the realm of presheaves on V(7^), the state space will itself be a presheaf, thus it will 
be defined context wise, i.e. for each abelian von Neumann algebra V e V('H). It is precisely of such 
algebras that we will take advantage of when trying to define the state space. In fact, each algebra V 
has associated to it its Gelf 'and spectrum which is the topological space Sy of all multiplicative linear 
functional of norm 1 on V, i.e. Sy := {X : V ^ f |A(1) = 1}. The property of being multiplicative 
means that 

X{AB) = X{A)X{B); yA,BeV (7.2.1) 

So the elements A of the spectrum Ey are, in essence, algebra homomorphisms from V to <C. The 
topology on Sy is that of a compact Hausdorff space in the weak *-topology. 

Now, what is interesting is the action of such homomorphisms A e Sy on self adjoint operators 
A € V. In fact it turns out that such maps A actually represent valuations which respect the FUNG 
principle. To see this consider an operator A e V, then, for each element A of the spectrum Sy we 
obtain a value X{A) e sp{A) of A. On the other hand, for each element a of the spectrum of A eV, 
i.e., a € sp{A) there exists a corresponding element Aj such that a is defined as a = Xi{A). 

Moreover, given a Borel function : R R, then 

X{g{A)) = g{X{A)) (7.2.2) 

This is precisely the FUNG principle. Therefore the elements of the Gel'fand spectrum can each be 
interpreted as (different) valuations, i.e. maps which send each self adjoint operator to an element of 
its spectrum such that FUNG holds. 

Given the topological space Sy it is possible to represent a self-adjoint operator A as a, map 
from Ey to C. This is because of the existence of the Gelf and representation theorem which states that 
each von Neumann algebra V is isomorphic ^ to the algebra of continuous, complex-valued functions 
(denoted as C(Ey) ) on its Gelfand spectrum Ey. That is to say the following map is an isomorphisms 

V ^ C(Ey) (7.2.3) 
A ^ (^:Ey^C) (7.2.4) 

where A is the Gel'fand transform of the operator A and is defined as ^(A) := X(A) for all A e Ey. If 
A is self adjoint then A is real valued and is such that ^(Ey) = sp(A). 

Thus, for each context V e V('H) we have managed to reproduce a situation analogous to classical 
physics in which self-adjoint operators are identified with functions from a space to the reals. In this 
sense the topological space Ey can be interpreted as a local state space, one for each V € V(7^). 
Obviously the complete quantum picture is only given when we consider the collection of all the local 
state spaces, since not all operators arc contained in a single algebra V. It is precisely such a collection 
of local state spaces which will define the topos analogue of the state space. This will be called the 
spectral presheaf and it is defined as follows: 

Definition 7.2.1. The spectral presheaf , E, is the covariant functor from the category V('H)°^ to Sets 
(equivalently, the contravariant functor from V('H) to Sets) defined by: 

• Objects: Given an object V in V{T-L)°^, the associated set E(y) = Ey is defi,ned to be the 
Gel'fand spectrum of the (unital) commutative von Neumann sub-algebra V, i.e. the set of all 
multiplicative linear functional A : V C, such that A(l) = 1. 

• Morphisms: Given a morphism iy'y ■ V ^ V (V qV) in V(H)°^, the associated function 
E(iy'y) : E(U) E(U ) is defined for all X e E(y) to be the restriction of the functional 
X:V->-<D to the sub-algebra V £V, i.e. E(iy'y)(A) := A|y/ . 

■^Technically it is an isomctrically *-isomorphic (i.e., isomorphic as a C*-algebra), but this precise definition does not 
really matter here, we will simply call it isomorphisms. 
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7.2.1 Example 

Given the category C(C*) defined in the previous example will define the spectral presheaf. Let us first 
consider the maximal abclian sub- algebra V = linic{Pi,P2,P3.,Pi), the Gel'fand spectrum Sy (which 
has a discrete topology) of this algebra contains 4 elements 



h{Pj)-5ij (z= 1,2,3,4) 



(7.2.5) 



We then consider the sub-algebra Vp^p^ = Zmc(A,-P2,-P3 + Pi)- Its Gel'fand spectrum Ey^ ^ will 
contain the elements 

, ={a;,a;,a;} (7.2.6) 



'P1P2 



such that Ai(Pi) = 1, ^2{P'2) = 1 ^'^'^ ■^iiPs + A) = 1, while all the rest will be zero. 

Since Vp^p^ £ V, there exists a morphisms between the respective spectra as follows ( for notational 

simplicity we will denote Vp^p^ bsV ): 

^yy' '• ~^ ^y' (7.2.7) 
A ^ A|y' (7.2.8) 

(7.2.9) 



Such that we obtain the following: 



^yy'(Ai) 

Syy'(A2) 



a; 

a1 
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Prom the above simple example we can generalise the definition of the spectrum for all sub-algebras 
V £V. In particular we get 

^Vp . ={Ai,A,-,A,a (7.2.10) 

where 

K{Pj) = 5ij (7.2.11) 

Xki{Pk + Pi) = 1 (7.2.12) 

(7.2.13) 

and all the rest equals zero. On the other hand for contexts Vp, we obtain: 

={Ai,A,«} (7.2.14) 

where 

A,(A) = 1 (7.2.15) 

Xjki{Pj+Pk + Pk) = l (7.2.16) 

and all the rest is equal to zero. 
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Chapter 8 

Lecture 9 



In this lecture I will do the following: 

i) I will first of all introduce the very important concept of daseinisation; 

ii) I will then give examples of daseinisation; 

iii) Such a concept will be used to define the topos analogue of a proposition. 

I will then give a concrete example on how a proposition regarding the value of the spin of a particle 
is defined, for the case of a 4 dimensional Hilbert space. 

8.1 Propositions 

We will now describe how certain terms of type (sub-objects of the state object) are represented 

in Sets^*^^^ , namely propositions. These, represented by projection operators in quantum theory, are 
identified with clopen (both open and closed) sub-objects of the spectral presheaf. A dopen subobject 
5 £ S is an object such that, for each context V € V('H), the sot S_{V) is a clopen subset of ^{V), 
where the latter is equipped with the usual compact and Hausdorff spectral topology. We will now 
show, explicitly, how propositions are defined. 

As a first step we have to introduce the concept of 'daseinization'. Roughly speaking, what da- 
seinization does is to approximate operators so as to 'fit' into any given context V. In fact, because the 
formalism defined so far is contextual, any proposition one wants to consider has to be studied within 
(with respect to) each context V € V('H). 

To see how this works consider the case in which we would like to analyse the projection operator 
P, which corresponds via the spectral theorem to the proposition "A e A" ^ . In particular, let us take 
a context V such that P i P{V) (the lattice of projection operators in V). We, somehow need to 
define a projection operator which does belong to V and which is related, in some way, to our original 
projection operator P. This can be achieved by approximating P from above in V, with the 'smallest' 
projection operator in V, greater than or equal to P. More precisely, the outer daseinization, 5°(P), 
of P is defined at each context V by 

s^Pw-'^AiR^PivmyP} (8.1.1) 

Since projection operators represent propositions, 6°(P)v is a coarse graining of the proposition "A e 
A". 

^It should be noted that different propositions correspond to the same projection operator, i.e. the mapping from 
propositions to projection operators is many to one. Thus, to account for this, one is really associating equivalence class 
of propositions to each projection operator. The reason why von Neumann algebras were chosen instead of general C* 
algebras is precisely because all projections representing propositions are contained in the former, but not necessarily in 
the latter. 
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This process of outer daseinization takes place for all contexts and hence gives, for each projection 
operator P, a collection of daseinized projection operators, one for each context V, i.e., 

P^{6''{P)v\V iV{H)] (8.1.2) 

Because of the Gel'fand transform, to each operator P e PiV) there is associated the map P : Sy C, 
which takes values in {0, 1} c Jt c (D since P is a projection operator. Thus, P is a characteristic 
function of the subset Sp £ S(y) defined by 

Sp := {A 6 S(t/)|P(A) := A(P) = 1} (8.1.3) 

Since P is continuous with respect to the spectral topology on S(y), then P"^(l) = 5^ is a clopen 
subset of S(y), since both {0} and {1} are clopen subsets of the Hausdorff space C 

Through the Gel'fand transform it is then possible to define a bijcctivc map between projection 
operators, (5°(P)y € P(F), and clopen subsets of Sy where, for each context V, 

S,.^P), ■■= {A € T,y\X{5°{P)v) = 1} (8.1.4) 

This correspondence between projection operators and clopen sub-objects of the spectral presheaf 
S, which we denote as Subci{^), implies the existence of a lattice homeomorphism for each V 

e:P(l/) -Subc((S)v (8.1.5) 

such that 

5%P)v - e(S''(P)v) := (8.1.6) 

where Subci{^)v is the lattice of subsets of the spectrum with lattice operations given by inter- 
section and union while the lattice ordering is given by subset inclusion. 

It can be shown that the collection of subsets {Sg^^p-^^}, V e V(7^), induces a subobject of S. 
In order to understand how this is done let us first give the definition of what a general sub-object of 

the topos analogue of the state space actually is. 

Definition 8.1.1. A sub-object S_ of the spectral presheaf is a contravariant functor S_. V{W) -» Sets 
such that: 

• S_y is a subset ofTi_y for all V e V('H) . 

• Given a map iy'y -V £V , then S_{iy'y) '■ S_y S_y is simply the restriction of the map ^{iy'y) 
to the subset S_y £ Sy, thus it is given by X>^ A|y' . 

Obviously, for clopen sub-objects we simply require that Sy be clopen in the above definition. 
Theorem 8.1.1. For each projection operator P e P('H), the collection 

HP)--={SsiP)jVeViH)} (8.1.7) 
forms a (clopen) sub-object of the spectral presheaf . 

Proof We already know that for each V e ViH), Sg^^p-^^ £ Sy. Therefore, what we need to show is 

that these clopen subsets get mapped one to another by the presheaf morphisms. To see that this is 
the case consider an element A 6 Sg^^p^^. Given any V QV, then by the definition of daseininsation 

we get S°{S°{P)v)y' = A{a € P{v')\a > 6°{P)v} > 5°{P)v. Therefore, if 5°{P)y< - 5°{P)v = P, then 
KKP)v') = KKP)v) + A(/3) = 1 since X{6{P)v) = 1 and A(/3) e {0, 1}. Therefore 



{A|yHAe5,(^)^}c{A€5,(P)^,} (8.1.8) 
however A|y' is precisely E(iy'y)A therefore 

{A|yHA€S,(p)^} = S(Zy,y)5,(p), (8.1.9) 

It follows that 5{P) is a sub-object of S. □ 
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We can now define the (outer) daseinization as a mapping from tlie projection operators to the 
subobject of the spectral presheaf given by 

S:Pin)^SuhciCS) (8.1.10) 

P ^ ieiS''iP)v))vmn) SiP) (8.1.11) 

We will sometimes denote &(d°(P)v) as S{P)^. 

Since the sub-objects of the spectral presheaf form a Heyting algebra, the above map associates propo- 
sitions to a distributive lattice. Actually, it is first necessary to show that the collection of dopen 
sub-objects of S is a Heyting algebra. We will report the proof below. 

Theorem 8.1.2. The collection, Subci(^), of all clopen sub-objects of ^ is a Heyting algebra. 
Proof First of all let us consider how the logical connectives are defined. 

The A- and v-operations. Given two sub-objects T and S_ of S, then the a- and v-operations are 
defined by 

{SaT)v ■■= SynTy (8.1.12) 
{SvT)v ■■= SyuTy (8.1.13) 

for all contexts V € V('H) . From the properties of open and closed subsets, it follows that if S_y and 
Ty are clopen as subsets then so are S_y nTy and S_y uTy. 

The zero and unit elements. The zero element in S'ii6ci(^) is the empty sub-object 

0:= {0v\V eOb{V{n))} (8.1.14) 
Where 0y is the empty subset of Sy and Ob{V{'H) simply indicates the objects in the category V('W) . 

The unit element in SubdCS) is the unit sub-object. 

S:={Sy|ye06(?^(V))} (8.1.15) 
Clearly both and E are clopen sub-objects of E. 

The '=>'-operation. We have seen in previous lectures that the negation operation in a Heyting 
algebra is given by the relative pseudo complement. In particular -iS_ := 5 => 0. To understand exactly 
how such an operation is defined let us first describe S^=>T- This is 

iS^T)v := {AeS^lvy'cy if E(v'y)(^)e^y' thenS(vy)(A)eTy/} (8.1.16) 
= {A e Sy|Vy' c y if A|y' e Sy then X^y e Ty} (8.1.17) 

From the above it follows that the negation operation in the Heyting algebra Subdi^) is defined as 
follows: 

i-S)v := (5^0)y = {AeEy|vy'cy,S(vy)A^5y'} (8.1.18) 
= {AeEy|Vy'cy,A|y, ^S^,'} (8.1.19) 

It is also possible to write the negation in terms of the complement of sets as follows: 

hS)v= f] {^^^v\>^\v'^S'y,} (8.1.20) 

where S_yi represents the standard complement of the set Syi . Since S_y' is clopen so will S_yi . The 
map S(iy'y) : Sy is continuous and surjective, thus ^{iy' yY^ {S_yi) is clopen. Such a subset 

is defined as 

S( V'y (S'y' ) = {A € Ey |A|y- € 5^, } (8.1.21) 
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Substituting for the formula of the negation operation we obtain 

However, the right hand side of the above formula is not guaranteed to be clopen, in fact it is closed 
and it would only be clopen if the set { V | V £ V} over which the intersection ranges is actually finite. 
Now we know that the collection of all clopen subsets for each Sy is a complete lattice, thus given a 
family of decreasing subsets there will exist a limiting point of such subsets which will belong to the 
lattice. 

In our case the collection of for all {V \V £ F} is a decreasing net of clopen subsets 

of Sy. This means that if ^ qV and Ay" e Sy„ then A|y e Sy,. That this is the case can be proved 
by contradiction, in fact if A|y e Sy' then ^v"v'^\v ~ ^\v" ^ ^v" "which would be a contradiction. 
Therefore - ^{iy'vY^iS^')- Therefore the right hand side of 8.1.22 represents a 

decreasing net of clopen sub-sets of . If we now define the limit point of such a net and call it {^S)v 
we have a definition of the negation of an element as a clopen subset. Thus we define 

{^S)v := int n Uiv'vy\S^v-) (8-1-23) 

y'sv 

= int f\ {\^^y\\^y, ^{S^y,)} (8.1.24) 

□ 

Particular properties of the daseinization map worth mentioning are: 

1. 5{P V Q) = 5{P) V 6{Q), i.e. it preserves the "or" operation. 

2. 5{P A Q) < 5{P) A 5{Q), i.e. it does not preserve the "and" operation. 

3. If P< Q, then 5{P) < 6{Q). 

4. The daseinisation map is injective but not surjective. 

5. 6(6) = {0v\V & ObiVjU))}. 

6. Sii) = {-Ey\V€ObiVi'H))}. 



8.1.1 Physical Interpretation of Daseinisation 

What exactly does it mean to daseinise a projection? Let us consider a projection P which represents 
the proposition A & A. We now consider a context V such that P i V, thus we approximate this 
projection so as to be in V obtaining (5°(P)y. If the projection 5°{P)v is a spectral projector of 
the operator. A, representing the quantity, A, then it represents the proposition ^ € F where A £ F. 
Therefore, the mapping 

5^ -.Pin) ^ P(V) (8.1.25) 
P ^ S"(P)v (8.1.26) 

is the mathematical implementation of the idea of coarse graining of propositions, i.e. of generalizing 
a proposition. 

If, on the other hand, S°(P)y is not a spectral projector of the operator A representing the quantity, 
A, then 6°(P)v represents the proposition B € A . The physical quantity B is now represented by 
the projection operator B e P{V). Given the fact that P < 5°{P)v, the proposition B e A is a 
coarse graining of A e F, in fact a general form of B e A could be f{A) e F, for some Borel function 
/ : sp{A) ^ R. 
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Obviously, for many contexts it is the case that 6°(P)v = 1, which is the most general proposition of 
all. 

From the analysis above we can deduce that, in this framework, there are two types of propositions: 

i) Global propositions, which are the propositions we start with and which we want to represent in 
various contexts, i.e. (Ae A). 

ii) Local propositions, which are the individual coarse graining of the global propositions, as referred 
to individual contexts V. 

Thus, for every global proposition we obtain a collection of local propositions 

P - (<5°(P)y)y,v(«) (8.1.27) 

In the topos perspective we consider the collection of all these local propositions at the same time, as 
exemplified by equation 8.1.10. 



8.1.2 Example 



To illustrate the concept of daseinisation of propositions let us consider a 2 spin system. We are 
interested in the spin in the z-direction, which is represented by the physical quantity Sz- In particular, 
we want to consider the following proposition Sz e [1.3, 2.3]. Since the total spin in the z direction can 
only have values -2, 0, 2, the only value in the interval [1.3,2.3] which Sz can take is 2. 
The self-adjoint operator representing Sz is 

/2 \ 


VO -2/ 



(1,0,0,0), whose associated projector P := E[Sz e 



(1 








0\ 


























lo 











The cigcnstatc with eigenvalue 2 would be i/j 
[1.3,2.3]] = \ip){ip\ would be 



Pi 



Prom our definition of V(C^) we know that the operator Sz is contained in all algebras which contain 
the projector operators Pi and P4. These algebras are: i) the maximal algebra V and ii) the non 
maximal sub- algebra Vp^p^. We will now analyse how the proposition Sz e [1.3,2.3], represented by 

the projection operator Pi, gets represented in the various abelian von Neumann algebra in V(C^). 
1. Context V and its sub-algebras. 

Since V, Vp^p, ( i e {2,3,4}) and Vp_^ contain the projection operator Pi, then, for all these 
contexts we have 

5"(Pi)v = nPiW.^p^ = 5°{Pi)v,^ = A (8.1.28) 
Instead for context Vp for i # 1 we have 



S%Pi)vp^ =Pi+Pj + Pk j + itk€ {2, 3, 4} 
Por contexts of the form Vp,p, , where i+ j + 1, we have 

<5°(A)y... =Pi+Pfe {2,3,4} 



?.1.29) 



?.1.30) 
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2. Other maximal algebras which contain A and their sub-algebras. 

Let us consider 4 pairwise orthogonal projection operators -Pi, Q2, Qa, Q4, such that the max- 
imal abelian von Neumann algebra generated by such projections is different from V, i.e. 

We then have the following dasenised propositions: 
For contexts V and Vp , as before, we have 

(5°(Pi)y' = (5°(A)v.' =A (8.1.31) 



for contexts V^, we have 



S''{Pi)v,^^=Pi + Qj+Qk z^j* fee {2,3,4} (8.1.32) 



Instead, for context Va a , we have 

S°{Pi)v^^Q. =A + Qfc i^i^fce {2,3,4} (8.1.33) 

3. Contexts which contain a projection operator which is implied by Pi. 

Let us consider contexts V which contain the projection operator Q, such that Q > Pi, but 
do not contain Pi (if they did contain Pi, wc would be in exactly the same situation as above). 
In this situation the daseinisated propositions will be 

'5°(A)y = Q (8.1.34) 

4. Context which neither contain Pi or a projection operator implied by it. 

In these contexts V" the only coarse grained proposition related to Pi is the unity operator, 
therefore we have 

S°{Pi)y.: = i (8.1.35) 

Now that we have defined all the possible coarse grainings of the proposition Pi, for all possible contexts, 
wc can define the presheaf S{Pi) which is the topos analogue of the proposition Sz e [1.3,2.3]. As 

explained in the previous section, in order to obtain the presheaf S{Pi) from the projection Pi, we 
must apply the daseinisation map^ defined in 8.1.10, so as to obtain 

5:P(C^) ^ Subc;(S) (8.1.36) 
A - {&{S''{Pi)v))v.vi€-)=--HPl (8.1.37) 

where the map & was defined in 16.4.8, in particular 

6(5"(Pi)v) := := {A e S^|A(5°(A)y) = 1} (8.1.38) 

We now want to define the (5(Pi)-niorphisms. In order to do so we will again subdivide our analysis 

in (lifFcrciit cases, as al)ov(\ 



Note that so far we have only used the outer daseinisation. 
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1. Maximal algebra V and its sub-algebras. 

The sub-algebras of V are of two kinds: Vp, p. and Vp^ for i,j,k e {1,2,3,4}, such that in 
V(C^) we obtain the morphisms ivp p ,v ■ ^p p. - ^ and iy- y ■ Vp £ y. Correspondingly 

(5(Pi)-morphisms with domain 6{Pi)^ will be of two kinds. We will analyse one at the time. 
First we analyse the morphism 

S{Pi){iVf,.p.,v) ■■ S{Pi)^ - ^(A)^ (8.1.39) 



In this context we have 

m) y = {A € ^v\mPi)v) = A(A) = 1} = {All 

This is the case since, as we saw in the previous lecture Sy = {Ai, A2, A3, A4} where A,Pj 
On the other hand for the contexts Vp, p^ i,j e {1,2,3,4} we have the following: 



SiA)y_ = {Ai} where Ai(^(A)vp^ ,.^ = A) = 1; je {2,3,4} 

HA),, = {Alfc} where Aife(,5(A)yp ^ = (A + A)) = 1; i + j + k + 1 

The 5(A)-iiiorphisms for the above contexts would be 

<5(A)(*v. p.,y)(Ai) := Ai 
^(A)(iyp. p ,y)(Ai) := Aife 

The remaining J(Pi)-niorphisms with domain 8{P\)^ are 

^(A))iy, ,y : ^(A V ^ ^(A\,. 

In this case the local propositions ^{P\) , % e {1,2,3,4} are 

8{Py) = {Ai} 



,5(A)„. = {Ayfc} z,i,fc6{2,3,4} 



The ^(A)-morphisms are then 

'5(A)(*yp ,y(Ai) := Ai 



^(A)(«v-.,v')(Ai) := A 



\kl 



8.1.40) 



8.1.41) 
8.1.42) 

8.1.43) 
8.1.44) 

8.1.45) 

8.1.46) 
.1.47) 



8.1.48) 
8.1.49) 



2. Other maximal algebras which contain A and their sub-algebras. 

As before we consider 4 pairwise orthogonal projection operators Pi,Q2,Q3,Q4, such that the 

maximal abelian von Neumann algebra generated by such projections is different from V, i.e. 
V' = lineiPi,Q2,Q3,Q4)*V. 

We then obtain the following morphisms with domain ^(A)^: 

S(A)iiVp^,v)--^_(A)y - SjAly. (8.1.50) 

Ai Ai (8.1.51) 
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^(A)(iy..,y):^(A)„ - (5(A),,, (8.1.52) 



'-V ^^VQi 

Ai 1^ pijk (8.1.53) 
where Eg, := {pupijk}, such that pi{Qi) = 1 and pijk(Pi + Qj + Qk) = 1. 

Ai !->■ pife (8.1.55) 

where ^q.^q^ ■= {pi,Pj,Pik}, such that pi{Qi) = 1, Pj{Qj) = 1 and pik{Pi + Qk) = 1. The 
computation of the remaining maps is left as an exercise. 

3. Contexts which contain a projection operator which is implied by Pi. 

We now consider a context V which contains an operator Q, such that Q > P. 

For such a context we have 6{Pi)_^ = {X\\{Q) = 1}. Therefore, for sub-algebras which contain the 

operator Q the morphisms will simply map A to itself. The rest of the maps are easily derivable. 

4. Context which neither contain Pi or a projection operator implied by it. 

In such a context V , whatever its spectrum is, each of the multiplicative linear functionals 
Ai £ ^v" ^ill assign value 1 to (5(Pi) = 1. And so will the elements of the spectrum of the sub- 
algebras V ofV . Thus, all the maps 6{Pi){iy y" will simply be equivalent to spectral presheaf 
maps. 

8.2 The Spectral Preshaef and the Kochen-Specker Theorem 

We will now show how the non existence of global elements of the spectral presheaf S is equivalent to 
the Kochen-Spccker theorem. 

Let us consider the topos Sets^^^^ ^ . In order to define a global element we first of all have to 
define what a terminal object looks like. This is identified as the preheaf 

1 : ViH) ^ Sets 

such that for each V e V('H) 

Iv ■■= {*} (8-2-1) 
Given a map iy'y '-V -^V{V £ V), the corresponding morphisms is simply the constant map 

l(Vv) :{*}-{*} (8.2.2) 

We now want to define a global element of the presheaf S. Recall that this is defined as a map 

7 : 1 ^ S (8.2.3) 

such that for each context we get 

IV ■■Iv ^ (8-2-4) 

{*} (8-2-5) 

{*} ^ lv({*})-=X (8.2.6) 

Thus at the level of the stalks we retrieve the usual set definition of global element. 



The connection between global sections and the Kochen-Specker theorem is given by the following 
theorem: 
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Theorem 8.2.1. The spectral presheafT^ has no global elements iff FUNG does not hold, i.e. V{f{A)) + 
f{V{A)) for some Borel function / : R, R, such that B = f{A). 

Proof. Let us assume that S did have global sections. This would imply that there existed maps 
7 : 1 -» E, such that to each element V e V(7^), 7y € S^^, i.e. 7y = A : F C. In particular, for each 
self adjoint operator A 6 Vsa, lv{A) = \{A) € (j{A) is an element of the spectrum of A. Given a map 
iy' V - ^ -V), then from the properties of global sections we have that 

^{iy' ,vhv = Iv' (8-2-7) 

Now consider a self-adjoint operator A, such that A e V but A ^ V . Given the fact that V Q V it 
is always possible to find an operator B such that f{A) = B for some Borel function / : R, ->■ R,. 
Since 'yv(A) e a(A), by applying equation 8.2.7 to A we obtain 

/(7y(i))=7y'^ (8.2.8) 

which is precisely FUNG. 

□ 

The above theorem leads immediately to the following statement 

Corollary 8.2.1. The Kochen-Specker theorem is equivalent to the statement that, if dirnH > 2, the 
spectral presheaf S has no global elements. 

Proof. We now want to show that the K-S theorem is equivalent to the statement that S has no global 

elements. So let us assume it does, it then follows that there exists a function 7 : 1 ^ S which assigns 
to each (bounded, discrete spectrum) self-adjoint operator A, a real number'^ 7(^) £ sp{A). From the 
definition of a section it follow that if A = f{A) then /(7(A)) = 7(-B). This is precisely the FUNG 
condition. However the K-S theorem tells us that this can not be the case, thus S has no global 
sections. □ 



^Here for notational simplicity we simply wirte 7(*) as 7. 
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Chapter 9 

Lecture 10 



In this lecture I will describe what a sub-object classifier looks like in our quantum topos. I will then 
give a concrete example for the case of a 4 dimensional Hilbert space. I will then define the topos 
analogue of a state, and give a concrete example of such a state. 

9.1 Representation of Sub-object Classifier 

We will now describe how the sub-object classifier is defined in the topos Sets^^'^^ Such an object 
represents the truth value object whose elements (global sections) are truth values, which get assigned 
to propositions (clopen sub-objects of S). As wc will see, we end up with a multi valued logic. In the 
topos Sets^^^-* the sub-object classifier il is identified with the following presheaf. 

Definition 9.1.1. The presheaf £1 e Sets ^ ' is defined as follows: 

1. For any V e V('H), the set £ly is defined as the set of all sieves on V . 

2. Given a morphism iy'y -V -^V {V E V), the associated function in Vl is 

S ^ £l((Vy))('S') == {V" £ ^ S} (9.1.2) 

We have seen, in previous lectures, what a sieve is, however, for the particular case in which we 
are interested, namely sieves defined on the poset V{'H), the definition of a sieve can be simplified as 
follows: 

Definition 9.1.2. For all V e V{'H). a sieve SonVisa collection of sub-alebras (V E V) such that, 
ifVeS and {V £ V ), then V e S. Thus S is a downward closed set. 

In this case a maximal sieve on V is 

iV:={v\viU)\v' £V} (9.1.3) 

In order for O to be a well defined presheaf, we need to show that indeed il((«yv))('^) - 
V \V e S} defines a sieve on V . Thus we need to show that £l({iv'v))('^) {V \V e S} is a 

downward closed set with respect to V . It is straightforward to deduce this from the definition. 

As previously stated, truth values are identified with global section of the presheaf For each 
context, such global sections assign the 'local' truth value. Therefore the picture we obtain is the 
following: 

each proposition and each state is defined as a collection of 'local' representations, one for each V € 
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V(7/). Such 'local' representations, are glued together by the categorical structure of ViH). Now for 

each context wc obtain a 'local' truth value of the 'local' proposition given the 'local' state. Such 'local' 
truth values are represented by the global element computed at that particular context. All such 'local' 
truth values are 'glued' together by the global section which, in turn, follows the categorical structure 
of the base category V('H). Thus, again, we obtain the quantum picture by considering a collection of 
'local' representatives. However, it is only the collection that corresponds to a well defined object in 
our theory, each local representative on its own is meaningless. 

Coming back to truth values, the global section that consists entirely of principal sieves, is inter- 
preted as representing 'totally true'. In classical Boolean logic this is just 'true'. Similarly, the global 
section that consists of empty sieves is interpreted as 'totally false'. In classical Boolean logic this is 
just 'false'. 

A very important property of sieves is that the set fiy of sieves on V has the structure of a Heyting 
algebra, where the unit element 1q e Oy is represented by the principal sieve J, V and, the null element 

€ Qy, is represented by the empty set 0. 
Moreover Qy is equipped with a partial ordering given by subset inclusion, such that Si < Sj iff Si £ Sj . 
In this context the logical connectives are given by 



Si A Sj 

Si V Sj 
Si Sj 



= S.nSj (9.1.4) 
= S^uSj (9.1.5) 
= {V £V\\/V" qV' a V" € Si then V" eSj} (9.1.6) 



Being a Heyting algebra, the negation is given by the pseudo-complement. In particualr, given an 
element S, its pseudo-complement (negation) is the element 

-.S := S^O (9.1.7) 

-5 := {V QV\yV"QV',V"iS} (9.1.8) 

9.1.1 Example 

We will now describe an example of the truth object for the case of our 4 dimensional Hilbert space 

T-L = C^. Let us start with the maximal algebras V = lin<E{Pi,P2,Ps,PA)- What follows can be 
generalised to any maximal sub-alebra, not just V. 
The collection of sieves on V will be 

■~ {^.n^i S, Si2, Si3, Sii, S23, S24, S34,, Si, S2, S3, Si,---} (9.1.9) 

where the sieves in Qy are defined as follows: 

S = {V;Vp._^^.,Vp^,|i,j,fc 6 {1,2,3,4,}} = principal sieve on V (9.1.10) 

Sij = {Vp, p_,Vp^,Vp,} = principal sieve on Vp. (9.1.11) 

Si = {Vp^} (9.1.12) 

= {0} (9.1.13) 

We now consider a non maximal algebra Vp, p, , the collection of sieves on such an algebras is 

^Ivp^ p, := {Ovp^ p, , Sij,Si,Sj, -} (9.1.14) 

where the definitions of the individual sieves are the same as before. 
Similarly, for the context Vp, we have 

ny_ - {Si} (9.1.15) 
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We now want to define the Q-niorphisms. To this end, let us first consider the £2-morphism with 
domain Oy- There are various such morphisms, one for each pair i,je {1,2,3,4}, as follows: 

^li^vp. p ,v)■■^lv^^lv^ ^ (Q-i-ie) 

where iy y : Vp^ p. £ y. ^^(iy ^y) is defined component wise as follows: 



S i-> Si j 


Sij ^ 


-> Sij 


(9.1 




Skj 


^ S] 


(9.1 


Si >->■ Si 


Ski ^ 




(9.1 


Sj >->■ Sj 


Sk >- 




(9.1 



Moreover, for each A; e {1,2,3,4} such that Wp^y '• Vp^^ - V, we have the following £2-morphisms: 



which component wise are defined as follows: 



S^Sk Sij ^ Oy_ (9.1.22) 
Sik ^Sk Si^ Oy_ (9.1.23) 



Sk ^ Sk Sj ^ Oy_ (9.1.24) 



Si ^ Oy_^ (9.1.25) 
It is straightforward to extend the definition of f]-morphisms for all contexts Vi 6 V(C). 

9.2 States 

In classical physics a pure state, s, is a point in the state space. It is the smallest subset of the state 
space which has measure one with respect to the Dirac measure 6s. 
Recall that a Dirac measure Sg on some set S is defined by 

for any s e 5 and any measurable subset S. 

Identifying states with subsets which have measure one is a consequence of the one-to-one corre- 
spondence which subsists between pure states and Dirac measure. In particular, for each pure state, s, 
there corresponds a unique Dirac measure Sg. Moreover, propositions which are true in a pure state s 
are given by subsets of the state space which have measure one, with respect to the Dirac Sg, i.e. those 
subsets which contain s. The smallest such subset is the one-element set {s}. Thus, a pure state can 
be identified with a single point in the state space. 

In classical physics, more general states are represented by more general probability measures on 
the state space. This is the mathematical framework that underpins classical statistical physics. 

However, the spectral presheaf S has no points^. Indeed, this is equivalent to the Kochen-Specker 
theorem! Thus the analogue of a pure state must be identified with some other construction. There 
are two (ultimately equivalent) possibilities: a 'state' can be identified with (i) an element of P(P(S)) 
(the set of all possible sub-objects of the set of all possible subsets of S); or (ii) an element of P(S) 



^Recall that in a topos r, a 'point' (or 'global element' or just 'element') of an object O is defined to be a morphism 
from the terminal object, It, to O. 
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(the set of all sub-object of S). The first choice is called the truth-object option, the second is the 
pseudo-state option. In what follows we will concentrate on the second option. The first option will 
be described later. 

The second choice is the one that most resembles the notion of a point state since it represents 
the smallest sub-object of the state space S. Since E is a presheaf, a sub-object of it will be itself a 
presheaf, thus the pseudo state is a presheaf, i.e. an object in Sets^^^^ . 

Specifically, given a pure quantum state ip ^y,, we define the presheaf 

tpl^> := d(\tP)(i^\) (9.2.2) 

such that for each context V we have 

sjMmiv == ®( A{« e mi^i ^ «}) = s(^"( mm £ m) (9.2.3) 

Where the map & was defined in equation (1.5) lecture 9 but we will report it below for the sake of 
completeness: 

& : P{V) ^ SuhciiT,)v (9.2.4) 

such that 

5% \^M)v - e(6"( mi^Dv) := ^^-c (9-2.5) 
Thus, for each context V e V('H), the projection operator S{\tlj){^/j\)^ is the smallest projection 
operator implied by Since projects on a 1-dimensional sub-space of the Hilbert space, 

i.e. it projects on a state, S{ identifies the smallest sub-space of Ti equal or bigger than the 

one dimensional sub-space [ip). It is in this sense that tv^^^ := S( |V')(V'I) represents the closest one can 
get to a point in S. 
The map 

is injective. 



(9.2.6) 



Proof. We want to show that if T''''^ = T'"^^ then {(p) = e^^\t{j). Now applying the definitions for each 
V e V(n) we have 

T^> = {PeP{V)\P>\^jm} (9.2.7) 
= {P e P{V)MP\i^) = 1} (9.2.8) 
= (9.2.9) 
= {PeP(V)\{cl>\P\<f>) = l} (9.2.10) 

However if = 1 then {i;e-'^\P\e'^^) = {(p\P\(l)) = 1 for some A. Moreover that will be the only 

stat would satisfy this for all P therefore \(j>) = e^^\ip), i.e. T''^^ is injective. Since the association 

t''^^ tv}'^'' is injective the result follows. 

□ 

Thus, for each state \ip), there is associated a topos pseudo-state, tv^'^\ which is defined as a 
subobject of the spectral presheaf S. 

This presheaf tu''^^ is interpreted as the smallest clopen subobject of S, which represents the 
proposition^ which is totally true in the state {tp), namely the proposition 5{\tp){ip\). Roughly speaking, 
it is the closest one can get to defining a point in E. The formal definition of the pseudo state is as 
follows: 

Definition 9.2.1. For each state \ip) we obtain the pseudo state m^^'' e Sets^^'^^ " which is defined 
on 



^Recall that in the topos framework propositions are identified with clopen sub-objects of the state space 
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• Objects: For each context V e V('H) we obtain 

HMMlv ■= ' ^v\Hs°mmv) = 1} (9.2.11) 

• Morphisms: For each iy'y -V the corresponding map is simply the spectral presheaf map 
restricted to ro''^^ i-e. 

wl^>(V'y)=m|.^> - (9.2.12) 
A A|^' (9.2.13) 

9.2.1 Example 

We will now give an example of how to define pseudo states in our 4 dimensional Hilbert space This 
is very similar to the example for propositions, since also for pseudo states the concept of daseinisation 
is utilised. However, for pedagogical reasons we will, nonetheless, report it below. 
Let us consider a state tp = (0,1,0,0). The respective projection operator is 



We now want to compute the outer daseinisation of such a projection operator for various contexts 
V(C^). As was done for the proposition, we will subdivide our analysis in different cases: 

1. Context V and its sub-algebras. 

Since the maximal algebra V is such that |V')(V'I ^ -P(^)) it follows that: 

s°mmv = (9.2.14) 

This also holds for any sub-algebra of V containing |V-')(V'|! i.e. Vp^ p, for i = {1,3,4} and Vp^. 
Instead, for the algebras Vp, p,, where i,j e {1,3,4}, we have 

S"(M{^\)vp p =P2 + Pk fovk*i*j (9.2.15) 

On the other hand, for contexts Vp_ for i e {1,3,4} we have 

S^mmvp^ = A + Pfc + Pj iovk + i+j (9.2.16) 

2. Other maximal algebras which contain o-'^^d their sub-algebras. 

Let us consider the 4 pairwise orthogonal operators (Qi, A, Qs, <34), such that 
V := linic{Qi,P2,Qs,Qi) + V. For these contexts we obtain 

s"mmv' = A (9.2.17) 

S"(\i^)mv^^ = P2 + Qj+Qk (9.2.18) 

'5°(|^)(V'l)y«VQ, = -^2 + 0^ (9.2.19) 

3. Contexts which contain a projection operator which is implied by 
If V contains Q > then 

S^mmv' = Q (9-2.20) 
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4. Contexts which neither contain or a projection operator implied by it. 

s^mmv = 1 (9-2.21) 

We now would like to define the to ''''^-morphisms. This is left as an exercise. 
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Chapter 10 

Lecture 11 



This is a brief overview of the tight Unk between topos theory and logic. In particular it will be showed 
that to each topos there is associated a language with associated logic, but also the revers is true, 
given a language one can defined a corresponding topos. Given this tight connection, it is also possible 
to view a theory of physics, as expressed within the mathematical formulation of topos theory, as a 
representation, in a topos, of an abstract language. 

10.1 Topos and Logic 

In this section we will try to describe the deep connection between topos and logic. The nature and 
scope of such a connection is deep and wide, so we will not be able to expose it in its full details. 
We will, however, try to give a general account of this intimate connection and, where possible, try to 
describe such a connection with explicit examples in physics. 
We first of all need the definition of a language. 

10.1.1 First Order Languages I 

A language;, in its most raw definition, comprises a collection of atomic variables, and a collection 
of primitive operations called logical connectives, whose role is to combine together such primitive 
variables transforming them into formulas or sentences. Moreover, in order to reason with a given 
language one also requires rules of inference, i.e. rules which allow you to generate other valid sentences 
from the given ones. 

The semantics or meaning of the logical connectives, however, is not given by the logical connectives 
themselves but it is defined through a so called evaluation map, which is a map from the set of atomic 
variables and sentences to a set of truth values. Such a map enables one to determine when a formula 
is true and, thus, defines its semantics/meaning. 

In this perspective it turns out that the meaning of the logical connectives is given in terms of 
some set of objects which represent the truth values. The logic that a given language will exhibit 
will depend on what the set of truth values is considered to be. In fact, the above is a very abstract 
characterisation of what a language is. To actually use it as a deductive system of reasoning one 
needs to define a mathematical context in which to represent this abstract language. In this way the 
elementary and compound propositions will be represented by certain mathematical objects, and the 
set of truth values will itself be identified with an algebra. 

For example, in standard classical logic, the mathematical context used is Sets and the algebra of 
truth values is the Boolean algebras of subsets of a given set. However, as we will see, in a general 
topos the internal logic/algebra will not be Boolean but will be a generalisation of it, i.e. a Heyting 
algebra. We will explain, later on, the implications of this fact. 
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In order to get a better understanding of what has been said above we will start with a very simple 
language called prepositional language P(l)- 



10.1.2 Prepositional Language 

The propositional language P{1) contains a set of symbols and a set of formation rules. 
Symbols of P{1) 

i) An infinite list of symbols ao,ai,a2--- called primitive propositions. 

ii) A set of symbols -i, v, a, =>■ which for now have no explicit meaning. 

iii) Brakots ), (. 
Formation Rules 

i) Each primitive proposition € P(l) is a sentence. 

ii) If a is a sentence, then so is -la. 

iii) If ai and a2 are sentences, then so are ai Aa2, ai v a2 and ai => a2- 

Note also that P{1) does not contain the quantifiers V and 3. This is because it is only a propositional 
language. To account for quantifiers one has to go to more complicated languages called higher-order 
languages, which will be described later. 

The inference rule present in P{1) is the modus poncns (the rule of detachment) which states that 
from ai and ai aj the sentence aj may be derived. Symbolically this is written as 

(10.1.1) 



Oti 

We will see, later on, what exactly the above expression means. 

In order to use the language P(l) one needs to represent it in a mathematical context. The choice 
of such context will depend on what type of system we want to reason about. For now we will consider 
a classical system, thus the mathematical context in which to represent the language P{1) will be Sets. 
In Sets the truth object (object in which the truth values lie) will be the Boolean set {0, 1}, thus the 
truth values will undergo a Boolean algebra. This, in turn, implies that the logic of the language P{1), 
as represented in Sets, will be Boolean. 

The rigorous definition of a representation of the language P{1) in a mathematical context is a map 
(j} from the set of primitive propositions to elements in the algebra in question (in this case a Boolean 
algebra); a 0(a). The specification of the algebra, as we will see, will depend on what type of theory 
we are considering, i.e. classical or quantum. 

In the example (classical system) above the propositions are represented in the Boolean algebra of 
all (Borel) subsets of the classical state space (how this is done and why will be explained later on, for 
now we will just consider this statement as given) 

Now that we have a representation of the abstract language we can also define the semantics of this 
language as follows: 



4>{at V aj) 
(p{ai A aj) 
(j){ai =>■ ttj) 
(f){^ai) 



0(a,)v0(a,) (10.1.2) 
(f){ai) A (fi{aj) 
(j){ai) => <j){aj) 
= <<P{ai)) 



where, on the left hand side, the symbols a, v, =>} are elements of the language P{1), while on the 
right hand side they are the logical connectives in algebra, in which the representation takes place. It 
is in such an algebra that the logical connectives acquire meaning. 
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For the classical case, since the algebra of representations is the Boolean algebra of subsets, the logical 
connectives on the right hand side of 10.1.2 are defined in terms of set theoretic operations. In 
particular, we have the following associations: 

(j)(ai) V (j)(aj) := (j){a^) u (l){aj) (10.1.3) 
(j){ai) A 4}{aj) ■■= 4>{ai) n 4)(aj) 

(t>iai) ^ niaj) := (l){aiY ^ (l){aj) (10.1.4) 

So far we have seen how logical connectives are represented in the topos Sets (since we have been 
considering the classical case). However, it is possible to give a general definition of logical connectives 
in terms of arrows. Such a definition would then be valid for any topos. To retrieve the logical 
connectives for the classical case, in which the topos is Sets, we then simply replace, in the definitions 
that will follow, the general truth object Q. with the Boolean algebra {0, 1} = 2. 

The way in which logical connectives are defined in a general topos is as follows: 

• Negation 

We will now describe how to represent negation as an arrow in a given topos r. Let us assume 
that the r-arrow representing the value true is T : 1 f2, which is the arrow used in the definition 
of the sub-object classifier. Given such an arrow true, negation is identified with the unique arrow 
-. : n n, such that the following diagram is a pullback 

1 



Where ± is the topos analogue of the arrow false in Sets, i.e. l is the character of !i : ^ 1 

^^1 




• Conjunction 

Conjunction is identified with the following arrow: 

n : Q X O O 

which is the character of the product arrow (T,T):l^f2xO, such that the following diagram 
commutes 



(T,T) 
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where (t,t} is defined as follows: 



ii 



(T,T> 



pr2 



n 



• Disjunction 

Disjunction is identified with the arrow 

u : f2 X O O 
which is the character of the image of the arrow 

[(T,ln),(ln,T)] :f] + ri--rix^] 
such that the following diagram commutes 

„ „ [(T,1«>,<1«,T>] 

it + U 9- ilxil 



1 ■ >0 

• Implication 

Implication is identified with the arrow 

=>: O X Q ->■ f2 
which is the character of the equaliser map 

e :<->■ f2 X n 
such that the following diagram commutes 

0x0 




where <:= {(x,y)\x <y infl}. 

Now the above arrow e is actually the equaliser of 



0x0 



o 



(10.1.5) 
(10.1.6) 



(10.1.7) 

(10.1.8) 



pri 



I.e. n o e = pri o e. 



103 



In order to complete the definition of a propositional language in a given topos, we also need to define 
the valuation functions (which gives us the semantics) in terms of arrows in that topos. 
We recall from the definition of the sub-object classifier that a truth value in a general topos r is 
given by a map 1 (in Sets we have 1 {0, 1} = 2 = O). The collection of such functions t(1,CI) 
represents the collection of all truth values. Thus, a valuation map in a general topos is defined to be 
the map V : {n{ai)} t(1, Q). 

It is, then, easy to show that the following equalities hold: 

V{^{^^{a^))) = -oy(^(a,)) (10.1.9) 

y(7r(ai)v7r(a,)) = v o (F(7r(ai)),'5^(7r(a,))) (10.1.10) 

y(7r(ai)A7r(a,)) = a o (y(7r(ai)), Wa^))) (10.1.11) 

Viwiai) ^ wiaj)) = ^o{V{niai)),V{n(aj))) (10.1.12) 

10.1.2.1 Example In Classical Physics 

We have stated above that classical physics uses the topos Sets. We now want to represent in Sets 
the propositional language P{1) as defined for a classical system S. Since such a language, in this case, 
will be used to talk about S, we will denote it PliS) so as to make it explicit that we are talking about 
S. Now, since S" is a (classical) physical system, the standard propositions which it will contain will be 
of the form A e A meaning " the quantity A which represents some physical observable, has value in a 
set A" . These are normally the types of propositions we deal with in classical physics and in physics 
in general. 

We now define the representation map from this language to Sets as follows: 

TTci ■■ Pl(S) ^ Sets (10.1.13) 
A&A ^ {se5|i(s)e A} = i-^(A) (10.1.14) 

where S is the classical state space and A : 5 R is the map from the state space to the reals which 

identifies the physical quantity A. 

We now define the truth values of such represented propositions. Normally, such truth values are state 
dependent, i.e. they depend on the state with respect to which we are preforming the evaluation. In 

classical physics states arc simply identified with elements s of the state space S. Thus, for all s e 5 
we define the truth value of the proposition A^^{A) as follows: 

.(A.A;,)J;«-«-'(^' (10.1.15) 
10 otherwise 

Thus the truth values lie in the Boolean algebra £1 = {0, 1}. 

It is interesting to note that the application of the propositional language P{1) for quantum theory 
fails. This is because in quantum theory propositions are identified with projection operators, thus the 
representation map would be 

TTq:{ai} ^ Pin) (10.1.16) 
A&A TTq(A & A) := E[A & A] (10.1.17) 

where E[A € A] is the projection operator which projects onto the subset A of the spectrum of A. 
Now the problem with this construction is that the set of all projection operators undergoes a logic 
which is not distributive, but the logic of the propositional language is distributive. Therefore, such a 
representation will not work. We will see later on how to fix this problem. However, to arrive at the 
solution we need to introduce a higher order language which we will examine in the next section. 
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10.1.3 The Higher Order Type Language / 

We now go a step higher and define a first order type language I. Such a language consists of a set of 

symbols and terms. 

Symbols 

1. A collection of "sorts " or "types". If Ti,T2,-",T„, n > 1, are type symbols, then so is Ti x T2 x 
••• X T„. If n = then Ti x T2 x ... x r„ = 1. 

2. If T is a type symbol, then so is PT. 

3. Given any type T there arc a countable set of variables of type T. 

4. There is a special symbol *. 

5. A set of function symbols for each pair of type symbols, together with a map which assigns 
to each such functions its type. This assignment consists of a finite non-empty list of types. 
Thus, for example, if we have the pair of type symbols (Ti,T2), the associated set of function 
symbols would be F((ri,T2). A given / e F;(Ti,T2) has type Ti,T2, this is indicated by writing 

.f--n^T2. 

6. A set of relation symbols i?j together with a map which assigns the type of the arguments of 
the relation. This consists of a list of types. Thus, for example, a relation taking an argument 
xi e Ti of type Ti to an argument X2 e T2 of type T2 is denoted as i? = R(xi,X2) £ Ti x T2. 

Terms 

1. The variables of type T are terms of type T, VT. 

2. The symbol * is a term of type 1. 

3. A term of type O is called a formula. If the formula has no free variables then we call it a 
sentence. 

4. Given a function symbol / : Ti T2 and t a term of type Ti, then f(t) is term of type T2. 

5. Given ti,t2,-",tn which are terms of type Ti,T2,---,Tn respectively, then (ti,t2, is a term 
oftypeTixT2x-xT„. 

6. If a; is a term of type Ti x T2 x ••• x T„, then for 1 < i < n, ti is a term of type T,. 

7. If w is a term of type fl and a is a variable of type T, then {a\oj} is a term of type PT. 

8. If xi,X2 are terms of the same type, then xi = 0:2 is a term of type fl. 

9. If xi,X2 are terms of type T and PT respectively, then xi e a;2 is a term of type O. 

The entire set of formulas in the language I are defined recursively through repeated applications of 

formation rules, which arc the analogue of the standard logical connectives. In particular, we have 

atomic formAila,s and com,posite formulas The former are: 

1. The terms of relation. 

2. Equality terms defined above. 

3. Truth T is an atomic formula with empty set of free variables. 

4. False l is an atomic formula with empty set of free variables. 

We can now built more complicated formulas through the use of the logical connectives v. A, => and 
-1. These are the composite formulas: 



105 



1. Given two formulas a and 13 then a v /3 is a formula such that, the set of free variables is defined 
to be the union of the free variables in a and j3. 

2. Given two formulas a and /3 then a A /3 is a formula such that, the set of free variables is defined 
to be the union of the free variables in a and /3. 

3. Given a formula a its negation -.a is still a formula with the same amount of free variables. 

4. Given two formulas a and /3, then a => /3 is a formula with free variables given by the union of 

the free variables in a and /?. 

It is interesting to note that the logical operations just defined can actually be expressed in terms of 
the primitive symbols as follows: 

1. true.= * = 

2. a A /j := {a, (3) = ( true, true) = {* = *,* = *). 

3. ao (3 := a = (3. 

4. a ^ 13 := {{^a h 13) <^ := (a, /3} = ( true, true) = a. 

5. 'ixa := {x:a} = {x: true}. 

6. false:= 'iww := {w-w} = {w. true}. 

7. -la := a false. 

8. a A (3 := Vw[(a => w a /3 => w) =>]. 

9. 3xa ■= Vw[Vx(a => iw) => w]. 

In the above the notation {x : y} indicates the set of all x, such that y. 

10.1.4 Representation of / in a Topos 

We now want to show how a representation of the first order language I takes place in a topos. The 
main idea is that of identifying each of the terms in I with arrows in a topos. In particular we have: 

Definition 10.1.1. Given a topos r the interpretation/representation (M) of the language I in r 
consists of the following associations: 

1. To each type T £l an object T^" e r. 

2. To each relation symbol R£Ti xT2 x ■■■ xT„ a sub-object K"^ £ x T^'^ x ••• x T^" . 

3. To each function symbol f -TixT^x - xT^ ^ X a t -arrow : x TJ" x ■•• x T^^ X. 
4- To each constant c of type T a t -arrow c : 1"^*^ T'^'^ . 

5. To each variabe x of type T a r-arrow x ■ T'"" T"^" . 

6. The symbol Q. is represented by the sub-object classifier Jl"^" . 

7. The symbol 1 is represented by the terminal object 1"^" . 
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Now that we understand how the basic symbols of the abstract language I are represented in a topos 
wc can proceed to understand also how the various terms and formulas are represented. Needless to 
say these are all defined in recursive manner. 

Given a term t(xi,X2,-"iXn) of type Y with free variables Xi of type Tj, i.e. t(xi,X2,---,Xn) '■ Ti x ••• x 
T„ Y, then the representative in a topos of this term would be a r-map 

i(a;i,a;2,-,a;„):T;" x-xT™ (10.1.18) 

Formulas in the language arc interpreted with terms of type O. In the topos r this object O is identified 
with the sub-object classifier f2. 

In particular, a term of type fl of the form (f)(ti,t2,-"tn) with free variables U of type Ti is represented 
by an arrow 

On the other hand, a term, (j) of type S7 with no free variables is represented by a global element 
(j) : 1™ VT'^ As we will see these arrows will represent the truth values. 

The reason that in a topos formulas are identified with arrows with codomain J7 rests in the fact that 
sub-objects, of a given object in a topos, are in 1:2:1 correspondence with maps from that object to 
the sub-object classifier. In fact, by construction, formulas single out sub-objects of a given object in 
terms of a particular relation which they satisfy, i.e. they define elements of Sub{X). Such sub-objects 
are in 1:2:1 correspondence with maps X ^ n . 

In particular, given a formula (f){xi,---,Xn) with free variables Xi of type Ti, which in the language I is 
associated with the subset {xjl^} £ TliTi, we obtain the topos representation 

{ixu-,Xn)W ^T^"" x-xT:;^ (10.1.19) 

which, through the Omega Axiom, gets identified with the map 

{(xu-XnMV ^T^"" x-xT^'' X{(.,,..,.„)i^rM^ (10.1.20) 

To illustrate this correspondence let us consider the formula stating that two terms are the same, 
i.e. t{xi,X2,---,Xn) = t (.Ti,X2,---,x„). The representation of such a formula in a topos t is identified 
with the equalizer of the two r-arrows representing the terms t{xi,X2,---,Xn) and t {xi,X2,---,Xn)- In 
particular we have 

{xuX2,-,Xn\t = tY'^ ^Tl^ X-xT^" 

Instead, if we consider a relation R{ti,---tn) of terms ti of type Yi with variables Xj of type Tj, then 
the formula pertaining this relation {xi---Xn\R{ti,---tn)} is represented in t by pulling back the sub- 
object R?'" £ Yl" X ••• X y^" (representing the relation i?(ti, •••*„)) along the term arrow ,■■■t'l^") : 
Tl'^ X - X T^" ^ Y^'^ X - X yj"": 

{xi,X2,-,Xn\R{tl,-tn)Y^ ^ i?^" 



X - X T^" ' ' " 



The atomic formulas meaning truth and false (t and 1 respectively) will be represented in a topos r by 
the greatest and lowest elements of the Heyting algebra of the sub-objects of any object in the topos. 
Thus, for example, we have that 

{xv-Xn\TY" = Tf" xTj" x-xT^" (10.1.21) 
{a;i-a;„| l}^" = 0^" (10.1.22) 
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So far we have established how to define formulas in a topos. In the following, we will delineate 
how to represent logical connectives between formulas in a topos. In particular, given a collection of 
formulas represented as sub-objects of the type object Hi Ti, the logical connectives between these are 
represented by the corresponding operations in the Heyting algebra of sub-objects of the object Yli TJ'^ 
in T. As before, since we are dealing with sub-object we can also represent the logical connective with 
T-arrow with codomain S7 as follows: 

Consider two formulas (j), p, of type fl with free variables xi and X2 of type T-,^" and " , respectively. 
The conjunction A p is the map 



(pAp: Tj^" X Cf^ X n'^^ A. Q-^^ (10.1.23) 



Similarly, we have 



(f>vp : X T^" Sl^« X fl^^ ^ n'^'^ (10.1.24) 

(A => p : Tj^" X Tg""" X ^ fi-"" (10.1.25) 

: Ti""" X Ta""" CT'^ ^ O^" (10.1.26) 

Given a language I a theory 7" in ? is a set of formulas which arc called the axioms of T. A model of 
such a theory is then a representation M in which all the axioms of T are valid. Such axioms are then 
represented by the arrow true ■.l->-fl. 

An example of this is given by the theory of abelian groups which can be seen as model of a theory in 
a given language as follows. 

The language required will only contain one type of elements G, no relations, two function symbols 

+ :GxG^G 
-■■G^G 

and a constant 0. An interpretation of this language, which will lead us to the theory of groups, will 
be defined in the topos Sets. Such a representation of G will be identified as a set G^, on which the 
function symbols 

+ :G^xG^ ^ G^ (10.1.27) 
(91,92) ^ 9192 (10.1.28) 

and 

-iG^ ^ (10.1.29) 
9^-9 (10.1.30) 

act upon. The constant will be an element of the set O*'^ e G^ . Such an interpretation will be a 
model for the theory of abelian groups if the function symbols satisfy the axioms of abelian groups, 
i.e. the following hold 

(91+92)+ 93 = 9i + (92+g3) (10.1.31) 

91+92 = 52+51 (10.1.32) 

51+0 = 51 (10.1.33) 

91 + (-91) = (10.1.34) 

Given two models M and M of a theory T in a language £, we say that these two models are 
homomorphic if there is a homomorphism of the respective interpretations of the model, i.e. for each 
symbol type X in Z, the following maps are homomorphisms: 

Hx-.X'^^X^' (10.1.35) 
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where X'^ and are the representations of the symbol type X of £ in the representation M and 
M' , respectively. 

Such a homomorphism has to respect every relation symbols, function symbols and constants. 

In the example of abelian groups, model homomorphisms would simply be group homomorphisms. 

The definition of homomorphic representations gives rise to a category X, whose objects are all 
possible representations of a given language I in a topos r, and whose morphisms are the above men- 
tioned homomorphisms of representations. Givcin such a category, each theory T gives rise to a full 
subcategory of I called Mod{T,T), whose objects are models of the theory T in the topos r, and 
whose morphisms are homomorphisms of models. 

In this section we have seen how, given a first order type language I it is possible to represent such 
a language in a topos r. However, interestingly enough the converse is also true, namely, given a topos 
r, it has associated to it an internal first order language Z, which enables one to reason about r in a 
set theoretic way, i.e. using the notion of elements. Thus, we have: 

Deflnition 10.1.2. Given a topos t, its internal language 1{t) has as type symbol ^ A~' for each object 
T. A function symbol ^ f : A^ x ^A^ x ••• x A^ ->■ ^ for each map f : Ai ^ A2 x ■■■ x An ^ B 
in T. And a relation E '"A^ x ''A^ x ••• x ''A'^ for each sub-object Rq Ai x A2 x ■■■ x An in t. 

10.1.5 A Theory of Physics in the Language / Represented in a Topos r 

We will now try to construct a physics theory for a system S. The construction of such a theory is 
defined by an interplay between a language 1{S), associated to the system S, a topos and the repre- 
sentation of the theory in the topos. In particular we can say that a theory of the system S is defined 
by choosing a representation/model, Af , of the language 1{S) in a topos tm- The choice of both topos 
and representation depend on the theory-type being used, i.e. if it is classical or quantum theory. 
As we have seen above, since each topos t has an internal language 1{t) associated to it, constructing 
a theory of physics consists in translating the language, 1{S), of the system in the local language 1{t) 
of the topos. 

For now we will not specify what the theory type is. but we will analyse what ground type terms and 
formulas would be present in a first order language I, which wants to describe and talk about a physical 
system. However, if the theory type one is utilising is classical physics, than the topos in which to 
represent your model will be Sets. For a quantum theory, as will be explained in details later on, the 

/-top 

topos utilised will be of the form Sets for an appropriate category C. 

The minimum set of type symbols and formulas, which are needed for a language to be able to talk 
about a physical system S, are the following: 

1. The state space object and the quantity value object are represented in 1{S) by the ground type 
symbols S and TZ. Given a representation M of Hn a topos r, these objects are represented by 
the objects Em and TZm in r. 

2. Given a physical quantity A, it is standard practice to represent such a quantity in terms of a 

function from the state space to the quantity value object. Thus, we require 1{S) to contain 
the set function symbols F;(5)(E,7^) of signature S 72., such that the physical quantity is 
A:T,^TZ. Given a topos r, these physical quantities are defined in terms of r-arrows between 
the T-objects Em and TZm- 

We will generally require the representation to be faithful, i.e. the map A ->■ Am is one-to-one. 

3. We would like to have values of physical quantities. These are defined in 1{S) as terms of type 
TZ with free variables s of type S, i.e. A(s), where A : T, ^ TZ e F;(5)(S,7?.). Such terms are 
represented in the topos by terms of type TZm, i-e. Am '■ ^m TZm- 
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4. We generally would like to talk about values of physical quantities for a given state of the system, 

thus wc require the presence of formulas of the type A{s) e A, where A is a variable of type PTZ^ 
and 5 is a variable of type S, which represents a state (being an element of the state space). 
Since A(s) e A is a formula, i.e. a term of type Cl it is represented in a topos r by an arrow 

[A(s) e A] : S X P7^ ^ f2 

Such an arrow gets factored as follows: 

[A(s)eA] = e7^o([A(s)],[A]) (10.1.36) 

where e-ji : TZ x PTZ -* D, is the evaluation map, [A(,s)] : E -> 7?. is the arrow representing the 
physical quantity A and A : 7?. 7^ is simply the identity arrow. Putting the two results together 
we have 

^^Pn^^Uxpn^n (10.1.37) 

5. We would also like to talk about collections of states of the system with a particular property. 
Such a collection is represented in terms of sub-objects of the state space, which comprises the 
states with that particular property in question. Thus we have terms {s|A(s) € A} which are of 
type PS with a free variable A of type PTZ. Such a term is represented in a topos by an arrow 

[{s\A{s) e A}] : PTl ^ Pi: (10.1.38) 

Using this term of type P(S) a proposition Ae A can be represented as follows: 

[{s\A(s) e S}] o [A] : 1 ^ P(S) (10.1.39) 

6. A formula w with no free variables, which we denoted as a sentence, is a special element of O 
which is represented in a topos by a global element of ft, i.e. 

[w]:l^Ct (10.1.40) 

These, as we will see later on, will represent truth values for propositions about the system. 

7. Any axioms added to the language have to be represented by the arrow true T : 1 ->■ O. 

10.1.6 Deductive System of Reeisoning for First Order Logic 

Once wc have defined the symbols and formation rules for the first order language I, in order to actually 
use it as a language that enables us to talk about things, we also require rules of inference. Such rules 
will allow us to derive true statements from other true statements. 
In order to describe this better we need to introduce the notion of a sequent. 

Definition 10.1.3. Given two formulae -0 and (j) a sequent is an expression tp \-x ^ which indicates 
that (j) is a logical consequence of ip in the context Sp' . 

What this means is that any assignment of values of the variables in x, which makes V true will 
also make <j) true. 

The deduction system will then be defined as a sequent calculus, i.e. a set of inference rules which 
will allow us to infer a sequent from other sequents. Symbolically, the rule of inference is written as 
follows: 

-i— (10.1.41) 



^By PTi, we mean the power set (collection of all subsets) of Ti.. 

■^A context 5 is a list of distinct variables. When applied to a formula it indicates the fact that, that formula, has free 
variables only within that context, i.e. a formula in a context. 
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which means that the sequent ip i-s (j) can be inferred by the collection of sequents T. We can also have 
a double inference as follows: 

r 

This can be read in both directions, thus it means that ip can be inferred by the collection of 
sequents F, but also that the collection of sequents T can be inferred by "ip \—x (p- 
We will now define a list of inference rules. In the following, the symbol F will represent a collection 
of sequents, the letters 7,/3,a will represent formulae while the letters cr, r, ••• will represent terms of 
some type and a u F represent the collections of formulas in both F and the formula a. 

• Thinning 

• Cut 

FHgg ,auFi-s/3 

For any free variable of 7 free in F or /J. 

• Substitution 

FHja 



r(a;/£7) \-s a(x/a) 

where r{x/a) indicates the term obtained from F by substituting a (which is a term of some 
type) for each occurrence of x and a is free for a; in F and a. 

• Extentionality 

T\-^xi(joxip 

where x is not free in either F, a or p. 

• Equivalence 

auF 1-2/3 l3uT i-3 a 
F a /3 

• Finite Conjuction 

The rules for finite conjunction consist of the following axioms: 

a\-sa = J ,QA/3 1-2/3 ,aAj3\-sa (10.1.42) 

Note that wc have used part of the definition of the logical connective 'if then'. 
The rule of inference is 

(aH,/3)(aH,7) ^,0^43^ 

Proof. 



(1) (2) 

71-37 = true 7 = true u ^ = true Hg 7 a ^ 



l3\-sP = true 7 u /3 = true Hg 7 a ^ 

Q 1-3 7 gu^ Hg 7A^ 

a^xP au/3Hg QA/3 

a i-a 7 A /3 

□ 
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This proof should be read from top to bottom and consists, as one can see, with a finite collection 

of scqucnts called a finite tree, in which the bottom vertex represents the conclusion of the proof. 
All the sequents of the proof are correlated to each other in the following way: 

1. A sequent belonging to a node'^ which has nodes above it is derived by applying a rule of 
inference to the sequents belonging to the above nodes. 

2. Every top most node is either a basic axiom or a premise of the proof. 
In the proof above we have that 

7 7 = true 

is derived by the thinning axiom, the equivalence axiom and the axioms 7 7 and true as 
follows: 



Proof. 



1-3 true 
7 Hg true 

7 u 7 true 



(1) 



(3) 



71-37 

true u 7 7 



7 7 = true 



(2) 
(4) 



□ 



where the lines (1), (2) and (3) are an application of the thinning axiom, while line (4) is the 

application of the equivalence axiom where the equivalence a o 13 := a = (3 was used. 
Going back to the proof of the conjunction axiom the remaining lines are derived as follows: 



i) Line (2) is the definition of the logical connective A. 

ii) All the other lines are derived from applications of the cut axiom. 



It should be noted that it is also possible to form a more general version of the conjunction 
axiom by replacing the single sequent a by a collection of sequents F as follows: 

rHs^A7 



• Finite Disjunction 

The rules for finite conjunction consist of the following axioms: 

iH^a a\-$ay p av 13 (10.1.44) 

and the following rule of inference: 

{a h-a 7)(,fl 7) 



av/3i-5;7 

whose generalization is 

aurH3 7 /3urH3 7 
a v/^uThj 7 



(10.1.45) 



node is an inference step:&-. 
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• Implication 

For implication we have the double inference rule 



Again the general form of which the above is a specification is 

/3urHa7 
r /3 ^ 7 

To see why that is the case we will prove the above generalisation, but only one way: 
Proof. 



/? A 7 u r /3 /3urHg/3A7 

r H2 ^ ^ 7 

□ 

• Negation 

For negation we only have one axiom 

1 a (10.1.46) 

while the inference rules are 

(guF) Hg 1 
T\-s -a 

and 

Fi-sa 



(-.auF) \-s i 



• Universal Quantification 
We have the following double inference rule 



where y is a free variable ^ in ^. 
Again the generalization is 



• Existential Quantifier 
We have the double inference rule 



where y is a free variable in /3. 
Again the generalization would be 



a 1-3 WyP 
r Vy/3 
{3y)a 1-2 j3 
(3y)QurHj / 



*A variable x in a term a is said to be bounded if it appears in a context of the form xi- a, otherwise it is said to be 
free. 
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• Distributive Axiom 



(aA(/3v 7)) ((a A /3) V (a A 7)) 



(10.1.47) 



• Frohenious Axiom 

((aA(32/)/3)Hs(3y)(aA/3) (10.1.48) 

where y ix. 

• Law of Excluded Middle 

Ti-3aV;3 (10.1.49) 

It should be noted that for intuitionistic type of first order languages, the law of excluded middle 
does not hold. All the rest does. 

With this wc end our definition of the first order language C which is comprised of a set of term 
types, a set of logical connectives and a set of rules of inference which determine the logic. 
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Chapter 11 

Lecture 12 



In this lecture I will describe how in the quantum topos it is possible; to define the truth value; of a 
proposition given a state. The collection of such truth values will be a Heyting algebra thus leading 
to a multivalued logic (intuitionistic logic). I will then give specific examples. I will also define an 
analogue of the pseudo state called the truth object. This will have the same role as the pseudo sate 
but can be generalised to represent density matrices not only pure states. We will then compute the 
truth values of certain propositions with respect to this truth object and check if they reproduce the 
truth values computes in terms of the pseudo state. 

11.1 Truth Values Using the Pseudo-State Object 

We are now ready to turn to the question of how truth values are assigned to propositions which, in 
this case, are represented by daseinized operators S{P). For this purpose it is worth thinking again 
about classical physics. There, as previously stated, we know that a proposition A e A is true for a 
given state s if s e f^(A), i.e. if s belongs to those subsets f^(A) of the state space for which the 

proposition A e A is true. Therefore, given a state ,s, all true propositions of s arc represented by those 
measurable subsets which contain s, i.e. those subsets which have measure 1 with respect to the Dirac 
measure Sg. 

In the quantum case, a proposition of the form "A € A" is represented by the presheaf 5{E[A € A]) 

where E[A e A] is the spectral projector for the self-adjoint operator A, which projects onto the 
subset A of the spectrum of A. On the other hand, states are represented by the presheaves ro}^''. As 
described above, these identifications are obtained using the maps & : P{V) Subci(Sy), V e V(?^), 
and the daseinization map 5 : P{'H) Subci(S), with the properties that 

{&{5{P)v)\V ^Vin)} := (5(P)cS 
{&{m^^^)\V ^V(n)} := ml^>cs (11.1.1) 

As a consequence, within the structure of formal, typed languages, both presheaves ro ''^^ and 5{P) are 
terms of type _PS, i.e. they are sub-objects of the spectral presheaf. 

Wc now want to define the condition by which, for each context V, the proposition {5{P))v is 

true given tOy To this end wc recall that, for each context V , the projection operator irj^^ can be 

^Recall that Vo)^^ represents the projection operator while Xo}y'' indicated the subset of S^. Although ultimately they 
are equivalent, it is always worth specifying what specific role to ^'^'^ has. 
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written as follows: 

= A{aeP(T/)|(V|d|V> = l} 

= 5°(|V)(V|)y (11.1.2) 

This represents the smallest projection in P(V) which has expectation value equal to one with respect 
to the state l'^). The associated subset of the Gel'fand spectrum is defined as 

to};^^ = e{/\{a€P{V)Ma\xP) = l}) (11.1.3) 
= {AeS^|A(5"(|V')(V|)y) = l} (11.1.4) 

It follows that Xo}^^ = {xo}y^ I V € V{'H)} is the sub-object of the spectral presheaf S, such that at each 
context V e V{'H) it identifies those subsets of the Gel'fand spectrum which correspond (through the 
map 6) to the smallest projections of that context, which have expectation value equal to one with 
respect to the state i.e. which are true in {ij}). 

On the other hand, as previously defined, at a given context V, the operator 6{P)v is: 

5°{P)v-= /\{a^P{V)\P <a} (11.1.5) 

Thus the sub-preshcaf 5{P) is defined as the sub-object of E, such that at each context V it defines 
the subset 5{P)^ of the Gel'fand spectrum Sy, which represents (through the map 6) the projection 
operator 5{P)v- 

Wo are interested in defining the condition by which the proposition represented by the sub-object 
6{P) is true given the state ro''''^ Let us analyse this condition for each context V. In this case, we 

need to define the condition by which the projection operator 6{P)vi associated to the proposition 
5{P) is true, given the pseudo state xo}'^\ Since at each context V the pseudo-state defines the 

smallest projection in that context which is true with probability one, i.e. (tt)l'^^)y, for any other 
projection to be true given this pseudo-state, this projection must be a coarse-graining of (ttil'^^)y, 
i.e. it must be implied by (tt)!'''*)^. Thus, if («!'''>) V is the smallest projection in P{V), which is true 
with probability one, then the projector 5°{P)v will be true if and only if 5°{P)v > (lti''''^)y. This 
condition is a consequence of the fact that, if |V') = !> then for all $ > a it follows that {^p\P \^) = 1. 

So far we have defined a 'truthfulness' relation at the level of projection operators, namely 6°{P)v > 
(W !'''>) V'. Through the map & it is possible to shift this relation to the level of sub-objects of the 
Gel'fand spectrum: 

6((tt,l'^>)y)c6(^«(P)y) (11.1.6) 

{X e m)\His"i wmv) = 1} £ {A e m)m5"iP))v) = ii (h.i.t) 

What the above equation reveals is that, at the level of sub-objects of the Gel'fand spectrum, for each 

context V, a 'proposition' can be said to be (totally) true for given a pseudo-state if, and only if, the 
sub-objects of the Gel'fand spectrum, associated to the pseudo-state, are subsets of the corresponding 
subsets of the Gel'fand spectrum associated to the proposition. It is straightforward to see that if 
S{P)v > (ftjI'^Ov, then 6((rol*>)i.) E S(5(P)y) since for projection operators the map A takes the 
values 0,1 only. 

We still need a further abstraction in order to work directly with the presheaves ro''^^ and 6{P). 
Thus we want the analogue of equation (11.1.6) at the level of sub-objects of the spectral presheaf, E. 
This relation is easily derived to be 

ro^'^^ £S(P) (11.1.8) 
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Equation (11.1.8) shows that, whether or not a proposition 5(P) is 'totally true' given a pseudo 

state ro^^'> is determined by whether or not the pseudo-state is a sub-presheaf of the prcshcaf 5{P). 
With this motivation, we can now define the generalised truth value of the proposition "A € A" at 
stage V, given the state tv^'^\ as: 

vjA 6 A; \^))v = £ d{E[A e A]) )v (11.1.9) 

:= {V' c V\{^\^%^ c 5iE[AeA]) ^J (11.1.10) 
= {F'cy|(^|5(£[AeA])^|^) = l} 

The last equality is derived by the fact that (to}^^)v E ^(^)y ^ consequence that at the level of 
projection operator S°{P)v > (lt)''^^)y. But, since (lT)''^^)y is the smallest projection operator such 
that (V'|(tt)l'^>)y|V') = 1, then (5°(P)y > (tt)l'^>)y implies that {iplS^iP) \ip) = 1. 

The right hand side of equation (11.1.9) means that the truth value, defined at V of the proposition 
e A" , given the state is given in terms of all those sub-contexts V £ V for which the projection 
operator 5{E[A e A])y has expectation value equal to one with respect to the state \ip). In other words, 
this partial truth value is defined to be the set of all those sub-contexts for which the proposition is 
totally true. 

So we can see how a local truth value can be seen as a measure of how for the proposition is from 
being true. In fact what the sieve v{A € A; \'ip))v tells you is how much you have to generalise your 
original proposition for it to be true. 

We now need to show that indeed v{A € A; \tp))v = is a sieve. To this end we simply need to 
show that it is closed under left composition. 

Proof. Consider an algebra V" 6 5* then given any other algebra V £ V then we want to show that 
V e S. Now since V € S, then 6°{P)y' > (tr '^^)y', however from the definition of daseinisation we 
have that S°(P)y" > S°(P)y' therefore S°(P)y" > (tul*>)y', which implies that V" e S. 

□ 

Thus pictorially we have the following situation 

r^W^ > j(P) 



1 >0 

where to each sub-object relations which identifies the mathematical concept of evaluation we associate 
a global clement 7 : 1 ^ f7 which represents the global truth value. Such a global truth value will have 
local components defined as follows 

(tBlV'>)yC ^ s"iP)v 



ly ^£ly 

Which pick out a particular sieve for each context. 
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The reason why all this works is that generalised truth values defined in this way form a sieve on 
V; and the set of all of these is a Heyting algebra. Specifically: v{tv}^''' c d{P)) is a global element 
defined at stage V of the sub-object classifier £2 := (ily)v€VCH)> where fly represents the set of all 
sieves defined at stage V. 

The set of truth values is defined as r(f2) and it forms a Heyting algebra. 



11.2 Example 

We will consider again a 4 dimensional Hilbert space whose category is V(C^), the state space 
E we have already computed in previous examples. We now want to define the truth values of the 
proposition 5*^ € [-3,-1] which has corresponding projector operator P := £^[5*^ € [-3,-1]] = |(/>)(0|- 
This proposition is equivalent to the projection operator P4. 

The state we will consider will be V' = (1)0,0,0) with respective operator |^/')(V-'| = Pi- First of all 
we will consider the context V = linic{Pi-, P2, Ps, Pi) ■ Since P4 € 1/ it follows that 5°{Pi)v = Pi, but 
{'tl}\Pi\il}) = 0, thus we need to go to smaller contexts. In particular, only contexts in which 5°{Pi)) is 
an operator which is implied by P\ will contribute to the truth value. We thus obtain 

^;(wl^> c ^(P4) )^ := {V zV\{'4}\5{E[A^/^])\iP) = 1} (11.2.1) 

= {Vp ,Vpp} (11.2.2) 

On the other hand for sub contexts we obtain 



vixo}"^^ c 5{P4))vp^ 


= {0} 


(11.2.3 


v{xc}^^ £ 5{Pi))vp^ 


= {Vp.} 


(11.2.4 


v{x^\^^ c 5{Pi))vp^ 




(11.2.5 


vi'm}^^ c 5{Pi))vp^ 


= {0} 


(11.2.6 


iro\^^^SiP,))y.^.^ 




(11.2.7 


(ml'^>£5(A))y^^,^3 


= {Vp.} 


(11.2.8 


iro\^^^SiPi))v,^^^ 


= {0} 


(11.2.9 


(wl'^>£'5(P4))v,^,,3 


= {Vp.,P.,Vp^,VpJ 


(11.2.10 


(rvW^SiP,))y^^^^ 


= {VpJ 


(11.2.11 


(ml'^>£5(P4))yp3.p^ 


= {VpJ 


(11.2.12 






(11.2.13 



As can be seen, the truth values obtained by using the pseudo state object coincide with the truth 
values obtained using the truth object. 

11.3 Truth Object 

We will now analyse the truth object option^. The reason for introducing such an object is because it 
enables one to also define the topos analogue of density matrices, which was not possible when only 
considering the pseudo-state option which allowed only a topos representation for pure states. 

^We have seen in previous lectures how to represent propositions, which are linguistic objects of type P(S) in a 
topos T. Moreover, in tiiis lecture we have defined such a representation for t = Sets^'^' We are now interested in 
understanding how propositions get assigned truth values. We know that at a linguistic level a truth value is defined as 
an element of the Heyting algebra r(f2), therefore we need to associate to the elements {s|j4(s) e A} or A{s) e A of type 
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In order to define the truth-object we need to first introduce a new presheaf called the outer presheaf 
whose definition is as follows 

Definition 11.3.1. The outer presheaf O: V(?^) ->■ Sets is defined on 

1. Objects: for each V e VCH) we obtain Oy := P{V), i.e. the collection of all projection operators 
in V . 

2. Morphisms: given a map i:V qV in V(T-L) the corresponding presheaf map is 

0{iyV):Oy Oy, (11.3.6) 

a ^ (11.3.7) 

The above is a well defined presheaf. To see this all we need to show is that, given another inclusion 
map j -.V c y then the following holds 

0{ioj) = 0{j)oO{i) (11.3.8) 

Computing the left hand side we get 

0{i0j):0y - Oy„ (11.3.9) 

a ^ ^°(d)y" (11.3.10) 

Computing the right hand side we get 

Oy =^ Oy'=^Oy', (11.3.11) 

a ^ 5"{a)y ^5"{5"{a)y)yn (11.3.12) 



P(S), which represent propositions, an element of type r(r2). 

Since in a representation M an element of T{Q,) is defined as a term of type f2 with no free variables, finding the truth 
value of a proposition would be equivalent in finding a way of transforming a term of type to a term of type Cl, 

with no free variables. This can be done in two ways: 

1. Truth Object 

This method consists in defining a term T of type P(P(S)), then given a term t of type P(S), the term t 6 T 
would be the desired term of type O. 

2. Psuedo-State Object 

This method consists in defining a term to of type P(S), which was defined above and represents the topos 
analogue of a state of the system. Then the truth value of a proposition t (term of type P(S)) would be to £ t, 
which is a term of type il. 

We will now analyse the truth object option. The reason for introducing such an object is because it enables one to 
also define the topos analogue of density matrices, which was not possible when only considering the pseudo-state option. 

Our aim is to define a term T of type P(P(S)) such that, given the representation {s|A(s) e A} of a proposi- 
tion, the term ({s|A(s) e A} e T) is a term of type f2. Such a term has free variables A of type P(7?.) and T of type 
P(P(S)). Therefore, its representation in a topos t would be 

[{s\Ais) 6 A} € T]r„ : Pin) X P(P(S)) - Q (11.3.1) 

which can be factored as follows: 

[{s\A(s) € A} € T],„ = ep(s) ° [{s\A(s) € A}] x [T] (11.3.2) 
where ep(j;) : P(cr) x P(P(S)) -»■ f2 is the evaluation map and 

[{s\A(s)€A}]:P(n) ^ P(S) (11.3.3) 

''T'' : P(P(S)) ^ P(P(S)) (11.3.4) 
Given the above, the truth value of the proposition A 6 A is represented as 

t)(A e A; T) : [{s|A(s) 6 A} 6 T]^„ o A^'" T^) (11.3.5) 
where ('"A^,^ T^> : 1 ^ P(7^) x P(P(S)) 
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where ^°(5°(d)y')y" > S''{a)y'. In particular, applying the definition of daseinisation recursively it 

follows trivially that ^°(^°(d)y')y" = = 

\v" 

From the above definition it follows that for each projection operator P, the assignment V S°{P)v 
defines a global element of O. We thus arrive at an alternative, but ultimately equivalent definition of 
the daseinisation map 

6:P{U) -* r(0) (11.3.13) 

P ^ {S''{P)v\V €V{n)} (11.3.14) 



11.3.0.1 Property of the daseinisation map 

We will now state some properties of the daseinisation map as defined above 

1. For aU V e V{H) we obtain 5°{0)y = 0. Thus the null projection operator represents the 
proposition of the form ^ e A such that sp{A) n A = (false proposition). 

2. For all V € V('H) we obtain 6°{l)v = 1. Thus the unit projection operator represents the 
proposition of the form ^ e A such that sp{A) n A = sp{A) (true proposition). 

3. The map 6 is not surjective but it is injective. 

Proof. Given two global elements which we denote S{P) and S{Q) such that S{P) = S{Q), we 
want to show that P = Q. Now is is easy to see that P = /\v<iV{H) ^°{P)v since there will exist a 
context V such that P ^V. It follows that 

P= A ^"{P)v= A ^°{Q)v = Q (11.3.15) 



□ 



11.3.0.2 Properties of the Outer-Daseinisation Presheaf 

In order to show that 0_ £ P^i (S) we need to show that there exists a monic arrow i: Pd (S) . To 
this end recall from previous lectures (exponential) that there exists, in any topos r, a bijection 

HomriA,C^) ^ HomriAxB,C) (11.3.16) 

We would like to utilise this bijection to define the map i, to do so we need to utilise another result 
of topos theory which states that sub-objects of a given object are in bijective correspondence with 
maps from the object in question to the sub-object classifier^. Thus for the case at hand ^ £2—. 

Substituting this in equation 11.3.16 we get 

ifoms,i,v(«)o.(0,P(S)) ^ Homsets^(nrpiOx^,n) (11.3.17) 

Consider a map j e Homg^f^vinrp {O x S, f^) which, for each V e VCH) we define as follows 

jv-iOxY,)v ^lv (11.3.18) 
(d,A) - Jv{a,X)--={v' QV\^{^y,y)XeSoi^^^,^J,^} (11.3.19) 

where a e P{V), 0{iy,y)a = 5%a)y, and So(i^,^)& := {A e ^y-\{\,5%a)y,) = 1} 
However we know that 

%(V,)a=^(Vv)^a (11.3.20) 
^This was shown when we defined the subobject classifier. 
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for all F c y and a. e O^. Therefore we can write jV(q^, A) as follows 

jy(d, A) := {V £ V%{%y,y)\ € 

for all ((i, A) € x E^. As defined above jV(d, A) is a sieve in Qy. 

Proof. We want to show that 

jv(d,A) :={F £mvv)A€S(z )Sa} 



(11.3.21) 



(11.3.22) 



IS a sieve. 

To this end we need to show that if y e jv{6t,\) then for all y qVV e jV(q;, A). So let 
us assume that V e jV(d,A) then it follows that A|y' € S^of^)^,. Therefore A|y'((5°(d)y') = 1 Now 



let us consider any V <^ V . It follows that S(zy"y')A|y' e Ey" and E(iy"y')S'5o(^) 



5, 



Now since (5°(Q:)y" > (5°(d)y' then A|y'(5°(d)y") = 1 in particular (A|y')|y"((5°(d)y") = 1. Therefore 
S(iy"y/)A|y' e E(iy"yOS'5o(^)^, = 5*50(5)^,,, I.e. y" € jy(d,A). 

□ 

We now need to show that the collection of maps jv ■ {Q_xT^v ^ ily for each V e V{'H) as defined 
above, combine together to form a natural transformation j : O x E 17. 

Proof. We want to show that j : O x S ^ f2 is indeed a natural transformation. Thus we need to show 
that for all pairs V £V the following diagram commutes 



OyX^y 



Jv 



/(vv) 



i2(Vv) 



UOy' X Ey' 



fiy' 



If we chaise the diagram around wc obtain 

^l(Vy)°i^("-A) = (iy(d,A))|y' =jy(d,A)n;y' (11.3.23) 
= {V" cv'\v'\jv{a,X)} (11.3.24) 

= {V" ^V'\^{ty::y)XeE{iy,y){S&)} (11.3.25) 

In order to define the left path of the diagram we need to define what the maps f{iy'y) are. 



/(Vv) = (^yxSy) ^ (^y'xEy,) (11.3.26) 

(d,A) ^ /(Vy)(">^)==(^(Vv)a>^(iy"y)A) (11.3.27) 
Therefore going around the diagram we obtain 

°/(Vy)(a)>A) = jv'iO(iv'v)a,^(iv v)X) (11.3.28) 

= jV(^°(a)y',V) (11.3.29) 

= {V" £ v'\Uiv"v')i^v')^Uiv"v')S5o(a)^,} (11.3.30) 

Now since 

S(v"y)a = Ay" = E(vv)(V) (11.3.31) 

^(V'y)('^a) = 'S'5o(a)^„ = S(iy"y')S'5o(a)^, (11.3.32) 
It follows that the above diagram commutes. 

□ 
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Because of the equivalence in equation 11.3.17 to the map j there corresponds a map i-O-^ -P(^)- 
However we are interested in i:0-^ Pcii^), but this restriction poses no problems. 

Proof. We arc interested in restriction our attention only to clopen sub-objects of S, i.e. we want 
i:0->- Pci(^) rather than i:0^ -P(^). Now let us consider O. For each context we have Oy = P{V) 
which is a lattice of operator with the usual lattice ordering. Now it is possible to put some topology 
on this set. Whatever topology we choose the entire set Oy will be both open and closed. Thus, for 
each clopen sub-objects A £ E we now form clopen sub-objects of O x S as follows 

OxAcOxE (11.3.33) 

is a clopen sub-object iff for each V e VCH), Oy x Ay is a clopen subset of Oy x Sy. We then have 

that SubciiO X E) c Sub{0 x S). 
However we know that 

Sub(X) ^ Hom{X ^ O) (11.3.34) 

Therefore 

SubciiO X E) c Sub(0 x^)~ Hom(0 Hom{0, P(S)) (11.3.35) 

But 

Subci{0 X E) ^ Homci{0 x E, fl) g Hom(0 x E, 17) (11.3.36) 
A moment of thought reveals that 

HorriciiO x E, Q) ^ Hom(0,Pcii^)) (11.3.37) 

□ 

The map i ■ O ^ Pdi^) is the desired map, which is injective: for each V e V(?^), iy '■ Oy 

Pci(E)y is injective. 

Proof. To this end let us consider first the definition of Pci(E). This is given as follows 
Definition 11.3.2. The power object PS of ofL is the presheaf given by 

1. (i) On objects V e V{H) 

P'Elv {^v '•^:^v ^^^ylw is a natural transformation} 
Here E^y is the restriction of to a smaller poset namely [V Q V(?^). 

2. On morphisms : for i ■ V £V the presheaf maps are 

P^iiv'v) ■■ P^v - P^V (11.3.38) 
V Viv' (11.3.39) 

where here rj^y' : E^y' Q^y' 
Form the isomorphism 

Sub(X)^Hom{X,n) 

It follows that 

P(E)y := Sub(E^y) 
If we then restrict to clopen sub-objects we get 

Pcl{^)v ■■= Subel{^^y) (11.3.40) 
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Therefore, for each context V e V('H) we have that 

iV-Oy - P^iCEy) (11.3.41) 
PiV) SubciCS^y) (11.3.42) 

P ^ iSp)^v (11.3.43) 
Thus the map is clearly monic. □ 

The above reasoning showed us that, since T'''^^ is a subobjcct of O and since 0_ c Pc;(S) it follows 

that TI*> eP(Pc^(S))• 
It is interesting to now compare the two definitions of daseinisation given so far in the lecture 
course. 

S:P{H) T{0) (11.3.44) 
P{H) -> Subcii^) (11.3.45) 

These two definition, although seemingly different are exactly the same. In fact as we just showed, 
O £ PciC^), thus a global element 7 of O will pick out, for each V e V('H) an element 7y e Oy £ Pc;(S). 
Clearly considering all the context together 7 will give rise to a (clopen due to how O is defined) sub- 
object of S, hence r(0) € Pc;(S). 

11.3.1 Example of Truth Object in Classical Physics 

Let us consider a proposition {A e A) meaning that the value of the quantity A lies in A. We want to 
define the truth value of such a proposition with respect to a given state s e X where X is the state 
space. In classical theory, the truth value of the above proposition in the state s is given by 



v(A e A;s) 



(liffs6/;,i^(A) 
otherwise 



where ,fJnl^{^) c X is the subset of the state space for which the proposition (^4 e A) is true. 
Another way of defining truth values is through the truth object T", which is state dependent. The 
definition of the truth object is as follows: 
for each state s, we define the set 

T ■.= {ScX\s€S} 

Since (s € f^lAi^)) /asaC^) ^ can now write the truth value above in the following equivalent 

way: 

[liff/ii^(A)eT« 
I otherwise 



viAeA-T) := 



In classical physics propositions A e A are identified with subsets S : {s\A{s) € A} of the state space X, 
for which that proposition is true. Therefore, the truth value v(A e A;T*) is equivalent to the truth 
value of the mathematical statement [{s|A(s) e A} e T*]^. 



■^In terms of arrows in a topos wc have that the truth value term ({s|j4(s) € A} € T") with free variables A of type 
P(H) and of type P(P(S)), is defined by the function 

v(^A € A; T) := [{s|A(s) € A} € T^] : P(7e) x P(P(S)) ->■ {0, 1} (11.3.46) 

such that 

.(A.A;T^)(A,r) = Ms^mis)^A}.T ^^^^^^^ 
10 otherwise 

^■^^^-HA).T ^^^^^^^ 

otherwise 
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11.3.2 Truth Object in Quantum Theory 

We now want to define the state dependent truth object T''''^ for quantum theory. We recall that the 
topos wc utilise to express quantum theory is Sets^*-^-' , thus wc need to define an object T''^^ of 
type P(P(S)). However, since propositions are represented by clopen subobjects we actually need to 
restrict our attention to an element of type P(Pci(E)). Thus t''''^ has to be a subpresheaf of Pdi^), 
i.e. tI'^> c Pci(S). Given a state V, the precise way in which this presheaf is defined is as follows: 

Definition 11.3.3. The presheafT^^'' has as: 

i) Objects.- For each context V we get the set 

ly* := {a&Oy\Prob{a,\ij)) =1} (11.3.49) 
= {a 6 ^yl(V'lalV') = 1} (11.3.50) 

ii) Morphisms; Given two contexts i:V qV the associated morphisms is 

T}^\iv',v)-tv ^ ly' (11.3.51) 
a S(a)y' (11.3.52) 

What about the truth object as defined for a density matrix? In that case the definition if as 
follows: 

Definition 11.3.4. Given a density matrix p, the truth- object associated to it is defined on 

1. Objects: for each V € V{T-L) we obtain 

% '■= {a'^Oy\Prob{a,p) = l} (11.3.53) 
= {a € Oy\tr(pa) = 1} (11.3.54) 

2. Morphisms: Given two contexts i:V'£V the associated morphisms is 

riiv',v)--tv - ly' (11.3.55) 
a S{a)y' (11.3.56) 

11.3.3 Truth Values Using the Truth-Object 

Given the above definition of truth object wc can deduce that the truth value of a given proposition, 
at a given context V € V('H), can be defined as follows: 

t;(^(P)eTl*>)y := {V QV\5iP)^, ^tp} (11.3.57) 
= {y'cy|(V>|5(P)^,|V> = l} (11.3.58) 



and 



v{6{P)er)v ■■= {V ^V\S{P),,,er,A (11.3.59) 
= {V' £ V\tr(p d(P) ^^,) = 1} (11.3.60) 
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11.3.4 Relation Between Pseudo-State Object and Truth Object 

We are now interested in understanding the relation between the two distinct ways in which a pure 

state is defined in the topos formulation of quantum theory. Wc expect that the two definitions turn 
out to be equivalent. We will first analyse the relation in classical physics then turn our attention to 
quantum theory. 

Thus we arc trying to understand in classical physics what is the relation between {s} and T*. 
RecaU that : {X £ S\s € X}. It then follows trivially that 

{s} = f]{X€S\s€X} = f]{X€T} (11.3.61) 

Following the example of classical physics we will now try to define w''^^ in terms of T''^^ and vice 
versa. 

To this end, consider the assignment 

V^/\{a€ Ttf>} = A{A e ^yllV'X^I < &} (11.3.62) 
where the last equality follows from the application of the definition of Tl^^ But 

t^lV-) : y ^ <5°(|V)(V'l)y = A{" e ^yll^)(V'l < &} (11.3.63) 
such that tBy ^ is the smallest projection operator in V such that fOy ^ > |V')('0|- Therefore 

= A{"elf} (11-3-64) 

On the other hand, since 

if ={aeOy|a>lV'}(V'|} (11.3.65) 

However, as said above, roy'' is the smallest projection operator in V such that TOy ^ > Therefore 

if ={a€0;,|d>m|^>} (11.3.66) 

It follows that there is a one to one correspondence between m}'^'> and T'^^ 

11.3.4.1 What About the Truth Values 

Let us reiterate the relation between T''''^ and io^^^ 

1. Since for each V € V(7i), tVy^ is the smallest projection operator in V such that rOy ^ > \'<p}(4'\- 
Then if a e it follows that a > rv\f\ 

2. If d > then from the definition of T''^> it follows that a € if 



The above relations imply the following 



d e if iff d > wlf^ (11.3.67) 
which, when applied to a daseinised proposition becomes 

(5°(P)y 6 if iff d°{P)v > * (11.3.68) 

Alternatively we can express this relation in terms of subsets of the state space as follows: 

5,„(p), e if iff 2 5„|,> (11.3.69) 
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Therefore equation 11.3.57 can be written as 

v{ S{P) 6 Tl^>)y = {V' £ V\S°{P)v > (11.3.70) 
but this is precisely v(ro'^^'' £ (5(P))y, thus as presheaves 

S{P) e tI'^> is equivalent to tu l'^^ £ 6{P) (11.3.71) 

Therefore the truth values as computed with respect to the pseudo state or with respect to the truth 
object are exactly the same: 

t;(m'^* £ S(P) ) = v( d(P) 6 tI^>) (11.3.72) 

11.3.5 Example 

We will now construct the truth object for the 4 dimensional Hilbert space 'H{(D'^) as defined with 
respect to the state \tp) = (1,0,0,0). In our analysis we will only consider the maximal algebra 
V := lin([;(Pi,P2,P3,P4,) and all its subalgebras. We then have: 

if = {a^OyMa\^) = l} (11.3.73) 

= {A, A + A-.{2,3,4}, A + A.{2,3} + A.{3,4}, A + A + A + A} (11.3.74) 

T^j^ = {A,A + A + A + A} (11.3.75) 

= {A + A + A,A + A + A + A} (11.3.76) 

= {A + A + A,A + A + A + A} (11.3.77) 

rf. = {A + A + A,A + A + A + A} (11.3.78) 

rf..^ = {A,A + A,A + A + A.A + A + A + A} (11.3.79) 

{A, A + A, A + A + A, A + A + A + A} (11.3.80) 

{A, A + A, A + A + A, A + A + A + A} (11.3.81) 

{A + A, A + A + A, A + A + A, A + A + A + A} (11.3.82) 

{A + A, A + A + A, A + A + A, A + A + A + A} (11.3.83) 

{A + A, A + A + A, A + A + A, A + A + A + A} (11.3.84) 

(11.3.85) 

The maps between the different truth objects are: 

T''^^(*v,yi)(A) = A (11.3.86) 

l''^k«v,vJ(A + Ac{2,3,4}) = A + A + A+A (11.3.87) 

Tl'^>(iy,vJ(A+A.{2,3} + A.{2,4}) = A+A + A+A (11.3.88) 

l''^*(«v,yi)(A + A + A + A) = A + A + A + A (11.3.89) 

The remaining maps are left as an exercise. 

We can now define the truth values of the proposition Sz e [-3, -1], which has corresponding projector 
operator P := E[Sz e [-3,-1]] = |?!>)(<^|. This proposition is equivalent to the projection operator A- 
We then obtain the following: 

^;(^(A) €Tl^>)y := {Vp^^,,^^,Vp^pJ (11.3.90) 
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u((5(P4)6TI^>) 



Vp - \ y p. 



Vt, 



'^ie{l,4} 



:= {0} 



(11.3.91) 
(11.3.92) 



t;(^(P4)gTl^>)v, 
t;(5(A)eTl*>)i 
t;(5(A)eTl^>)v, 
t;(^(A)eTl^>)y, 
^;(5(A)eTl^>)y, 
t;(5(P4)e#>)y. 



Pi,Pi 



P2,P3 



P2,P4. 



P3.P4. 



= {0} 

= {VpJ 

= {^Psi 



(11.3.93) 
(11.3.94) 
(11.3.95) 
(11.3.96) 
(11.3.97) 
(11.3.98) 
(11.3.99) 



11.3.6 Example for Density Matrix 



Let us consider again a 4 dimensional Hilbert space representing our 2-spin system. We would like 
to consider a density matrix 

P=T,PiMW (11.3.100) 

i 

In particular we consider a situation in which 1/2 get Sz = 2 while 1/2 get ^2 = -2, thus our density 
matrix is 



p=l/2 



We now consider the context V = linc{Pi,P2,P3,P4) and compute 

r)v = {&^Oy\tripa) = l} 
By considering all possible operators in V we obtain 

v>)v = {(A + A), (A + A + A), (A + A + A), (A + A + A + A)} 



/I 








0\ 




/o 








0\ 














+ 1/2 






































\o 








oj 




[0 








1/ 



For context V, 



Pl,P2 



/mc(A, A, A + A) we obtain 



T)vp^^p^ = {{Pi +P3 + Pa), (Pi + P2 + P3 + Pi)} 



For context Vp^ = /mc(A, A, A + A) we obtain 



iy- - ={(Pl + P2),(Pl+P2+P4),(Pl+P3 + P4),(Pl+P2+P3+P4)} 

^2 1^3 



For context Vp^ - lin(c(Ps,P4,Pi + A) we obtain 



= {(A + A + A), (A + A + A + A)} 



For context Vp = Zm(c( A, A + A + A) we obtain 



T^. ={(A + A + A + A)} 



(11.3.101) 



(11.3.102) 



(11.3.103) 



(11.3.104) 



(11.3.105) 



(11.3.106) 
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For context Vp^ = lin^{P2, Pi + -P3 + -P4) we obtain 

Tv- ={((A + P3+A),(A+P2+-P3 + A)} (11.3.107) 



Morphisms: 





— >■ 




(11.3.108) 


(A + A) 




{P1+P3+P4) 


(11.3.109) 


(A + A + A) 




(A + A + A + A) 


(11.3.110) 


(A + A + A) 


!->■ 


(A + A + A + A) 


(11.3.111) 


(A + A + A + A) 


!->■ 


(A + A + A + A) 


(11.3.112) 


TP 
—V 




T^- - 


(11.3.113) 








(A + A) 


h- > 


(A + A + A) 


(11.3.114) 


(A + A + A) 


h- > 


(A + A + A) 


(11.3.115) 


(A + A + A) 




(A + A + A + A) 


(11.3.116) 


(A + A + A + A) 




(A + A + A + A) 


(11.3.117) 


Let us now consider the proposition Sz e [1.3,2. 


3] represented by the projection operator Pi we now 


want to compute 








v{6{P)iTP)v 


{V 


cy|5(P)^,eT^,} 


(11.3.118) 




{V 


cy|fr(p5(P)^,) = l} 


(11.3.119) 



We consider context V, here the daseinised proposition is simply itself: 5°{P\) = A but A ^ ( 
tr{pP\) * 1) thus we need to go to a smaller algebra, i.e. wc need to generalise our proposition. 

Lets consider Vp^ p^ in this context we get ^°( A) = A+A but again A+A i- Ty. . {tr{p{P\+P2) + 

1). 

On the other hand for Vp_^ p_^ we obtain 6°{Pi) = P1+P4. In this case A+A e Tv- - (ir(p( A+A) = 

1). 

In fact we get 

v{6{p)^r)v = {Vp^A^yp^^yp,} (11.3.120) 
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Chapter 12 

Lecture 13 



I thins lecture I will describe the topos analogue of the real numbers. I will then introduce a new 
presheaf called inner presheaf which is related to the process of inner daseinisation. Such presheaves 
will be used to define physical quantities in topos quantum theory 

12.1 Topos Representation of the Type Symbol R 

In the topos Sets^^^^ the representation of the quantity value object TZ is given by the following 
presheaf: 

Definition 12.1.1. The presheaf R'^ has as 
i) Objects^: 

K/^v •= '-iV ^ ]R,|/Lt is order preserving ,iy is order reversing ;i2< u} (12.1.1) 

ii) Arrows: given two contexts V qV the corresponding morphism is 

3^y,v'-l^y ~* 3^v' (12.1.2) 
ifJ-iv'^^iv') (12.1.3) 

This presheaf is where physical quantities take their values, thus it has the same role as the reals 
in classical physics. 

The reason why the quantity value object is defined in terms of order reversing and order preserving 
functions is because, in general, in quantum theory one can only give approximate values to the quan- 
tities. In particular, in most cases, the best approximation to the value of a physical quantity one can 
give is the smallest interval of possible values of that quantity. 

Let us analyse the presheaf R'^ in more depth. To this end we assume that we want to define the value 

of a physical quantity A given a state ip. If ijj is an cigcnstatc of A, then wc would get a sharp value 
of the quantity A say a. If ip is not an eigenstate, then we would get a certain range A of values for 
A, where A e sp{A). 

Let us assume that A = [a, 6], then what the presheaf IC* does is to single out this extreme points a 
and b, so as to give a range (unsharp) of values for the physical quantity A. Obviously, since we are in 
the topos of presheaves, we have to define each object contextually, i.e. for each context V e V('H). It 
is precisely to accommodate this fact that the pair of order reversing and order preserving functions 

map 4 y -> R is said to be order reversing if V £ V implies that IJ,(V ) < l^{V). A map v :i V M, is order 
reversing if V £V implies that ^(V ) ^ u(V). 
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was chosen to define the extreme values of our intervals. 

To understand this we consider a context V, such that the self-adjoint operator A, which represents 
the physical quantity A, does belong to V and such that the range of values of A at V is [a, 6] . If we 
then consider the context V £V, such that AiV, we will have to approximate A so as to fit V . The 
precise way in which self-adjoint operators are approximated will be described later on, however, such 
an approximation will inevitably coarse-grain A, i.e. it will make it more general. 
It follows that the range of possible values of such an approximated operator Ai will be bigger. There- 
fore the range of values of Ai at V will be, [c, d] 5 [a, b] where c < a and d > b. These relations 
between the extremal points can be achieved by the presheaf through the order reversing and 
order preserving functions. Specifically, given that a := n(V), b := viV) since V qV, it follows that 
c := ii{V ) < n{V) [ji being order preserving) and d := v{V ) > v{V) {v being order reversing). More- 
over, the fact that, by definition, n{V) < i^{V), it implies that as one goes to smaller and smaller 
contexts the intervals {iJ,{V)i,v{V)i) keep getting bigger or stay the same. 

12.2 Inner Daseinisation 

We will now introduce a different kind of daseinisation called inner daseinisation. The role of such 
daseininsation is to approximate projection operators but from below. In fact while outer daseinisa- 
tion would pick the smallest projection operator implied by the original projection operators (hence 
approximation from above), inner daseinisation picks the biggest projection operators which implies 
the original one (hence approximation form below). So how is such daseinisation defined? 

Definition 12.2.1. Given a projection operator P, for each context V e V('H), inner daseinisation is 
defined as: 

5\P)v = \/{aeP{V)\a<P} (12.2.1) 

It follows that 6'^{P)v is the best approximation in F of P obtained by taking the 'largest' projection 
operator in V which implies P. From the definition, given V qV then 

S\S\Pv))v' = S\P)v' < S\P)v (12.2.2) 

This implies that 

6\P)v < S"(P)v (12.2.3) 

Given this definition we can construct the analogue of the inner presheaf which is the analogue of 
the outer presheaf as follows 

Definition 12.2.2. The inner presheaf I_ is defined over the category V(?^) as follows: 

1. Objects: for each V e ViU) we obtain ly := P{V). 

2. Morphisms: for each iy'y :V' the corresponding presheaf map is 

L{iv'v)-Lv - Lv' (12-2.4) 

a ^ I(Vy)(a)=='^'(aV (12-2.5) 

for alla^P{V). 

Similarly as was the case for the outer presheaf, the assignment 

P ^ {5\P)v\V €V{U)} (12.2.6) 

defines a global element of J. Thus we can write inner daseinisation as 

6': Pin) ^ r(/) (12.2.7) 
P ^ {5\P)v\V eVin)} (12.2.8) 
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Equivalently we can define inner daseinisation as a mapping from projection operators to sub-objects 
of tlie spectral presheaf 

5':P{H) SubciCE) (12.2.9) 
P - {T^iiP)jVeVin)} (12.2.10) 

Where, for each V e V{n), T^^^p^^ := {A € T,y\X{S'{P)v) = 1}. The collection of all these clopen 

subsets forms a clopen sub-objects S^(P) £ E 

It is interesting to sec how the inner daseinisation helps in the definition of the negation operation. 
In particular we would like to understand the presheaf 

(5(-P) where = i - P in the lattice P(-H) (12.2.11) 

In order to define S{->P) one makes use of both inner and outer daseinisation obtaining for each 
context V e VCH) 

Oiiv'v)i-P) = -I(Vy)(«) (12.2.12) 

Proof. We want to show that 

0{iv'v)i-P) = <{^v'v)iP) (12.2.13) 

where P e F. 

Applying the definition to the left hand side we obtain 

0{iv'v){-P) = 5°{-^P)v = 5°{i - P)y = A0 6 P{V')\P > i - P} (12.2.14) 

Let us assume that the right hand side of the above equation is the projection operator $. Then such 
projection operators is the smallest projection operator in V which is bigger than P, i.e. $ > P. 
Therefore 1 - $ = is the biggest projection operator in P(V ) such that 1 = P. Thus 

If we now consider the right hand side of 12.2.13 we obtain 

<iiv'v)(P) = i - ^\P)v' = i-r = i- i+ /3 = /3 (12.2.15) 

Hence 12.2.13 is proved. □ 
It follows that for each P e P(?/) and each context V e ViH) we obtain 

S''(^P)v = i-S'{P)v (12.2.16) 

12.3 Topos Representation of Physical Quantities 

We will now define the topos analogue of a physical quantity. Since we are trying to render quantum 
theory more realist we will mimic, in the context of the topos Sets^^^' , the way in which physical 
quantities are defined in classical theory. To this end we recall that in classical theory, physical 
quantities are represented by functions from the state space to the reals, i.e. each physical quantity, 
A, is represented by a map fA'S^H. Similarly we want to define, in topos quantum theory, physical 
quantities as a functor A : S K,**. Before attempting such a definition we have to do a small digression 
in measure theory. 
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12.3.1 Spectral Decomposition 

In quantum theory, observables, i.e. things that we measure, are identified with self adjoint operators. 
Thus, the study of their eigenvalues and how these eigenvalues arc measured is very important. Here 
is where the spectral theorem and consequently the spectral decomposition come into the picture. 

Given a self adjoint operator A, the spectral theorem essentially tells us that it is possible to write 
A as 



r AdEf (12.3.1) 

JrriA) 



A 

'7(A) 



Such an expression is called the spectral decomposition of A. Here a{A) £ R, represents the spectrum 
of the operator A and {E^\X e cr(4)} is the spectral family of A. Such family determines the set of 
spectral projection operators of A, namely E[A € A] as follows 

E[A e A] := f dE^ (12.3.2) 

J A 

where A is a Borel subset of the spectrum a{A) of A. What such projection operators represent are 
subspaces of the Hilbert space for which the states l^/"] have a value of A which lies in the interval A. 
Therefore, if a is a value in the discrete spectrum of A, then 

E[A^{a)] (12.3.3) 

projects onto the eignestates of A with eignevalue a. 

In this setting, given a bounded Borel function / : R, ->■ R, then the 'transformed' operator f{A) 
has spectral decomposition given by 



/(i)= [ 



^^^fWdEt (12.3.4) 

The formal theorem for the spectral decomposition for bounded operators is as follows 

Theorem 12.3.1. Given a bounded self adjoint operator A on H there exists a family of projection 
operators {£^a|A e R} called the spectral family of A such that the following conditions are satisfied: 

1. Ex< Ex' for A < a' 

2. The net X ^ Ex of projection operators in the lattice -P('H) is bounded above by 1, and below by 
0, i.e. 

lim Ex = i (12.3.5) 

lim Ex = (12.3.6) 

A-*--oo 

3. Ex+o = Ex 

5. The map Ex is right-continuous^ : 

AEx^e=Ex (12.3.7) 

for all A 6 R. 

Could equivalently require left continuity. 
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Given the spectral decomposition it is possible to define a different type of ordering^ on operators 
called spectral ordering The reason why this order was chosen rather than the standard operator 
ordering is because the former preserves the relation between the spectrums of the operator, i.e. if 
A <s B, then sp(A) c sp{B). This feature will reveal itself very important when defining the values 

for physical quantitates. 

We will now define what the spectral order is. Consider two self adjoint operators A and B with 
spectral families {E:^)res. and {E^)r€jf., respectively. The spectral order is then defined as follows: 

A<sB iff Vr€R E^>E^ (12.3.8) 

From the definition it follows that the spectral order implies the usual order between operators, i.e. if 
A<s B then A< B, but the converse is not true. Thus the spectral order is a partial order on B{'H)ga 
(the self-adjoint operators in B{'H)) that is coarser than the usual one. 

It is easy to see that the spectral ordering defines a genuine partial ordering on B{'H)sa- In fact, each 
bounded set S of self-adjoint operators has a minimum € B{TL)sa and a maximum V-S* € B{TL)sa 
with respect to the spectral order, i.e. B('H)sa is a boundedly complete lattice with respect to the 
spectral order. 

If we defined the spectral oder for projection operators then we would obtain exactly the usual par- 
tial ordering. In fact if we consider two projection operators P and Q then their spectral decomposition 
is 

if A < 

i-PifO<A<l (12.3.9) 
P if 1 < A 



It follows that 

P<sQiSP<Q (12.3.10) 
Thus the spectral order coincides with the usual partial order on P('H). 

Moreover, if A and B are self-adjoint operators such that (i) either A or B is a projection, or (ii) 
[A, B] = 0, then A<s B iS A<B. 



12.3.2 Daseinisation of Self Adjoint Operators 

Given the discussion above regarding the spectral order we are now ready to define the concept of 
both inner and outer daseinisation of self adjoint operators. To this end let us consider a self adjoint 
operator A and a context V, such that A i Vsa {Vsa denotes the collection of self adjoint operators in 
V). We then need to approximate A, so as to be in V. However, since we eventually want to define 
an interval of possible values of A at V, we will approximate A both from above and from below. In 
particular, we will consider the pair of operators 

5°{A)v := /\{B^Vsa\A<sB} (12.3.11) 
5\A)v := \J{B^Vsa\A>sB} 

In the above equation 5°{A)v represents the smallest self adjoint operator in V, which is spectrally 
larger or equal to A, while 5^{A)v represents the biggest self adjoint operator in Vsa, that is spectrally 
smaller or equal to A. The process represented by (5* is what we defined as inner dasainisation, while 
6° represents the outer daseinisation. 

From the definition of 6'(A)v it follows that ifV' £V then 6'(A)y, 6'(A)v. Moreover, from 12.3.11 
it follows that: 

sp{A)£sp{S\A)v), sp((5°(i)v) £ sp(i) (12.3.12) 

^Recall that the standard operator ordering is given as follows: j4 < B iff < (VI^IV') for all {tp\ - \ip) ■■ N^a C, 

where Nsa represents the collection of self adjoint operators on the Hilbert spa<;e H. 
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which, as mentioned above, is precisely the reason why the spectral order was chosen. 

Given the spectral decomposition of ^: A = f^Xd(E^, if we apply the definition of spectral order to 

inner and outer daseinisation we obtain: 

5\A)v<sS"iA)v iff VreR £;f(^)^ >£;f (12.3.13) 

Since d'(A)v < 5"(A)v, it follows that for all r e R 

^fa)v S°iE^)v (12.3.14) 
Efa)v S\E^)v (12.3.15) 

The spectral family described by the second equation is right-continuous, while the first is not. To 
overcome this problem we define the following: 

/\ d°{E^)v (12.3.16) 

s>r 

What this amounts to is that given a spectral family X ^ E\ then it is possible to construct, for 
each V € V('H) other two spectral families 

A - AS%E^) (12.3.17) 

s>r 

A ^ 5'iEx) (12.3.18) 

(12.3.19) 

These will be precisely the spectral families we will utilise to define the inner and outer daseinin- 
sation of self-adjoint operators. In particular, we can now write inner and outer diaseinisation for self 
adjoint operators as follows: 

S"iA)v := J^Xdi^S'isi)) (12.3.20) 
5\A)v := [xdiAS^iEj)) (12.3.21) 

Note that in these contexts the above integrals should be interpreted as Riemann Stieltjes integrals, 
which explains the condition of right-continuity: 

A= f AdPA means = [ XlMPxH) (12.3.22) 

We can now define the analogues of the inner and outer presheaves but for self adjoint operators 

rather than projection operators. 

Definition 12.3.1. The outer de Groote presheaf O : V{'H) Sets is defined on: 

1. Objects: for each V € V{W) we define := Vga (the collection of self adjoin operators in V). 

2. Morphisms: given a map i:V qV the corresponding prehseaf map is O(iy'y) : O^, which 
is defined as follows 

q(iy'y)(A) := S°(A)y> (12.3.23) 

= [ Xd{d\Ei)yr) (12.3.24) 

= fxd{l_{iyy){Ei)) (12.3.25) 



for all A€i 
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In the above definition, 7 is the inner presheaf for projeciton operators defined in previous sections. 
On the other hand the inner de Groote presheaf is: 

Definition 12.3.2. The inner de Groote presheafi: V(?^) Sets is defined as follows: 

1. Objects: for each V e V{'H) we obtain ly := Vga- 

2. Morphisms: given a map i : V Q V then the corresponding presheaf map is I(iy'y) : ly ^ ly' 
such that 

I(Vy)(i) := 5'iA)y, (12.3.26) 

= f Xd{ A('5°(^i)v')) (12.3.27) 

fj,>X 

= f\d{ MO{iy.y){Ei)) (12.3.28) 

For all Aely (here O is the outer presheaf for projection operators). 

As can be expected, the inner and outer daseinisation map give rise to global elements of the inner 
and outer de Groote presheaves: 

5''iA):V ^ 6°{A)v (12.3.29) 

6'(A):V ^ S\A)y (12.3.30) 

Wc then reach the following theorem 
Theorem 12.3.2. The maps 

d':B('H)sa ^ ri (12.3.31) 

A ^ S\A) (12.3.32) 



and 



5°:B{H)sa rO (12.3.33) 
A ^ S°{A) (12.3.34) 



are infective. 



Proof. Given the definition of inner daseinisation we know that A >s S^(A)y for each V 6 V{T-L). 
Therefore, since there exists a V such that A e it follows that 



i= V S'{^)v (12.3.35) 

V€V(H) 



therefore, if S'(A) = 5'(B) it follows that 



i= V S\A)v= V S\B)v = B (12.3.36) 

ViVCH) VsVCH) 



Similarly for outer daseinisation, if S°{A) = S"(B) then 



A= A S\A)y=B= A ^°(B)y (12.3.37) 

□ 
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12.3.3 Physical Quantities 

Given the definition of inner and outer daseinisation outlined in the previous section we can now define 

how physical quantities arc represented in the topes framework of quantum theory. 

A physical quantity A with associated self adjoint operator A is represented by the map 

^(i):E^Rl (12.3.38) 

which, at each context V, is defined as 

S(A)v-'Sy ^ IC* y (12.3.39) 

A ^ 5iA)viX):=i5\A)viX),S''iA)viX)) (12.3.40) 

Where S°(A)y is the order reversing function is defined by: 

J°(i)y(A) 4 y ^ sp(i) (12.3.41) 

such that 



{S'>iA)viX))iV ) := <5<'(A)^,(E(vv)(A)) (12.3.42) 

= So(A)y,(X^y.) (12.3.43) 

= {X^y,,S%A)y,) (12.3.44) 

= {X,S''{A)y,) (12.3.45) 

= Xi6°iA)y.) (12.3.46) 



Here we have used the Gel'fand transform S°(A)v ■ R. 

The choice of order reversing functions was determined by the fact that, for all 1/ Q V since 

S''iA)y, >6°{A)v then 



6''iA)y,iX^y,) = 5°(A)y.(E(vy)(A)) > S-iAMX) (12.3.47) 
On the other hand, the order preserving function is defined by: 

6'iA)viX):iV^spiA) (12.3.48) 

such that 



CS\A)yiX))iv') := HA)y,{E{Zy,y){X)) (12.3.49) 

= S^{A)y,{X^y,) (12.3.50) 

= {X^y,,5\A)y^) (12.3.51) 

= {X,S\A)y,) (12.3.52) 

= =X{S\A)y>) (12.3.53) 



In this case the appropriate Gel'fand transform to use is S^{A)y' : Ey 11. Here the choice of such an 
order preserving function is because, for i : ^ £V, since S''{A)y' < S^{A)v then 



Si{A)y,{X^y,) = S0{A)y,{^{iy,y)iX)) < ^^(A)y(A) (12.3.54) 

The definition of 6{A) : Sy R represents the mathematical implementation of the idea explained 
in the first section. There we saw that when going to smaller contexts the coarse graining of the self 
adjoint operators implied/ induced an equivalent coarse graining in the interval of possible values for 
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that operator. Therefore such an interval either becomes bigger or stays the same. This enlarging 

of the interval is precisely what is achieved by (5(A). In fact as we go to smaller context V <^ V the 
interval of possible values of the operator A which gets picked by S{A) becomes bigger or stays the 



same: 



(12.3.55) 



Wc now need to show that indeed the map 5{A) : S ^ IC* is a well defined natural transformation. 
Therefore, given any V we need to show that the following diagram commutes 



-V' 



Going one way round the diagram wc obtain 

B:iiiy'y){6\A)yiX),S%A)viX)) = {S\A)v{X) , (A) y (X)) ^, 

= ((^Xi)y(A))|y',(^°(i)y(A))|^0 

= {6\A)y,iX^y,),d'>iA)y,iX^y,)) 

On the other hand 

(5'(i)y(-),^°(i)y(-))S(Vy)(A) = {S'iA)yi.),S''iA)y{.)){X^y,) 

= (5'(i)y(V),^°(i)y(A|v')) 

= (S\A)y,{X^y,),6''{A)y,{X^y,)) 



(12.3.56) 
(12.3.57) 
(12.3.58) 

(12.3.59) 
(12.3.60) 
(12.3.61) 



Thus {S{A) is a well defined natural transformation. 
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Chapter 13 

Lecture 14 



In this Lecture wc will start by giving a simple example of spectral order and outer daseinisation of 
self adjoint operators. We will then analyse the physical interpretation of the map S{A) : E -» IC^ 
representing physical quantities and show how it can indeed be 'used' to compute the value of a given 
physical quantity given a state. 



13.1 Example of Spectral Decomposition 

Let us consider again the 4 dimensional Hilbert space C^. We would like to define the spectral decom- 
position of the self-adjoint operator 



For such an operator the spectral family is 











\ 


























\o 








-V 



if A < -2 

A if - 2 < A < 
A + A + A if < A < 2 
Pi + A + A + A if 2 < A 

If we now considered the coarsed grained S'^ whose matrix representation would be 



(13.1.1) 



/4 






o\ 




4y 



with corresponding spectral decomposition 



6 if A < 

A + A if < A < 4 

A + A + A + A if 4 < A 



(13.1.2) 
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If we then utilised the spectral ordering to define which one is 'bigger' we would obtain the following 





= Et 


= for A < -2 






for - 2 < A < 






for < A < 2 


El' 


<El' 


for 2 < A < 4 


[El- 


= El' 


for 4 < A 



(13.1.3) 



It follows that 



S, >s 



(13.1.4) 



Wo now would like to define the outer daseinisation of Sz. To this end we note that Sz thus 
S°{Sz)v = Sz- We then go to smaller sub-algebras and consider Vp^ = lin([;{P2,P3,Pi + P4 and 
compute 

S''iS.K^^,/-= f^Xd(5\Et)) (13.1.5) 

By looking at the spectral decomposition of Sz we can immediately define 

'6 if A < -2 
6if-2<A<0 
^2,^3 "IP3 + P2 if 0< A<2 

P4 + A + A + A if 2 < A 



(13.1.6) 



Therefore in matrix representation we get 



Thus 



S°iSzh 



12 








0\ 


























lo 








V 



>sSz 



implies that 

As can be easily deducible from the matrices them selves. 



spiS''iSz)vp^^^^)&spiSz) 



(13.1.7) 
(13.1.8) 



13.2 Interpreting the Map Representing Physical Quantities 

In order to really understand the map 6{A) : S -> and how exactly once can use it in topos quantum 
theory, we need to analyse how expectation values arc computed. To this end consider a vector \il>) in 
a Hilbcrt space H. Wc arc interested in computing the expectation value of the self adjoint operator 
A. This is defiend (in standard quantum theory) as follows 



(V|A|V)= / . Xd{i;\EAx\iP) (13.2.1) 
-^ll^ll 



We can now re- write the above expression using the map S{A). To do so we note that for each 
V e V('H) the Gel'fand spectrum Ey of that algebra will contain a special element A''''^ defined by 
XW(^A) := ('^l^l'^} for all A&V. Such an element of the spectrum is characterised by the properties i) 
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AI'^>(|V}{V'I) = 1 and ii) AI'^>(P) = for all P e P{V) such that P|V>(V'I = 0. 
Given such a definition, it follows that 

aI'^^ e Y^y iff e P{V) (13.2.2) 

We can now re-write equation 13.2.1 as follows: for each context V such that |V')(V'I ^ -P(^) 

= / \d{i,\E^\ij) (13.2.3) 

<,/-r(4)v|V') . 

Ad(^|ii;j^|V) (13.2.4) 



Therefore it is possible to interpret (in the language of canonical quantum theory) (5°(j4)yA'^^ and 

5^{A)\/\^'^'' as the largest, respectively smallest result of measurements of a physical quantity A given 
the state Obviously if is an cigcnstatc of A then 

(V|i|V> = W{A)v\i^) = m{A)v\i^) (13.2.5) 

However, if it is not an eigenstate then 

(V|^''(i)y|V> > (V'l^lV'} > {M5'{A)v\^) (13.2.6) 

If we now go to smaller context i :V Q V, then the properties of inner and outer daseinisations 
imply that S''{A)y> > 6"{A)v while S'(A)y. < (5'(i)y. It follows that 

,5°(i)vAl'^> = (VF(i)y|^)<<5°(i)y'Al'^> = (V'l^°(i)y'l^) (13.2.7) 
6\A)vX^^^ = {^P\S\A)v\tP)>5\A)y,\\^> = (i:\S\A)y,\i:) (13.2.8) 

Therefore the interval between the smallest and largest possible value for A becomes bigger and bigger 
as we go to smaller and smaller algebras. This is because we approximate our self adjoint operator 
more and more. 

In this setting, for each context V € V{TL), the map 

6(A)v-'^y ^ 1^^ (13.2.9) 
A ^ 5iA)viX) = (5'iA)viX)J"iA)viX)) (13.2.10) 

defines the interval or range of possible values of the quantity A at stages V £ V. In particular, for 
each A € we obtain a mapS{A)v{X) 4 V ->■ sp{A) x sp{A), such that, for each V e V('H) it picks 
the range of values 

[5\A)v(X),S''{A)v(X)] n sp(A) (13.2.11) 
As we go to smaller and smaller contexts V £V the range of values becomes bigger""^ 

[6\A)y,iX),6'>iA)y, (A)] n spiA) (13.2.12) 

Thus reiterating, the map S{A) : E IC* is defined such that as we go down to smaller sub-algebras 
V £ y, the range of possible values of our physical quantity becomes bigger. This is because A gets 
approximated both from above through the process of outer daseininsation and from below through the 
process of inner dascinisation. Such an approximation gets coarser as V gets smaller, which basically 
means that V contains less and less projections, i.e. less and less information. However, such an 
interpretation, can only be local since the state space E has no global elements. 



^Recall that S°(^A)v > A and 5'(A)y > A implied that sp{S'^(A)v) S sp{A) and sp(S°(^A)v) S sp(A) respectively. 
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13.2.1 Computing Values of Quantities Given a State 

We would now like to define the value of a physical quantity A given a state ro'^^ Again as for all the 

constructs wc have defined so far, we would like to mimic classical physics, i.e. wc would like to define 
values for quantities given a state, in the same way is it is done in classical physics. To this end recall 
that in classical physics, given a state s, and a physical quantity the value of the latter given the 
former is 

Similarly we would like to define the value of 5{A) given xo}^'^ as something like 5{A)(xo}^^). Is this 
possible? 

Lot us recall how the pseudo-state to ''^^ is defined. For each context V we first define the approxi- 
mate operator 

5"mmv ■■= A{a 6 OyU){ij\ < a} (13.2.13) 
We then associate a subset of the state space S^: 

:= {A € ^y\Xi6%m^P\)v) = 1} (13.2.14) 

Thus for each state IV'}, we get the prcshcaf tr ''^^ £ Ey. Now since the physical quantity d{A) is defined 
in terms of a map whose codomain is S {6(A) : E ->■ R** ), such a map has to be define also on any 
sub-object of S. Thus we obtain the composite 

^W^S^R:: (13.2.15) 
In this setting one can indeed write the value of a physical quantity given a state as 

5(i)(til^>) (13.2.16) 

Such that for each context V e V('H) we obtain 

6{A)v-tv'^^ ^ lHv (13.2.17) 
A ^ SiA)v-=(S'iA)viX),S''iA)viX)) (13.2.18) 

Theorem 13.2.1. is a well defined subobject of iC* 

Proof. We first need to show that 5(i)y(m''^>)y £ MZv for each V € V(W). This follows trivially from 
the definition in 13.2.17. Thus what remains to show is that for each V qV 



Kl{^v'vmA)v{ro^^)) £ S{A)y,{w»%, (13.2.19) 



Given A € Wy ^ then 



r:(Vy)('^(i)y(A)) = (5(i)y(A))|y' = 5(i)y'(A|yO (13.2.20) 
However form the definition of pseudo-state we have 

^^}=mv'v)i^f) = {X\v'\X^^f} (13.2.21) 

Therefore, each element in m}^) comes form restricting an element in tOy'' . It follows that 

Kl{^v'v)iHA)v{rvf)) = S{A)y'{to\^^)y' (13.2.22) 

□ 
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We thus obtain a commuting diagram 



—V 



i::(v'v) 



-V 



13.2.2 Examples 

We will now give two simle examples to show how the map representing self-adjoint operators actually 
works. 

13.2.2.1 Eigenvalue-Eigenstate Link 

Wc will first consider the case in which the state 1-0) is an cigcnstate of A. We then consider abclian 
sub-algcbras for which A € V such that S°{A) = S^{A) = A. The condition A & V also implies that 
s thus roy'' will contain the single element A|^)(^| e such that A|^)(^|(|V')(V'I) = 1 while 

\i,)w(Q) = for all Q\tp){i^\ = 0. It follows that 



(13.2.23) 



Since AeV, then S^{A)v{X\^){^\) = S°{A)v{X\^){,p\) = A|^)(^|(A) which is the eigenvalue of A given 
the state \tp)- Thus we get the usual eignevalue eigenstate link. 



13.2.3 Interval 

We now give both a simple example and a more complicated example on how to define values for 
quantities. 

Simple Example 

Let us consider the simple self adjoint projection operator Such an operator has sp{\'(p){ip\) = 

{0, 1}. For each context V e V(H) the map : S ^ R."" is 



1C 



A - (<5X|^)(VI)v(A),5°(|V)(^l)y(A)) 
However, given the spectrum of we obtain 

Hwmvi\)-4v - {0,1} 

S''m{i>\)viX):iV - {0,1} 



such that for all F we have 



6"mmv{x){v') := {x,symi;\)y,) 



(13.2.24) 
(13.2.25) 



(13.2.26) 
(13.2.27) 
(13.2.28) 



(13.2.29) 
(13.2.30) 
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We then consider the pseudo-state tv}'^'' and want to evaluate S(\ip){ilj\){to^'^'^). Prom the definition of 
pseudo-state, given a context V, it follows that for all A e tOy^ then, for all F £V 

symi^DvWiv') = (x,5°mmy,) = i (13.2.31) 

We call the constant function with value 1 on all F as l^y. 

On the other hand, (5*(|f/')(V'l)v(A) is such that for all F £V we obtain 



Wc then arrive at a complete description of S{\tp)(ip\){m'^') as follows, given any context V e V('H) 



[0 if ^ V 



(13.2.32) 



if A 6 roy'^ then we obtain 



simi>\)vix) = {s\mi^\)vix),uv) 



(13.2.33) 



More Complicated Example 



Let us consider the 2 spin system in defined in previous examples. We are interested in the 
spin in the ^;-direction, which is represented by the physical quantity Sz. The self-adjoint operator 
representing Sz is 

/2 \ 



\0 -2/ 



We want compute S{Sz) ■ S 
contextwise, for each V, i.e. 



Since we are dealing with presheaves we need to compute this 



A - 5iS.)iX) = (S'iSz)viX),S%Sz)viX)) 



Where 



V 



in 

K5\Sz)v') 



(13.2.34) 
(13.2.35) 



(13.2.36) 
(13.2.37) 



and similar for 6°{Sz)v{X)- Thus, in order to compute 5'^{Sz)v and 5°{Sz)v we need to find the inner 
and outer daseinisation of the spectral family of Sz since we want to apply the formulas 



s\Sz)v = fxd(As%EiA 



(13.2.38) 
(13.2.39) 
(13.2.40) 



We know from previous examples that the spectral family of Sz is 



if A < -2 

A if - 2 < A < 

A + A + A if < A < 2 
A + A + A + A if 2 < A 



(13.2.41) 
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Therefore, j = {2,4} we obtain for 



Fori = {2, 3} 



For V, 



Pl,P4 



For Fp^,p, 



Fori = {2, 3} 



For y, 



Pi 



Finally for Vp 



if A < -2 

6 if -2<A<0 
P, + Ps if < A < 2 

1 if 2 < A 



if A < -2 

6 if -2<A<0 

A + A + A if < A < 2 

1 if 2 < A 

6 if A < -2 

A if - 2 < A < 

A + A + A if < A < 2 

i if 2 < A 



if A < -2 

A if - 2 < A < 
A + A if < A < 2 

1 if 2 < A 

'O if A < -2 
6 if -2<A<0 
P, if < A < 2 
i if 2 < A 



if A < -2 

6 if - 2<A<0 

P2 + Pa + P4 if < A < 2 

1 if 2 < A 



if A < -2 

P4 if - 2 < A < 
P4 if < A < 2 

1 if 2 < A 



Similarly for outer daseinisation we obtain for i,j = {2,3} 



if A < -2 

P4 + Pi if - 2 < A < I + i 
P, + P4 + P3 if < A < 2 

1 if 2 < A 



144 



Fori = {1,2,3} 



if A< 

i- 

1 if 2 < A 



P,if 



J if J 



2< A<0 

= 1) if < A < 2 



For J = {2,3} 



For V, 



Pl,f4 



P4P1 



For V, 



P2,P3 



nEt)v, 



P2P3 



if A < -2 

A if - 2 < A < 

1 if < A < 2 
i if 2 < A 



if A < -2 

P4 if - 2 < A < 

P2 + + A if < A < 2 

1 if 2 < A 

'6 if A < -2 
A + A if - 2 < A < 
i if < A < 2 
i if 2 < A 



We can now compute the daseinisations of Sz for each contexts. These are for Vp 



For V, 



Pi 



Pi 



For y, 



Pi 



For y, 



P3 



(2 














2 














2 





Vo 








-2 


(2 








o\ 


























\o 








0/ 


/2 








0\ 




















2 





\o 








2/ 


/2 








0\ 





2 




















\o 








2/ 



and 6'{Sz) 



Vf,. 



and 5\Sz)vp^ 



and 8\Sz)vp = 



and 5\Sz)^ 





/o 








0\ 







2 
















2 







lo 








-2/ 


12 










\ 







-2 
















-2 





\o 










-2/ 


12 








0\ 




















-2 





\o 








-2/ 


/- 


2 








\ 





-2 




















\o 








-2/ 



For y, 



Pl,P2 
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For Vp^^p^ 



For V, 



For y, 



For y, 



P3,P4. 



P1.P3 



12 








0\ 


























\o 








0/ 


12 








0\ 


























\o 








0/ 


12 



































\o 








-2 


12 








0\ 


























\o 








2/ 



and 5\Sz) 



P1.P2 



and S\Sz)v, 



P1.P3 



and 6'iSz)vp 



Pl,P4 



and S\Sz) 



P2.P3 



12 








ON 





2 




















lo 











and 5\Sz) 



P3.P4 



(2 








\ 




















-2 





\o 








-2/ 


12 








\ 





-2 




















\o 








-2/ 




12 








\ 
































lo 








-2/ 




-2 








\ 






































-2/ 



/O \ 





VO -2) 



(13.2.58) 



(13.2.59) 



(13.2.60) 



(13.2.61) 



(13.2.62) 



Now given a state 



(1,0,0,0) we want to compute the physical quantity 5{Sz)- Thus for each 



context V we need to compute the pair {^^{Sz)v{-)-i^°{Sz)v{-)) which will then act on A e roy 
For Vp , xo}^} = {A} is such that A(^°(|V)(Vl)vp ) = 1 where 



Hence 



/I 0\ 

10 

10 

Vo 0/ 



(13.2.63) 



5%Sz)v^^{X){VpJ = 2 
5\Sz)v.{\){X){VpJ = 



(13.2.64) 
(13.2.65) 



Note that this is equivalent to 



W{Sz)vpm = {i 000). 



12 








\ 


/1\ 





2 

















2 








lo 








-2/ 





(13.2.66) 
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Chapter 14 

Lecture 14 



In this lecture we will describe the concept of a sheaf and its relation to presheaves and certain bundles 
called etale bundles. We will also introduce the very important concept of adjoint functors which will 
then be utilised to define geometric morphisms which are maps between topoi. The reason we will need 
all this is because we will eventually change the topos we are working with from a topos of presheaves 
over the category V('H) to the topos of sheaves over the same category but now seen as a topological 
space. Such a change is needed to define the topos analogue of probabilities and the concept of a group 
and group transformation in a topos. 



14.1 Sheaves 

We will now describe what a sheaf is. In order to do this we will first give the bundle theoretical 
definition and then give the categorical definition. This equivalence of descriptions is possible since 
there is a 1:1 (one two one) correspondence between sheaves and a special type of budles namely: etale 
bundles. 

So what is an etale bundle? 

Definition 14.1.1. Given a topological space X, a bundle pE '■ E ^ X is said to be etale iff PA is a 
local homeomorphism. By this we mean that, for each e € E there exists an open set V with e€V Q E, 
such that pV is open in X and p^y is a homeomorphism V pV. 

If for example X = B? then for each point of a fibre there will be an open disc isomorphic to an 
open disc in . It is not necessary that these discs have the sane size. Such a collection of open discs 
on each fibre are glued together by the topology on E. 

Another example of etale bundles are covering spaces. However, although all covering spaces are 

etale, it is not the case that all etale bundles arc covering spaces. 

Given an etale bundle pE ■ E ^ X and an open subset U ^ X, then the pullback oipE via i:U £ X 
is etale: 



Ejj 



■E 



U >X 

i.e. Eu ->■ U is etale. 

This result generalises as follows 
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Lemma 14.1.1. Given any continuous map f : X and an etale bundle pe '■ E ->-Y then g : f*E 
X is etale over X. 

Proof. Wc want to show that 17 is a local homeomorphism. From the definition of puUback f*E := 
{(a;,e)|/(a;) = pE{e)} £ X x E. Therefore, given an element {x,e) € f*E, we want to show that there 
exists an open neighbourhood {V,U) b (x,e) which is mapped homeomorphically onto U via g. Since 
is etale, then there exists an open neighbourhood U b e which is mapped homeomorphically into 
an open set Pe{U) in Y. Then since / is continuous, it follows that f^^{pE{U)) x {/ is open in X x £^ 
and is a neighbourhood of some (x,e). If we then define {r\pE{U)) x U)nf*E this will be an open 
set since its the intersection of two opens, and it will be a neighbourhood of (x, e) in f*E. Given the 
definition of puUback, then g{f^^{pE{U)) x [/) = f~^{pE{U)), i.e. f~^{pE{U)) x U will be mapped 
homeomorphically onto f^^{pE{U)). Thus g is etale. □ 

Each etale bundle is equipped with an etale topology on the stalk space. Such a topology is defined 
in terms of sections of the bundle as follows 

Definition 14.1.2. Given an etale bundle pe ■ E X, bothp and any section s : X E ofps are open 

maps. Through every point e e E there is at least one section s : U ^ X , and the images of s{U) for 
all sections form a base for the topology of E. If s and t are two sections, the set W = {x\s(x) = t(x)} 
where both sections are defined and agree on, is open in X. 

Prom the definition it follows that each stalk has a discrete topology, since by definition of a section, 
s will pick an element in each stalk p^^{x) for all x e U 

Summarising, a sheaf can essentially be thought of as a bundle with some extra topological proper- 
ties. In particular, given a topological space X, a sheaf over X is a pair {A,p) consisting of a topological 
space A and a continuous map p : A ^ X, which is a local homeomorphism. 

Thus, pictorially, one can imagine that to each point, in each fibre, one associates an open disk 
(each of which will have a different size) thus obtaining a stack of open disks for each fibre. These 
different open discs arc then glued together by the topology on A. 

The above is the more intuitive definition of what a sheaf is. Now we come to the technical definition 
which is the following: 

Definition 14.1.3. A sheaf of sets F on a topological space X is a functor^ F : 0{X)°p Sets, such 
that each open covering U = [JiUi, ie I of an open set U of X determines an equaliser 

F{Uy ^ Ui F{Ui) ^ Y\i,i F{Ui n Uj) 

q 

where for t e F{U) we have e{t) = {tic/jt 6 /} and for a family ti e F(Ui) we obtain 

P{U] = {t^\u.nU, }, q{U} = {tjlu.nU, } (UA.l) 

Given the definition of product it follows that the maps e, p, and q above are dermined though the 
^Here 0(X) indicates the category of open sets of X ordered by inclusions. 
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diagram 



F(UinUj£Ui) 



^F{UinUj) 




p 



Fiuy- 



e 



tUijFiUinUj) 




FiU.nUjZUj) 



^ F{Ui n Uj) 



It is clear from the above definition that a sheaf is a special type of presheaf. In fact, given a 
topological space X, Sh{X) is a full subcategory of Sets^^-^^ " . Similarly as Sets'-'^-^^ " , also Sh(X) 
forms a topos. 

14.1.0.1 Simple Example 

A very simple example of a sheaf is the following. Consider a presheaf 



The reason C is also a sheaf follows from the continuity properties of the maps /. In fact if we consider 

a covering Ui, i e I of U , such that we have continuous functions : Ui -> H for all i e I. Because of 



It follows that the requirement of the map e : C{U) UisiC{Ui) being an equaliser is satisfied, thus 
C is a sheaf. 

14.1.0.2 Connection Between Sheaves and Etale Bundles 

From the definitions given above it seems hard to understand what the connection between sheaves 
and an etale bundles might be. In order to understand this connection we need to introduce the notion 
of germ of a function. Once we have introduced such a notion that it can be shown that each sheaf is 
a sheaf of cross sections of a suitable bimdlc. All this will become clear as we proceed. So first thing 
what is a germ? Germs represent constructions which define local properties of functions. In particular 
they indicate how similar two functions are locally. Because of this locality requirement, germs are 
generally defined on functions acting on topological spaces such that the word local acquires meaning. 
For example one can consider measure of 'locality' to be a power series expansion of a function around 
some fixed point. Thus, one can say that two holomorphic functions f,g:U^<C have the same germ 
at a point a e [/ iff the power series expansions around that point are the same. Thus f,g agree on 
some neighbourhood of a, i.e., with respect to that neighbourhood they "look" the same. 



C:OiX): ^ Sets (14.1.2) 
U C(U) := {/I/ : ?7 ^ R if continuous } (14.1.3) 



This is definitely a well defined presheaf in fact, for J/ qU the presheaf maps can be defined through 
restriction 
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This definition obviously holds only if a power series expansion exists, however it is possible to gen- 
eralise such a definition in a way that it only requires topological properties of the spaces involve. Thus 
for example two functions f,g:X^E have the same germ at a; € X if there exist some neighbourhood 
of X on which they agree. In this case we write^ gerrrixf = gerrrixg which implies that f{x) = g(x). 
But the converse is not true. 

How do we generalise such a definition of germs in the case of presheaves? Let us consider a presheaf 
P ■■ 0{X) ^ Sets e Sets'^'-^^'"' where X is a topological space and ©(X)"^ is the category of open 
sets with reverse ordering (to the inclusion ordering) . Given a point x € X and two neighbourhoods U 
and V of x, the presheaf P assigns two sets P{U) and PiV). Now consider two points t e P(V) and 
s € P{U). We then say that t and s have the same germ at x iff there exists some open W Q U nV 
such that X & W and s^w = t\w ^ P{W). 

The condition of having the same germ at x defines an equivalence class which is denoted as gerrrixS. 
Thus t 6 geririxS iff, given two opens U,V b x then there exists some W £ U nV such that x eW and 
t\w = ^ -P(M^)) where s € P{U) and t € P{V). It follows that the set of all elements obtained 
though the P presheaf get 'quotient' through the equivalence relation of "belonging to the same germ". 
Therefore, for each point x & X there will exist a collection of germs at x, i.e., a collection of equivalence 
classes: 

Px '■= {germxs\s e P(U),x e U open in X} (14.1.7) 
We can now collect all these set of germs for all points x & X defining 

Ap = U = {all germ^s\s e X, s e P(U)} (14.1.8) 

Thus what we have done so far is basically divide the preheaf space in equivalence classes. We can 
now define the map 

p:Ap ^ X (14.1.9) 
gerrUxS i-*- x (14.1.10) 
gerniyS y (14.1.11) 

which sends each germ to the point in which it is taken. It follows that each s & P{U) defines a function 

s:U Ap (14.1.12) 
X gernixS (14.1.13) 

It is straight forward to see that s is a section oi p : Ap X. Since the assignments s ^ s is unique, it 
is possible to replace each element s in the original presheaf with a section s to the set of germs Ap. 

We now define a topology on Ap by considering as basis of open sets all the image sets s{U) c Ap 
for U open in X, i.e. open sets are unions of images of sections. Such a topology obviously makes p 
continuous. In fact, given an open set U Q X then p~^{U) is open by definition of the topology on Ap, 
since p~^{U) = \JsieP(u) Si{U). 

On the other hand it is also possible to show that the sections s as defined above are continuous 
with respect to the topology on Ap. To understand this consider two elements t € P{V) and s e P{U) 
such that t{x) = s{x), i.e. germx{t) = germx{s) where x eV nU . It then follows that there exists an 
open set W b x such that W £ V n U . If we considered all those elements y e V nU £ AT for which 
s{y) = x{y) then all such elements will comprise the open set W £ V nU. Given this reasoning we 
want to show that given an open O e Ap, then s~^{0) is open in X. Without loss of generality we can 
choose O to be a basis set, i.e. 

s(W) = {germxis)\yx e W} (14.1.14) 

Thus W consists of all those points x such that s(x) = i for t,s & germsx(s). It follows that W is open. 

One can also show that s is open and an injection 

■^This should be read as: the germ of f at x is the same as the germ of g at x. 
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Proof. We want to show that s is an injection and is open. The fact that it is open follows from the 

definition of topology on Ap since the basis of open sets arc all the image sets s{U) £ Ap for U open 
in X. To show that it is injective we need to show that if gerrrixS = gerniyS then x = y. This follows 
from the definition of germs at a point. □ 

Putting all these results together we show that s : J7 s{U) is a homeomorphism. 

We have so managed to construct a bundle p : Ap ->■ X which is a local homeomorphism since each 
point germx{s) € Ap has an open neighbourhood s{U) such that p restricted to s{U) p ■ s{U) X 
has a two sided inverse s:U s{U): 



po s = idx ; s op = idAf 



(14.1.15) 



Hence p is a local homeomorphism. 



The above reasoning shows how, given a presheaf P it is possible to construct a bundle p : Ap X 
out of it. Given such a bundle, it is then possible to construct a sheaf in terms of it. In fact, consider 
the following sheaf 



r(Ap) : ^ Sets 

U ^ {s\s€PiU)} 

Proof. We want to show that the presheaf 

r(Ap) : ^ Sets 

U ^ {s\s&P{U)} 



(14.1.16) 
(14.1.17) 

(14.1.18) 
(14.1.19) 



is actually a sheaf. To this end we should note that the maps are defined by restriction, i.e. given 
Ui^U then 



r(Ap) : OiX)"^ ^ Sets 

Ui ^ {Si\Si€P{Ui)} 

where s >^ Si id defined via Sj = P{iuiu)s. Now since 



while 



Since Ui £ U then 



Thus Si = sp. 



s:U 

X 

Si : Ui 

y 

s:Ui 
Vi 



ApiU) 
germxS 

ApiUi) 
germySi 

ApiUi) 
gerniyS 



(14.1.20) 
(14.1.21) 

(14.1.22) 
(14.1.23) 

(14.1.24) 
(14.1.25) 

(14.1.26) 
(14.1.27) 



In order to show that the above is indeed a sheaf we need to show that the diagram 



r(Ap(f/)> ^ UiTiApiUi)) ^ Ui,j r(Ap([/, n Uj)) 

is an equaliser. By applying the definition of the sheaf maps we obtain 

e:T{Ap{U)) - nr(Ap(C/0) 

i 

s ->■ e(s) = {syji € J} = {sj|i € /} 



(14.1.28) 
(14.1.29) 
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On the other hand 

piSi) = {SiluinUj} = {s\UinUi} (14.1.30) 

while 

qiSj) = {SjluinUj} = {s\u.nu,} (14.1.31) 

□ 

r(Ap) is called the sheaf of cross sections of the bundle p-Ap X. 
We can now define a map 

r]:P^ToAp (14.1.32) 
such that for each context [/ e 0(X)°^ we obtain 

r]u-Pu ^ r(Ap)(?7) (14.1.33) 
s s (14.1.34) 

Theorem 14.1.1. If P is a sheaf then rj is an isomorphism. 
Proof. We need to show that t] is 1:1 and onto. 

1. One to one: 

We want to show that ii s = t then t = s. Given t,s e P{U), s = t means that gernix{s) = germx{t) 
for all X eU. Therefore there exists opens Vx ^ U such that x eVx and t^y^ = S|y^ . The collection 
of these opens Vx for all x eU form a cover of U such that sy^ = t\v^ . This implies that s, t agree 
on the map P{U) Wx^u P{^x)- Prom the sheaf requirements it follows that t = s. 

2. Onto: 

We want to show that any section h : U ^ Ap \s of the form rju{s) = .s for some s e P{U). Thus 
consider a section h ■ U ^ Ap, this will pick for each x € U an element say h(x) = germx{sx)- 
Therefore for each x & U there will exist an open Ux ^ x such that Sx ^ P(Ux). By definition 
gerrrixisx) = Sx{x) where Sx is a continuous section therefore for each open Ux we get Sx{Ux) = 
{germxisx)\'^x € Ux} which is open by definition. It follows that for each x eUx there will exist 
some s 6 gernixis) such that s(x) = i(x). This implies that there exists some open set Wx for 
which X e Wx Ux ^ U and such that tw.^ = These open sets Wx form a covering of U, 

i.e. U = Ux€U:c with s^yy^ € P{Wx) for each P{Wx). Moreover, since h{x) = germx{Sx) for 
xiUxlt follows that /i = s for each Wx- Now consider two sections Sx and Sy for x e P{Wx) and 
y e P{Wy) then on the intersection Wx n Wy, h agrees with both Sx and Sy therefore the latter 
agree in the intersection. This means that germz{sx) = germz{sy) for z 6 Wx n Wy, therefore 

Sa;|w^nW„ = Sy\w^nWy 

We thus obtain a family of elements Sx for each x e Ux such that they agree on both maps 
P{Ux) WxiU:^ P{Wx) nP{Wy). From the condition of being a sheaf it follows that there exists 
an s e P{U) such that sy^ = Sx- Then at each x eU we have h{x) = germx{sx) = germx{s) = s{x). 
Therefore h = s 

□ 

It follows that all sheaves are sheaves of cross sections of some bundle. 
Moreover it is possible to generalise the above process and define a pair of functors 

Sets^^^^"" ^ Bund(X) ^ Sh{X) (14.1.35) 
Which if we combine together we get the so called sheafification functor: 

TA : Sets"^^^"" ^ Sh{X) (14.1.36) 
Such a functor sends each presheaf P on X to the "best approximation" FAp of P by a sheaf. 



153 



In the case of etale bundles we then obtain the following equivalence of categories 



Etale(X) ^ Sh(X) 

r 

The pair of functors T and A are an adjoint pair (see section 3.1). Where we have restricetd the 
functors to act on Sh(X) £ Sets'^'^^^"'' 

14.2 Sheaves on a Partially Ordered Set 

In the case at hand, since our base category V('H) is a poset we have an interesting result. In particular, 
each poset P is equipped with an Alexandroff topology whose basis is given by the collection of all 
lower sets in the poset P, i.e., by sets of the form I p ■= {p e P\p <p),piP^. 

The dual of such a topology is the topology of upper sets, i.e. the topology generated by the sets 
t p := {p e P\p < p}. Given such a topology it is a standard result that, for any poset P, 

Sets^ ^ Sh{P^) (14.2.1) 

where denotes the complete Heyting algebra of upper sets, which are the duals of lower sets. It 
follows that 

Sets^" ^ Sh((P°Py) ^ Sh{P~) (14.2.2) 
where P~ denotes the set of all lower sets in P. In particular, for the poset V('H) we have 

Sets^^'^)"" ^ ShiVin)-) (14.2.3) 

Thus every presheaf in our theory is in fact a sheaf with respect to the topology VCH)'. We will denote 
by A the sheaves over V(?^), while the respective presheaf will denote by A. Moreover, in order to 
simplify the notation we will write Sh{V{'HY) as just Sh{V{'H)). 

We shall frequently use the particular class of lower sets in V(?/) of the form 

I V <^V} (14.2.4) 

where V € Oh{V{'H)). It is easy to see that the set of all of these is a basis for the topology V{'H)~ . 
Moreover 

; Vm i V2 =i (Fi n V2) (14.2.5) 

i.e., these basis elements are closed under finite intersections. 

It should be noted that i F is the 'smallest' open set containing V , i.e., the intersection of all open 
neighbourhoods oiV is \,V . The existence of such a smallest open neighbourhood is typical of an 
Alexandroff space. 

If we were to include the minimal algebra C(i) in V{'H) then, for any Vi, V2 the intersection l^i n V2 
would be non-empty. This would imply that V('H) is non Hausdorff. To avoid this, we will exclude 
the minimal algebra from V{'H). This means that, when Vi n V2 equals (D(l) we will not consider it. 

More precisely the semi-lattice operation Vi , V2 ->■ Vi A V2 becomes a partial operation which is 
defined as Vi n V2 only if Vi n V2 * C(l), otherwise it is zero. 

This restriction implies that when considering the topology on the poset V('H) - C(l) we obtain 

iVrniy.J^^^^^^^) F.ny..C(i); ^^^^^^^ 
I0 otherwise. 

There are a few properties regarding sheaves on a poset worth mentioning: 



^Note that a function a : Pi ^ P2 between posets Pi and P2 is continuous with respect to the Alexandroff topologies 
on eax;h poset, if and only if it is order preserving. 



154 



1. When constructing sheaves it suffices to restrict attention to the basis elements of the form J, V, 
V e Ob(V('H). For a given presheaf A, a key relation between its associated sheaf, A is simply 

AiiV):=Ay (14.2.7) 

where the left hand side is the sheaf using the topology V(?^)~ and the right hand side is the 
presheaf on V(?^). 

Proof. We want to show that 

A(lV)^Ay (14.2.8) 

Consider the open J. V, this forms a posct, thus we can define the presheaf ^l^y. This has as 
objects ai^Vi for all Vi €j, V and morphisms Ay Ay, ; a ^ A(iv,Vj )« where Vj €j, V. Moreover 



for Vi nVj £V we have 



Av - Av.nv, (14-2.9) 
)a (14.2.10) 

(14.2.11) 



In order for such a presheaf to be a sheaf we require that 

Aii Vy ^ UiAil Vi) UijAii (VinVj)) 

Indeed we have that 

Av - Av^^Aiv^nV,) (14.2.12) 

a ^ Aiiviv)ia) >^ A{ivi,VinVj){Ai'iv.v)ia)) = A(iv,VinVj)a (14.2.13) 

on the other hand 

Av - Av.^Aiv^nv,) (14-2.14) 

a A(Wjv)(a) ^ A('ivi,VinVj){A(Wjv)(a)) = A(iv,VinVj)a (14.2.15) 

Thus _ 

AaV)^A^^y (14.2.16) 

However, given the initial algebra V e| V, then from Ay and the presheaf maps, we can retrieve 
all of the elements in A^^y . Thus 

A{iV)<^Ay (14.2.17) 

Given a presheaf map, there is an associated restriction map for sheaves. In particular, given 
iviV ■ Vi ^ V with associated presheaf map Ai^Viv) '■ Av Ay^ , then the restriction map 
PViV '■ A{i V) ^ A{[ V\) for the sheaf A is defined as 

a\m = Pv^v{a) := Ai.iv^v){.a) (14.2.18) 

for all ae A(| V)^Ay. 

□ 

2. Given an open set O in V('H)~ such a set is covered by the down set ], V, V ^ Oh{V{'H)). 
Therefore we have 

A(0) = lim Aa V) = lim Ay (14.2.19) 

< — VsO ^VzO 

Where lim., indicated the inverese limit. 
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A direct consequence of the above is that 



A{0) = r^|o (14.2.20) 
The connection with 14.2.7 is given by the fact that r:d|4y - Av 

3. For presheaves on partially ordered sets the sub-object classifier O^^^^ has some interesting 

properties. In particular, given the set fly" of sieves on V, there exists a bijection between 

sieves in and lower sets of V. To understand this let us consider any sieve S on V, we can 

then define the lower set of V 

Ls- U i^i (14.2.21) 

Conversely, given a lower set i of F we can construct a sieve on V 

Sl ■■= {V2 £V\IV2^L} (14.2.22) 

However if J, V2 £ Ls then IV2 ^ l^VieS i Vi, therefore V2 € S. On the other hand if V2 e S'l (Sl 
sieve on V), then V2 £V and iV2 £ L, therefore V2 6 Uvi^S i ^i) i-e- ^2 ^ Ls- This implies that 
the above operations are inverse of each other. Therefore 

V) := H^^'"' ^ e(V) (14.2.23) 

where 9( V) is the collection of lower subsets (i.e. open subsets in V('H)) of V. This is equivalent 
to the fact that, in a topological space X, we have that (O) is the set of all open subsets of 
OcX. 



14.3 Geometric Morphisms 

We will now introduce a very important concept in topos theory, namely the idea of geometric mor- 
phisms. Such objects are very important because they allows to define maps between topoi in a way 
that a lot of internal relations are preserved. In order to fully understand what a geometric morphisms 
is we first have to introduce the concept of adjiuiction. This concept also is very important since 
adjunctions arise pretty much everywhere when one does topos theory,. 



14.3.1 Adjunctions 

Consider two categories C and V and two functors between them going the opposite directions 

F:V^C and G:C^V (14.3.1) 

F is said to be left adjoint to G (or G is right adjoint to F) iff given any two objects AeC and X €T> 
there exists a natural bijection between morphisms: 



(14.3.2) 

F{X)^A 

What this means is that here is an exact correspondence between certain type of any maps, i.e. 
to each map from X to G{A) there uniquely corresponds a map form F{X) to A. In other words / 
uniquely determines h and vice versa. Therefore we can write the following bijection 

e : HomviX,GiA)) ^ HomciF(X),A) (14.3.3) 
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Such a bijection is said to be natural in the sense that, given any morphisms a : A A in C and 
P ■■ X X in V, then the composition between these arrows and / and h above creates yet another 
correspondence : 



X' txtG{A)^G{A') 

F(x') I^fx\a^a' 



(14.3.4) 



The symbol to indicate an adjunction relation between functors is F -\ G. 

An important consequence of adjunctions is the existence of unit and co-unit morphisms. These 
are defined as follows 

Definition 14.3.1. Given an adjunction F -\G with corresponding bijection 14-3.3, taking A = F(X) 
then we obtain a unique map 

nx-X^ GF(X) (14.3.5) 

such that 6(r]x) = idp^x)- Such a map is called the unit of the adjunction. Moreover, given a map f, 
then h is uniquely determined such that the following diagram commutes 




GF{X) 



G{h) 



F{X) 



G{A) A 

T] is universal among the arrows which make the above diagram commute (i.e. any other such arrow 
uniquely factors though rj) 

Similarly we also have the notion of co-unit of the adjuntion which is defined as follows 

Definition 14.3.2. By taking G{A) = X in 14.3.3 and f the identity on G{A) then h becomes 

CA ■■ FG{A) (A) (14.3.6) 

Therefore 9^^{eA) = ^G(A). Moreover, given any g : F{X) -> A there exists a unique f such that e is 
universal amont the arrows which make the following diagram commute 




GF{X) 



G{h) 



G{A) 



X 



G{A) 



14.3.1.1 Example 
Posets 

In a poset we can define an adjunction as follows. Suppose g : Q -» P is a monotone map between 
posets. Then, given any element x € P, We call a ^-approximation of x (from above) an element y € Q 
such that X < g{y). Moreover among all such approximations there will be the best one (is a bit similar 
to how one defined greatest lower bound): a best ^(-approximation of x is an element y e Q such that 



X < g{y) and e Q(x < g{z) ^ y < z) 



(14.3.7) 
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If a best g-approximation exists then it is clearly unique since we are in a poset (at most one arrow 
between any two elements). Moreover if it does exists, for all a; e P then we have a function f : P Q 
such that, for all a: € P, 2 € Q: 

X < g(z) ^ f(x) < z (14.3.8) 

We say that / is the left adjoint of g, and g is the right adjoint of /. Again it is trivial to see that the 
left adjoint of g, if it exists, is uniquely determined by g. 

Exponential 

Consider a category C in which product are defined. For a given object AeC one can define the functor 



Ax-:C C 

B ^ AxB 

It is possible to define the right adjoint of such a functor, namely: 

(-)^:C ^ C 



(14.3.9) 
(14.3.10) 



(14.3.11) 
(14.3.12) 



which is simply the exponential as defined in previous lectures. We then obtain the adjunction 

(Ax-)h(-)^ (14.3.13) 
The property of being an adjoint pair implies that there exists the bijection 



AxC^B 



(14.3.14) 



In this context the co-unit map is 




e-.AxB'^^B (14.3.15) 
such that, given any map h: AxC ^ B there exists a unique f : C ->■ B^ such that e o (1 x /) = /i, i.e. 

AxB^ " 



Ix/ 



AxC 

commutes. Thus e = ev and we get the usual definition of exponentiation. 
14.3.2 Geometric Morphisms 

Now that we have defined what an adjunction is we can define what a geometric morphism is. 

Definition 14.3.3. A geometric morphism ^ : ti T2 between topoi ri and T2 is defined to be a pair 
of functors (j)^ : ti ^ T2 and 4>* ■ T2 ^ Ti, called respectively the direct image and the inverse image part 

of the geometric morphism, such that 

1. (p* H i.e., 4>* is the left adjoint of (f)* 

2. (j)* is left exact, i.e., it preserves all finite limits. 

In the case of prcshcaf topoi, an important source of such geometric morphisms arises from functors 
between the base categories, according to the following theorem. 



158 



Theorem 14.3.1. A functor 6 : B between two categories A andB, induces a geometric morphism 
( also denoted 6 ) 

e ■■ Sets-^"" ^ Sets^"" (14.3.16) 
of which the inverse image part 6 : Sets Sets is such that 



F^e*(F) -Foe 



(14.3.17) 



14.4 Twisted Presheaves 

In this section we will briefly analyse the problem of twisted presheaves. If we have time we will see 
how it is possible to solve this problem by changing the topos we work with. 

Given a group G, its action on the base category V(H) is defined as lg{V) ■= UgVU~^ := {tJgAijg^\A € 

V}, g&G. When considering the topos Sets^^'^^ ^ , for each g we obtain the functor : V(?^) V('H) 
with induces a geometric morphisms 



Uq 



Sets 



V(W)° 



whose inverse image part is 



:Sets 



F - lUF):=FoU 



(14.4.1) 

(14.4.2) 
(14.4.3) 



The above geometric morphism acted on the spectral presheaf '^^^\ the quantity value object , 
truth values and daseinisation. Let us analyse each of such actions in detail. 

14.4.1 Group Action on the Presheaves 

In this section we will describe the group action on the presheaves in Sets^^'^^ gives rise to the twisted 
presheaves. 

14.4.1.1 Spectral Presheaf 

Given the speactral presheaf E € Sets^*-^-* , the action of each element of the group is given by the 
following theorem: 

Theorem 14.4.1. For each U € U{'H), there is a natural isomorphism : E ^- E^ which is defined 
through the following diagram: 




where, at each stage V 



for all A 6 Try and A e Vsa ■ 



(4(A))(i) := {\\JAIJ-^) 



(14.4.4) 
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The presheaf s'^ is the twisted presheaf associated to the unitary operator IJ. Such a presheaf is 
defined as follows: 

Definition 14.4.1. The twisted presheaf^ has as: 

- Objects: for each V e VCH) it assigns the Gel'fand spectrum of the algebra UVU~^, i.e., := 
{X:UVlf-^ ^€\X(i) = l}. 

- Morphisms: for each iy'y-.V (V qV) it assigns the presheaf maps 

^^{^v'v)--^v ^v' (14-4.5) 
A ^ \uv'u-^ (14-4-6) 

14.4.1.2 Quantity Value Object 

Similarly, for the quantity value object we obtain the following theorem: 

Theorem 14.4.2. For each U e U{'H), there exists a natural isomorphism : R** (K.'")'^, such 
that for each V € V('H) we obtain the individual components : K,^ -» defined as 

kUl^, v){f{V')) := (^^(V'), u(V')) (14.4.7) 

for all V' qV 

Here, fi e TZy is an order preserving function /x :J, F K, such that, if V2 £ Vi £ V, then /x(V2) > 
/x(Vi) > ^J'{V), while u is an order reversing function u -.l V H such that, if V2 £ Vi £ V, then 
iy{V2)<iy{Vi)<iy{V). 

In the equation 14.4.7 we have used the bijection between the sets i 1^{V) and i V . 

14.4.1.3 Daseinisation 

Wc recall the concept of daseinisation: given a projection operator P its daseinisation with respect to 
each context V is 

S"(P)V-=A{Q^'P(V)\Q>P} (14.4.8) 

where P(V) represents the collection of projection operators in V. 
If we then act upon it by any U we obtain 

U5''{P)vU~^ := tJ /\{Q^V(y)\Q>P}U-'^ (14.4.9) 

= MUQU-^ ^V{lfj{V))\Q>P] (14.4.10) 

= /\{UQU'^ iV{lf;{V))\UQU-^>UPU'^} (14.4.11) 

= 5°{UPU-\.^y) (14.4.12) 

where the second and third equation hold since the map Q UQU~^ is weakly continuous. 

What this implies is that the clopcn sub-objects which represent propositions, i.e., 5{P), get mapped 
to one another by the action of the group. 

14.4.1.4 Truth Values 

Now that we have defined the group action on daseinisation we can define the group action on the 
truth values. We recall that for pure states the truth object at each stage V is defined as 

T^* := {aeV{V)\Prob{a;\i;)) =1} (14.4.13) 
= {a€p(V)\(tp\a\^) = 1} (14.4.14) 
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For each context V e V('H) the truth value is 

t;(^(P)6T''^>)v := {V £V\d°{P)y, eT^^}} (14.4.15) 

= {V cVM5"iP)y>\^) = l} (14.4.16) 

we now act upon it with a group element U obtaining 

l(,{v(5°iP) e Tl'^>)y) := 1(,{V' c VM6%P)y^\i>) = 1} (14.4.17) 

= {luV ^luyM^°(P)v'm = n (14.4.18) 

= {IfyV Ql^vMU-'US''{P)y'U-'U\^) = l} (14.4.19) 

= {l(jV' cl^VMU-'S%UPU-%^y^U\i;) = l} (14.4.20) 

= ^;(5°(?7PJ7-i) €T^I'^>),.(^) (14.4.21) 

We thus obtain the following equality: 

ltj(vi6"iP) € t^^)y) = vi6"iUPU-') e T^^'^%^v) (14.4.22) 

Thus truth values are invariant under the group transformations. This is the topos analogue of Dirac 
covariancc, i.e., given a state \tp) and a physical quantity A, we would obtain the same predictions if 
we replaced the state by U\tp) and the quantity by UAU~^ 
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Chapter 15 

Lecture 16 



In this lecture we will try understanding a possible way of solving the problem of twisted presheaves 
This was done in [35]. In particular, we will change the base category to be the category of abelian 
von-Neumann sub-algebras on which we assume that no group acts upon. We will then define the 
topos of sheaves over such a category equipped with the Alexandroff topology. This will be the new 
sheaf we will work with. It turns out that by using such a topos we will be able to define the concept 
of a group and group transformations which does not lead to twisted presheaves. 

15.1 In Need of a Different Base Category 

When analysing the origin of the twisted presheaves, it is clear that the reason we do get a twist is 
because the group moves the abelian algebras around, i.e. the group action is defined on the base 
category itself. Thus a possible way of avoiding the occurrence of twists is by imposing that the group 
does not act on the base category. The category of abelian von-Neumann sub-algebras with no group 
acting on it will be denoted V/(H) where we have added the subscript / (for fixed) to distinguish this 
situation from the case in which the group does act. Obviously if one then just defined sheaves over 
Vf{H), then there would be no group action at all. Therefore something extra is needed. As we will see 
this 'extra' will be the introduction of an intermediate category which will be used as an intermediate 
base category. On such an intermediate category the group is allowed to act, thus the sheaves defined 
over it will admit a group action. Once this is done, everything is "pushed down" to the fixed category 
Vj{'H). A we will see, the sheaves defined in this way will admit a group action which now takes place 
at an intermediate stage, but will not produce any twists since the final base category stays fixed. 
Thus the first question to address is: what is this intermediate category? 

15.2 The Sheaf of Faithful Representations 

In our new approach we still use the poset V{'H) as the base category but now we 'forget' the group 
action. We now consider the collection, Homfaithfui{Vf{'H),V{H)), of all faithful poset representations 
of VfCH) in V('H) that come from the action of some transformation group G. Thus we have the 
collection of all homomorphisms 4>g : Vf{7i) V(H), g ^G, such that 

We can 'localise' Homfaithfui{Vf{'H),V{'H)) by considering for each V, the set Horn faith }ui{i V, V{H)). 
It is easy to see that this actually defines a pres/iea/ over TL; which we will denote Horn faith iuiO^f^'^)^^ ^^)) 
Now, for each algebra V there exists the fixed point group 

Gfv ■■= {g€G\yv€VUgvUg-i = v} 
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This implies that the collection of all faithful representations for each V is actually the quotient space 

G/Gfv- This follows from the fact that the group homomorphisms (f> : G GL{V) has to be injcctivc, 
but that would not be the case if we also considered the elements of Gpv, since each such element 
would give the same homomorphism. 
Thus for each V we have that 

HomfaithfuiWH),V(n))v := Homf^uhfuiiiVMn)) = G/Gpv 
As we will shortly see, there is a presheaf, G/Gp, such that, as presheaves, 

H^nifamfuiiMmMm) = G/Gf 

whose local components are defined above. In the rest of this paper, unless otherwise specified, 
Hom{Vf{n),V{n)) will mean Hcmif,M,fui(Vf{n),Vim 

Lemma 15.2.1. Gpv is a normal subgroup ofGy- 

Proof 15.2.1. Consider an element g & Gpv, then given any other element gi e Gy we consider the 
element giggl^- Such an element acts on each v as follows: 

Kggf^'^imggf)-' = Kog-'^^Kg-'a-' (15.2.1) 

= UgfigV'Ug-lUg-1 

= Ug^v'Ug-. 

= Lfgfig-lVUgfig-1 

= V 

where v €V because gi e Gy ■ 

We then have the standard result that if G is a group and N a normal subgroup of G then the 
coset space GjN has a natural group structure. In the Lie group case, GjN would only have a Lie 
group structure if A'' is a closed subgroup of G. However, it is clear from the definition of Gpv that it 
is closed, and hence for each V we have a Lie group, G/Gpv- We note en passant that G is a principal 
fibre bundle over G/Gpv with fiber Gpv- 

For us, the interesting aspect of the collection Gpv, V ^ ^(^) is that, unlike the collection of 
stability groups Gy, V e V(?/), form the components of a presheaf over V/CH) (or V('H)) defined as 
follows: 

Definition 15.2.1. The presheaf Gp over VfCH) has as 

- Objects: for each V e V/CH) we define set Gpy := Gpv = {g ^ G|Vt; e V UgvUg-i = v} 

- Morphisms: given a map i ■ V V in VfCH) (V £ V) then we define the morphism Gp{i) : 
Gpv ^ ^Fv' ' subgroup inclusion. 

The morphisms Gp{i) : Gpy Gpy' are well defined since if V Q V then clearly Gpv - Gpy'. 
Associativity is obvious. 

We now define the presheaf G/Gp as follows: 

Definition 15.2.2. The presheaf G/Gp is defined as the presheaf with 

- Objects: for each V € VfCH) we assign {G/Gp)v ■= G/Gpv = Hom(lV,VCH)) . An element of 
G/Gpv is an orbit Wy ■■= {g-Gpv} which corresponds to the unique homeomorphism (f)^ . 
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Morphisms: Given a morphisms iy'y ■■V (V qV) in Vf{'H) we define 

GIGf {iv'v)-GIGfv ^ GIGpy, (15.2.2) 

w'y ^ G/GF{iv'v)«) (15-2.3) 
as the projection maps TTy'y of the fibre bundles 

Gpy^/Gpv ^ G/Gfv ^ G/Gpy, (15.2.4) 
with fibre isomorphic to Gpy'/Gpv- 

What this means is that to each w^, = g ■ Gpy' e G/Gpy' one obtains in G/Gfv the fibre 

^v'v(9-Gpy') := a'y = {giig-GFv)\'^9i^Gpy,} (15.2.5) 

= {IgrKl'^di^Gpy,} (15.2.6) 

= {w'^'\gi^Gpy,} (15.2.7) 

In the above expression we have used the usual action of the group G on an orbit: 

hi -Wy^gi-ig- Gpv) =9i-9- Gfv -• w^'^ (15.2.8) 

The fibre ay is obviously isomorphic to Gpy' /Gfv- Thus the projection map i^y'y projects 

^y'yK)=5-G^y'=<' (15-2.9) 
such that for individual elements we have 

G/GF(iv'v)«) == ^v'v(<^v) = K' (15.2.10) 



Note that when gi € Gpy' but giiGFv then Wy = g-GFv md w^, = g ■ Gpy' = gtgGpy' 
Therefore GIGp{iy'y)w^ = = w^^f 



V 



It should be noted that the morphisms in the presheaf GjCp can also be defined in terms of the 
homeomorphisms Hom{Vf{'H),V{'H)). Namely, given an element gj € Wy we obtain the associated 
homomorphisms , such that 

G/GFiiv'v)<i>9r-=K\v' (15-2-11) 
We will now define another presheaf which we will then show to be isomorphic to G/Gp. To this 
end wo first of all have to introduce the constant presheaf G. This is defined as follows 

Definition 15.2.3. The presheaf G over Vf{7i) is defined on 

• Objects: for each context V , Gy is simply the entire group, i.e. Gy = G 

• Morphisms: given a morphisms i :V Q V in V('H), the corresponding morphisms G_y G_y' is 
simply the identity map. 

We are now ready to define the new presheaf. 

Definition 15.2.4. The presheaf G/Gf over VfCH) is defined on 

• Objects. For each V 6 V/CH) we obtain {G/Gf)v G/Gfv- Since as previously explained the 

equivalence relation is computed context wise. 

• Morphisms. For each map i :V we obtain the morphisms 

{,G/Gf)v - {G/Gf)v' (15.2.12) 
G/Gfv ^ G/Gpy (15.2.13) 

These are defined to be the projection maps TTy'y of the fibre bundles 

Gpy /Gfv ^ G/Gfv G/Gpy (15.2.14) 

with fibre isomorphic to Gpy' /Gfv - 
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Prom the above definition it is trivial to show the following theorem. 
Theorem 15.2.1. 

GIGf - GJGfi (15.2.15) 
Proof 15.2.2. We construct the map k : G/Gp GfGp such that, for each context V we have 

ky ■■ G/Gf ^, ^ G/Gpy (15.2.16) 
G/Gfv ^ G/Gfv (15.2.17) 

This follows from the definitions of the individual presheaves. 

15.3 Changing Base Category 

We know that given a sheaf over a poset we obtain the corresponding etale bundle. In our case the 
sheaf in cjucstion is G/Gf with corresponding etale bundle p ■ AG/Gp Vf{'H) where AG/Gp is the 
etale space. Wc will now equip the etale space A{G/Gp) = L[y€VFCH)(^/^J^)^ with a poset structure. 

The most obvious poset structure to use would be the partial order given by restriction, i.e., 
wv < Wy' iff y £ y and Wy = ^^^^,|y or equivalently g ■ Gpv = g ■ (Gpv n Gpy'). We could write this 

last condition as an inclusion of sets as follows: wy £ Wy {g ■ Gpv £ 5 • Gpy'). However this poset 
structure would not give a presheaf if we were to use it as the base category, rather it woiild give a 
covariant functor. To solve this problem we adopt the order dual of the partially ordered set, which 
is the same set but equipped with the inverse order which is itself a partial order. We thus define the 
ordering on A(G/Gp) as follows: 

Lemma 15.3.1. Given two orbits Wy e G/Gpv and w^, e G/Gpy we define the partial ordering <, 
by defining 

Q ^ Q 

W^l < Wy 



y £ y (15.3.1 

Wy £ W^ 

Note that the last condition is equivalent to Wy = w^,\v (g ■ Gpy = g ■ {Gpv ^fv')) 



^ c wf, (15.3.2) 



It should be noted though that if Wy = w^ ,\v then GIGp{iy'y){wy) = GIGF{iy'y){w?,,\v) 



^,\V I'iicii KJiKjpyvy'y/yujyi - ^i^p yoyy )yuj^^,\v I - W\^, . 

In other words it is also possible to define the partial ordering in terms of the presheaf maps defined 
above, i.e., 

< > w^^, iff w^, = GIGp {iy.y)wlr (15.3.3) 
We now show that the ordering defined on A{G/Gf) is indeed a partial order. 
Proof 15.3.1. 

1. Reflexivity. Trivially Wy < Wy for all Wy e AG/Gp. 

2. Transitivity. If Wy^ < Wy^ and Wy^ < Wy^ then Vi £ V2 and V2 QVs. From the partial ordering 
on V('H) it follows that y £ V3. Moreover from the definition of ordering on A{G/Gp) we have 
that Wy^ = Wy_^ |v2 and Wy^ = Wy^ which implies that Wy^ = Wy^ \v3- It follows that wvi < ■ 

3. Antisymmetry. If wvi ^ VIV2 o-nd < wvi, it implies that Vi < V2 and V2 < Vi which, by 
the partial ordering on V('H) implies that Vi = ¥2- Moreover the above conditions imply that 
wvi = 'fi'v^alvi o-'nd = Wi|y2> which by the property of subsets implies that wvi = Wv2 ■ 



9 
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Given the previously defined isomorphisms, Hom{iV,V('H)) = (G/Gf)v for each V, then to each 

equivalence class Wy there is associated a particular homeomorphism cpg --IV ^ V{'H). Even though 
Wy is an equivalence class, each element in it will give the same i.e. it will pick out the same 
Vi e ViH). This is because the equivalence relation is defined in terms of the fixed point group for V. 

Therefore it is also possible to define the ordering relation on A{G/Gf) in terms of the homeo- 
morphisms (pf . First of all we introduce the bundle space AJ ~ A{G/Gf) which is essentially the 
same as A{G/Gf), but whose elements are now the maps 0^, i.e., AJ = A( Hom (Vf('H),V('H))). The 
associated bundle map is pj : A J ->■ Vf^H). We then define the ordering on A J as < (j)^- iff 

pM)^pM'^) (15.3.4) 

and 

<^? = <^?U(^f) (15-3.5) 
We now need to show that this does indeed define a partial order on A J. 
Proof 15.3.2. 

1. Reflexivity. Trivially 0? < 0? since Pj{(l>i) ^ Pj{(f>i) and = 

2. Transitivity. // < cf)^ and (f>^- < <j)^^ then pj{4'f) £ Pj{4'^j) and pj{(t>^) 9 Pjifp^)' therefore 
pj{4>i) £ Pj{(t>k)- Moreover we have that 0f = (t'^\pj(4,i) and cpj = 0fclpj(0pj therefore 4>f = 

3. Antisymmetry. If 4^1^ < 4>j and < 4>f it implies that pj{(j)^) ^pj{(l)j) and pj{4>j) Qpj{4>f), thus 
Pj('Pi) =Pj((l^j)- Moreover we have that 0f = 4'j\pj{(j>f) o.nd </)^ = 0f therefore 0? = (j)^^. 

Given this ordering we can now define the corresponding ordering on A{G/Gf) as vuy, < Wy, iff 
0? < (t)j- We have again used the fact that to each Wy there is associated a unique homeomorphism 

cp'y-.iv^vin). 

15.4 From Sheaves on the Old Base Category to Sheaves on 
The New Base Category 

In what follows we will move freely between the language of presheaves and that of sheaves which we 
will both denote as A. Which of the two is being used should be clear from the context. The reason 
we are able to do this is because our base categories are posets (see discussion at the end of section 2). 

We are now interested in 'transforming' all the physically relevant sheaves on V('H) to sheaves over 
A{G/Gf). Therefore we are interested in finding a functor / : Sh{V{n)) 5/i(A(G/Gf))- As a first 
attempt we define: 

I:Sh{y{U)) -* Sh{A{ G/GF )) (15.4.1) 
A 1(A) (15.4.2) 

such that for each context Wy ^ (j)^ we define 

{m)^.^ ■■= A^.(v) = [m*{A)){v) (15.4.3) 

where (p^ ^ l^(^) is the unique homeomorphism associated with the equivalence class Wy = q-Gfy- 
We then need to define the morphisms. Thus, given i^a ^^^g^ : w^, Wy (w^, < Wy) with corre- 
sponding homeomorphisms ^ ^2 {4>i ^ Hom{iV,V{'H)) and (j)2 e Hom{i V ,V{'H))) we have the 
associated morphisms /-A(i^g w^)'{l{^] ^(^(ii)) defined as 



{IA{in,'^,,wO){a) = iIA{i^9^^9)){a) := i4^«(y),^«(v')(«) (15.4.4) 
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for all a € A^g^yy In the above equation V = pj{4>\) and V = pj{4>2) - Moreover, since < is 
equivalent to the condition w^, < Wy, then .^f (F ) c 0f (y) and (t)^^ = <;6f|^'. 

Theorem 15.4.1. The map 1 : 5/i(V(?^)) ^ Sh{A(G/GF)) is a functor defined as follows: 

(i) Objects: (/(ii))^g == A(j,i{v) = ((</'^)*(ii))(^)- V "^y' - ^^^'^ associated homeomorphisms 



(1)1 < <Pl ((t>l e Hom(lV,ViU)) and ^if e Hom(i V ,V(n))), then 

where V = pj{(t)^) and V =pj{(f>2). 



(y),0«(v") -Apliv) 



A 



(a) Morphisms: if we have a morphisms f : A->- B_ in Sh{V{T-L)) we then define the corresponding 
morphisms in Sh{A{G/GF)) as 



(15.4.5) 
(15.4.6) 



Proof 15.4.1. Consider an arrow f ■ A ^ B_ in Sh{V{H)) so that, for each V e V{H), the local 
component is fy : Ay B-y with commutative diagram 



-^By^ 



A 

—V1V2 



—V1V2 



iV2 



fv2 



-^By^ 



for all pairs Vi , V2 with V2 <Vi. Now suppose that Wy^ < Wy^ with associated homeomorphisms <,6| < (pf, 
such that (i) pj{(j)2) and (ii) 02 = 'Pi\pj{4>l)- want to show that the action of the I functor 

gives the commutative diagram 



n. ^2 



^2 /(/)„ 



V2 



I(B)(i g g ) 



I{B\ 



V2 



for all V2 £ Vi . By applying the definitions we get 



^<??(pj(0?)) ^^Kpji'l'l)) 



^2ipj(r2)) -7— — — ^^0«(p,,(0«)) 



iRecall that pj : KJ = A( Hom (Vf(H),V(H)) -- Vf{H). 
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which is commutative. Therefore 1(f) is a well defined arrow in Sh(AG/GF) from 1(A) to 1(B). 
Given two arrows f,g in Sh(V('H)) then it follows that: 

I(f°9) = Iif)°Ii9) (15.4.7) 

This proves that I is a functor from Sh(V('H)) to Sh(A(G/GF)) ■ 

From the above definition of the functor / we immediately have the following corollary: 
Corollary 15.4.1. The functor I preserves m,onic arrows. 
Proof 15.4.2. Given a monic arrow f ■ B_ in Sh(V('H)) then by definition 

- IiB)y,9 (15.4.8) 
f4'i{pj(.'t'l))'-^l(pj(4'l)) ^Hpj(.'t'l)) (15.4.9) 

The fact that such a map is monic is straightforward. 

Similarly we can show that 
Corollary 15.4.2. The functor I preserves epic arrows. 

Proof 15.4.3. Given an epic arrow f ■ A^ B_ in Sh(V(H)) then by definition 

I(f)^l - 1(B),,. (15.4.10) 

V2 V2 V2 

hliP3m)'-^livMV)) ^ ^livMD) (15.4.11) 
The fact that such a map is epic is straightforward. 

We would now like to know how such a functor behaves with respect to the terminal object. To 

this end we define the following corollary: 

Corollary 15.4.3. The functor I preserves the terminal object. 

Proof 15.4.4. The terminal object in Sh(V(T-L)) is the objects XshivCH)) s^'^^ ^^'^^ each element 
V € V(H) it associates the singleton set {*}. We now apply the I functor to such an object obtaining 

^(lsh(,v(H)))w'y ■= ilsh(v('H)))'l>Hpj(<t'')) = {*} (15.4.12) 

where (p^ is the unique homeomorphism associated to the coset Wy . 
Thus it follows that IdshWH))) = Isha{ g/Gf )) 

We now check whether / preserves the initial object. Wc recall that the initial object in Sh(V(%)) 
is simply the sheaf O^ft(vCH)) which assigns to each element V the empty set {0}. We then have 

I{Osh{y{:H)))w^y ■= (Osh(VCH)))'l'Hpj = (15.4.13) 

where (j)^ e Hom(iV,V('H)) is the unique homeomorphism associated with the coset Wy. 
It follows that: 

I{Qsh(VCH))) = Q-Sh(A( G/GF )) (15.4.14) 

From the above proof it transpires that the reason the functor I preserves monic, epic, terminal 
object, and initial object is manly due to the fact that the action of I is defined component-wise as 
(/(A))0 := A^(^y^ for ^ e Hom(i y,V('H)). In particular, it can be shown that I preserves all limits 
and colimits. 

Theorem 15.4.2. The functor I preserves limits. 
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In order to prove the above theorem we first of all have to recall some general results and definitions. 
To this end consider two categories C and 2?, such that there exists a hmctor between them F : C ^T). 
For a small index category J, we consider diagrams of type J in both C and T), i.e. elements in and 

, respectively. The functor F then induces a functor between these diagrams as follows: 

F^ ■X'^ -* (15.4.15) 
A ^ F'^(A) (15.4.16) 

such that (F'^(A))(j) := F{A{j)). Therefore, if limits of type J exist in C and V we obtain the diagram 



lim*_ 



lim«_ 



where the map 



lim : C-^ 



lim(A) 



(15.4.17) 
(15.4.18) 



assigns, to each diagram A of type J in C, its limit lim<_j(A) e C. By the universal properties of limits 
we obtain the natural transformation 



aj : F o lim lim oF 



(15.4.19) 



We then say that F preserves limits if aj is a natural isomorphisms. 

For the case at hand, in order to show that the functor I preserves limits we need to show that there 
exists a map 

Q;j:/olim^limo/-^ (15.4.20) 



which is a natural isomorphisms. Here I'^ represents the map 

.J 



: (ShiVin))) ^ (ShiAi G/GF ))) 
A ^ I'^iA) 



(15.4.21) 
(15.4.22) 



where (I^ {A){j))^ := I{A{j))^. 

The proof of aj being a natural isomorphisms will utilise a result derived in [5] where it is shown that 
for any diagram A: J oi type J in the following isomorphisms holds 



(15.4.23) 



where A^ : J C is a diagram in TD. With these results in mind we are now ready to prove theorem 
15.4.2 



Proof 15.4.5. Let us consider a diagram A: J ^ Sets^^^^ of type J in Sets'^^^h 

A -.J Sets""^^^ 



J 



(15.4.24) 
(15.4.25) 
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where A(j){V) := Av(j) for Ay ■ j Sets a diagram in Sets. Assume that L is a limit of type J for 
A, i.e. L : V('H) Sets such that lim^jA = J. We then construct the diagram 



liiii^j 



and the associated natural transformation 



Oil : I o lim lim ol^ 



For each diagram A: J ^ Sets^^^^ and (/> e K{GIGp) we obtain 

where A^^yy : J Sets, such that ^<^(y)(i) = A(j)((j)V)'^ 
On the other hand 

(( limo/-^)A)^ = (lim(7''(^)))^ . lim(/-^(A))^ = li 



lim^^(y) 



where 



l\A):J ^ Sets^^^I^^ 
j - l\A){j) 

such that for all € A(G/Gf) we have {l-^(A(j)))^ = {l(A(j)))^ = 
It follows that 



I o lim ^ lim ol"^ 
-J 



Similarly one can show that 

Theorem 15.4.3. The functor I preserves all colimits 

Since colimits are simply duals to the limits, the proof of this theorem is similar to the 
above. However, for completeness sake we will, nonetheless, report it here. 

Proof 15.4.6. We first of all construct the analogue of the diagram above: 

(Sets'^^^^y 5ets^(«) 



(15.4.26) 



(15.4.27) 



(15.4.28) 



(15.4.29) 
(15.4.30) 



(15.4.31) 



proof given 



lim_ 



^Recall that A:J^ Sets^^'^^ is such that AyU) = A{j){V), therefore {l{A{j)))^ := A{j)^^y-) = A^^y^ij) 
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where lini^j : represents the map which assigns colimits to all diagrams in 

(5etsV(«))'. 

We now need to show that the associated natural transformation 

/3j:/olim^limo7'' (15.4.32) 

is a natural isomorphisms. 

For any diagram A e (Seis^C")) and (j) € A(G/Gf) we compute 

where I lim-^jA) lim_>j ^^(y) is t/ie dwaZ of 15.4-23. On the other hand 

(i]imolJ)(A))^ = (lim(7^(A)))^ Hm(/^U))^ = limA^^v) (15.4.34) 
It follows that indeed 13 j is a natural isomorphisms. 

15.5 The Adjoint Pair 

It is a standard result that, given a map f : X between topological spaces X and Y, we obtain a 
geometric morphisms 

f*:Sh{Y) ^ Sh{X) (15.5.1) 

f*:Sh{X) Sh{Y) (15.5.2) 

and wc know that /* n i.e., /* is the left-adjoint of /*. If / is an etale map, however, there also 
exists the left adjoint /! to /*, namely 



/! : Sh{X) Sh{Y) (15.5.3) 



with f\^f*^f,. 

In the appendix we will show that 



f\{pA-A^X) = fopA-.A^Y (15.5.4) 

so that we combine the etalc bundle pA' X with the etale map / : X ^ y to give the etale bundle 
f opA ■ A ^Y. Here we have used the fact that sheaves can be defined in terms of etale bundles. In 
fact in previous lectures it was shown that there exists an equivalence of categories Sh{X) ^ Etale{X) 
for any topological space X. 

Given a map a : A ^ B oi etale bundles over X, we obtain the map fl{a) : f\{A) f\{B) 
which is defined as follows. We start with the collection of fibre maps ax ■ ^ B^, x ^ X, where 
Ax '■= P~^A{{x}). Then, for each y e y we want to define the maps /!(a)j, : f\(A)y f\(B)y, i.e., 
fKa)y:p-^{Aif-^{y})) ^ p-^{Bif-^{y})). This are defined as 

fKa)via) := ap^(„)(a) (15.5.5) 

for ah a e fl{A)y = p-\A{f-^{a})). 

For the case of interest we obtain the left adjoint functor pj\ : S'/i(A(G/Gj?)) Sh{Vf{'H)) of 
Pj : Sh{Vf{'H)) Sh{A{G/GF))- The existence of such a functor enables us to define the composite 
functor 

F:=pj\oI: ShiVin)) Sh{Vf{H)) (15.5.6) 
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Such a functor sends all the original sheaves we had defined over VCH) to new sheaves over VfCH). 
Thus, denoting the sheaves over VfiH) as A we have 

S:=F(S)=pj!o7(E) (15.5.7) 

What happens to the terminal object? Given Xvin) obtain 

Fiivm) = PJ'- ° ^(iv(H)) = pAIa(gig,)) (15-5.8) 

Now the etale bundle associated to the sheaf 1a(g/Gf) P'^ " ■'^(i*)) ^ ^{^I^f)) where A({*}) 
represents the collection of singletons, one for each Wy 6 A{G/Gf)- Obviously the etale bundle 
Pi : A({*}) A{G/Gf)) is nothing but A{G/Gf)- Thus by applying the definition oipjl we then get 

PjKIa(g/g,)) = G/Gf (15.5.9) 

It follows that the functor F does not preserve the terminal object therefore it can not be a right 
adjoint. In fact we would like F to be left adjoint. However so far that docs not seem the case. We 
have seen above that the functor I preserves colimits (initial object) and limits. Since F = pj\ o / and 
p,j\ is left adjoint thus preserves colimits, it follows that F will preserve colimits. 

Of particular importance to us is the following: each object A e Sh{V{'H)) has associated to it 
the unique arrow \A: A^ IvCH)- ^'^^^ arrow is epic thus F{\A) : F(A) -» F(l-^^.^^) is also epic. In 
particular we obtain 

FilA):FiA) - F(lv(«)) (15.5.10) 
A ^ G/Gf (15.5.11) 



such that for each V e VCH) we get 



Ay (G/GfW (15.5.12) 



LI A^^^ - G/Gfv (15.5.13) 



However, since; wc arc considering sub-objects of the state object presheaf S we would like the F 
functor to also preserve monic arrows. And indeed it does. 

Lemma 15.5.1. The functor F : Sh{V{T-L)) Sh{Vf{'H)) preserves monies. 

Proof 15.5.1. Let i: A^ B_ he a monic arrow in Sh{V{'H)), then we have that 

F{i)=pj\{I{i)) (15.5.14) 

However, the I functor preserves monies, as a consequence I{i) is monic in Sh{A{G/GF)). 
Moreover, from the defining equation 15.5.5, it follows that if f : X ^ Y is etale and pA '■ A ^ X is 
etale then, since i : A ^ B is monic then so is f\(i) ■ /!(^) fK^)- Therefore applying this reasoning 
to our case it follows that F(i) =pj\{I{i)) is monic. 



15.6 From Sheaves over V('H) to Sheaves over V{%f) 

Now that we have defined the functor F we will map all the sheaves in our original formalism 
{Sh{V{T-L))) to sheaves over V}{'H). We will then analyse how the truth values behave under such 
mappings. 
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15.6.1 Spectral Sheaf 

Given the spectral sheaf S e S'/i(V(?^)) we define the following: 

S:=i^(S)=p/!o/(S) (15.6.1) 

This will be our new spectral sheaf. The definition given below will be in terms of the corresponding 
presheaf (which we will still denote S)), where we have used the correspondence between sheaves and 
presheaves induced by the fact that the base category is a poset (see lecture 14) 

Definition 15.6.1. The spectral presheaf ^ is defined on 

- Objects: For each V e VfCH) we have 

^■■= Li Li (15-6-2) 

wl*iA( G/GF )v <l>iiHom(iy,Vi'H)) 

which represents the disjoint union of the Gel' f and spectrum of all algebras related to V via a 
group transformation 

- Morphisms: Given a morphism i:V ->-V, (V qV) in V/('H) the corresponding spectral presheaf 
morphism is 

tL{iv'v)-tLv tiv' (15.6.3) 

Li ^^(.v) - LI ^^iV) (15-6.4) 

(t>iiHom([vy{n)) 4>jiHom(\v' y{n)) 

such that given A e S^^(^) we obtain S(iy'y)(A) ■= ^^^(v)..4,,(v')^ = \<p,{v') 

Thus in effect S(iy/y) is actually a co-product of morphisms 'Ei4,i{v),<i) {v')> ^^c-h (pi € 

Hom(iV,V(n)). 

Prom the above definition it is clear that the new spectral sheaf contains the information of all 

possible representations of a given abelian von-Neumann algebra at the same time. It is such an idea 
that will reveal itself fruitful when considering how quantisation is defined in a topos. 

15.6.1.1 Topology on The State Space 

We would now like to analyse what kind of topology the sheaf S := F(E) has. We know that for each 

V 6 V/(?^) we obtain the collection Uw^'^eG/apv —to'' ' '^here each S^si := S^gi(y) is equipped with the 
spectral topology. Thus, similarly as was the case of the sheaf S € Sh{V{7i)), we could equip S with 
the disjoint union topology or with the spectral topology. In order to understand the spectral topology 
we should recall that the functor F : Sh{V{'H)) Sh{Vf{'H)) preserves monies, thus if ^ £ S, then 
S_ := F{S_) £ S := -F(S). We can then define the spectral topology on E as follows 

Deflnition 15.6.2. The spectral topology on E has as basis the collection of clopen sub-objects <§ £ £ 
which are defined for each V 6 1^/(7^) as 

wp€G/GFv <l>i€Hom(lV,V('H)) 

From the definition it follows that on each element E„ s; of the stalks we retrieve the standard 
spectral topology. 

It is easy to see that the map p : Uyj^i^A{G/GF)^Wy' ~* ^/(^) continuous since p~^{i V) := 
Uto"* eiti>''»|vti>'''€G/G ^w"' is the clopen sub-object which has value Uu,"* 6G/G ,^w"^ at each context 

V ^iV and everywhere else. 
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Similarly, as was the case for the topology on S e Sh{y{'H)), the spectral topology defined above is 
weaker than the product topology and it has the advantage that if takes into account both the 'vertical' 
topology on the fibres and the 'horizontal' topology on the base space V}{'H). 

A moment of thought will reveal that also with respect to the disjoint union topology the map p 
is continuous, however because of the above argument, from now on we will use the spectral topology 
on the spectral presheaf. 



15.6.2 Quantity Value Object 

We are now interested in mapping the quantity value objects R,"" e Sh(V{'H)) to an object in 
Sh{Vf{U)) via the F functor. We thus define: 

Definition 15.6.3. The quantity value objects R := -F(Il^) = pjl o /(Jl") is an K-valued presheaf of 
order-preserving and order-reversing functions on V/(H) defined as follows: 

- On objects V € Vf{'H) we have 

(F(l^))v:= U ^^^y) (15.6.6) 

4,i^Hom(\V,V(H)) 

where each 

^,(v)-={(l^,^)\i^^OP{i(l>i(y),'K) , n^OR{icl>i{V),'&), ii<v} (15.6.7) 

The downward set i4'i{V) comprises all the sub-algebras V Z(j)i{V). The condition ii< v implies 
that for all V' ^IMV), M^') ^ HV')- 

- On morphisms iy'y-.V (V £ we get: 

R*{iy'y):Ry R^' (15.6.8) 

LI - LI ^liV) (15.6.9) 

<Aiei?om(J,y,V(W)) <l>j€Hom(W' 

where for each element (/z, v) e R;^(y) we obtain 

R («y'y)(M.i") •= R^{i^,(v),4,,(v'))il^^^) (15.6.10) 
= (15.6.11) 



where ^^\,j,^(y') denotes the restriction of jj. to i <pjiV ) Qi ^iiV), and analogously for i^\^^(v' 
15.6.2.1 Topology on the Quantity Value Object 



We are now interested in defining a topology for our newly defined quantity value object R. Similarly, 
as was done for the spectral sheaf, we define the set 

^= LI = U {y}xRv (15.6.12) 

where each Ry := U^,eHom{iv,vCH))Kpi{v)- 

The above represents a bundle over Vf{'H) with bundle map p-ji : TZ Vj {TL) such that pizip, = V = 
Pj{'l>i)^ where V is the context such that {ji^v) € M^.^yy In this setting p^{V) = Ry are the fibres of 
the map p-jz. 

We would like to define a topology on TZ with the minimal require that the map p-ji is continuous. We 
know that the category Vf{'H) has the Alexandroff topology whose basis open sets are of the form [ V 
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for some V e Vf{'H). Thus we are looking for a topology such that the pullbackpj^^(| V) := LIv'e|yS:y' 
is open in 7?.. 

Following the discussion at the end of section 2.1 we know that each R,^ is equipped with the 
discrete topology in which all sub-objects are open (in particular each R,y has the discrete topology). 
Since the F functor preserves monies, if Q E R,'^ is open then F{Q) c F(R'") is open, where F{Q) := 

Therefore wo define a sub-sheaf, Q, of R to be open if for each V e V/('H) the set £ Ry is 
open, i.e., each Q^,^y^ £ — 0i(v) open in the discrete topology on Rj^(y). It follows that the sheaf 

R gets induced the discrete topology in which all sub-objects are open. In this setting the 'horizontal' 
topology on the base category V/('H) would be accounted for by the sheave maps. 

For each iV we then obtain the open set p^{i V) which has value R^' at contexts V and 
everywhere else 



15.6.3 Truth Values 

We now want to sec what happens to the truth values when they arc mapped via the hmctor F. In 
particular, given the sub-object classifier € Sh{V{n)) we want to know what F{n^'''^^) is. Since 

F(£l^('">) = pj\ o (15.6.13) 

we first of all need to analyse what I{£1^^^^) is. Applying the definition for each Wy e A(G/Gf) we 
obtain 

(/m^^''^)).-:=ii;jrv) (15.6.14) 

Where (/>j € i?om(J. y, V('H)) is the unique homeomorphism associated to the equivalence class Wy € 
G/Gpv- If we then consider another element Wy e GjGpv^ we then have 

(/(il^^''^)).;.:=fl2rv\ (15-6.15) 

where now 4'i{V) + 4>j(y)). What this implies is that once we apply the functor pj\ to push everything 
down to V/(H), the distinct elements ^J^^-^ and ^J^^y^ will be pushed down to the same V, since 
both (f)^,(f)j € Hom{iV,V{H)). It follows that, for every V e V/(H), F{^'''^^) is defined as 

F{n^^^^)y:- U ilSf- U {<^}xii:if- U (15.6.16) 

Thus it seems that for each V e Vf{n), F(0^(^)) y assigns the disjoint union of the collection of 
sieves for each algebra Vi € V(W) such that Vi = 4>i{V), where (pi are the unique homeomorphisms 
associated to each Wy e G/Gpv- This leads to the following conjecture: 

Conjecture 15.6.1. F(ll^<^)) G/Gf x 

It should be noted that Vj{'H) - V('W) since V}{'H) and V{'H) are in fact the same categories only 
that in the former there is no group action on it. Thus it also follows trivially that ^f^^^ ^ £l^^^\ 
Having said that we can now prove the above conjecture 

Proof 15.6.1. For each V e Vf{'H) we define the map 

iy : F(Sf^^'>)y ^ G/Gfvx^Lv^'^^ (15.6.17) 
S ^ {wp,lg-iS) (15.6.18) 

where S € fl^lf ' = £1^^^ for (pi € Hom(i V, V(7^)) and (pi^V) := Ig^V while Ig-iS € ^ly^'^K 
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Such a map is one to one since if {w^ ,lg-iS\) = {wy ,lg-iS2) then Ig^^Si = lgT^S2 and Si = 82- The 
fact that it is onto follows form the definition. 
We now construct, for each V € V('H) the m,ap 

j-.G/Gpvxnl^^^ - F{£^^^^)v (15.6.19) 
{w^y,S) ^ lg^{S) (15.6.20) 

where S e Q^^'^^ and lg,S e fij^^^^^ for lg,V = MV) thus lg,S e O^!^^ 

A moment of thought reveals that j = 

From the above result we obtain the following conjecture: 
Conjecture 15.6.2. O^^^^) ^ F(n^(«))/G 

Before proving the above conjecture we, first of all, need to define what a quotient presheaf is. 
This is simply a presheaf in which the quotient is computed context wise, thus, in the case at hand 
the quotient is computed for each V & Vf{H). In order to understand the definition of the quotient 
presheaf we will analyse what the equivalence classes look like. 

We already know that for presheaves over Vf{H) the group action is at the level of the base category 
A{G/Gf)- In particular for each g & G we have 

where 4> e Hom{i y,V(H)). Therefore by defining for each V € V{T-C) the equivalence relation on 
U^,.Hornmvm)^MV) =' ^F^^^'^^))v by the action of G, the elements in (F(il^(«)))y/Gy = 
( \l4>iiHom{iy,v(H))^i^^^))l^ ^ill be equivalence classes of sieves, i.e., 

[Si] := {lg{Si)\g e G} (15.6.22) 

for each 5^ e (y) ^ \l4,if,Hom{\v,v{'H))^^\vy ■'■'^ the above we used the action of the group G on 
sieves which is defined as IgS := {IgV \V e S}. We are now ready to define the presheaf F(£t^^'^^)/G. 

Definition 15.6.4. The Presheaf F{n^^'*^^)IG is defined: 

• On objects: for each context V € V/(H) we have the object 

(F(il^(«)))WG^:=( LI (15.6.23) 

<tii€Hom(lV,VCH)) 

whose elements are equivalence classes of sieves [St], i.e., 81,82 e [8i] iff 8\ ■= {lgS2\g e G} and 
82 e ^1^.^^^) o-f^d 8\ = i^^^^yy i.e. each equivalence class will contain only one sieve for each 
algebra. This definition of equivalence condition follows from the fact that the group action of 
G moves each set il^*'^'^ to another set f^^^J^^''^^ in the same stork F(n^'''^^))v, i.e. the group 
action is at the level of the base category A{G/Gf)- 

• On morphisms: for each V we then have the corresponding morphisms 

^vV-( U - ( U ^I'li'.ViG) (15.6.24) 

4,,<iHom(lV,ViH)) 4>j^Hom(lV' y{H)) 

[8] ^ ayy.{[S]):=[Sr^v'] (15.6.25) 



where [5ny ] := {lg{SnV )\g € G}, and we choose as the representative for the equivalence class 
cy f"'^ - 



8 e fl^^^^ for V = (j)i{V) where (pi € Hom(l V,V('H)) is associated to some g e Gy 
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We can now prove the above conjecture (15.6.2), i.e., we will show that the functor 

is an isomorphism. 

In particular for each context y € V('H) wc define 



Vf(H) 
V 



S ^ [S] 



(15.6.26) 



(15.6.27) 
(15.6.28) 



where [S*] denotes the equivalence class to which the sieve S belongs to, i.e., [S'] := {lgS\g e G). 

First we need to show that j3 is indeed a functor, i.e., we need to show that the following diagram 
commutes 



Thus for each S we obtain for one direction 

where the first equality follows from the definition of the sub-object classifier Q^f^^^ [21]. 
Going the opposite direction we get 



{ayy,ol3y)S = ayy,[S] = [SnV'] 



(15.6.29) 



(15.6.30) 



It follows that indeed the above diagram commutes. Now that we have showed that /? is a functor we 
need to show that it is an isomorphisms. We consider each individual component V e V/('H). 

1. The map j3v is one-to-one. 

Given 5*1, ^2 e if /3y(5i) = /3y(52) then [Si] = [S2], thus both Si and S2 belong to 

the same equivalence class. Each equivalence class is of the form [S] = {lgS\g € G}, therefore 
= lgS2 for some g &G. However, the definition of the equivalence classes of sieves implied that 
for each equivalence class there is one and only one sieve for each algebra. Thus if [Si] = [S2] 
and both Si, S2 ^ nl/^'^\ then = ^2. 

2. The map j3v is onto. This follows at once from the definition. 

3. The map (3v has an inverse. 

We now need to define an inverse. We choose 



7:F(ll^('^>)/G-£l^/(«> 



such that for each context we get 



7y:F(il^(«))v/G 
[S] 



[S]nV 



(15.6.31) 



(15.6.32) 
(15.6.33) 
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where [5] := {lg{S)nV\g e G} represents the only sieve in the equivalence class which belongs 
to [i^^^^ ■ °^ have to show that this is indeed a functor. Thus we need to show that, 

for each V £V the following diagram commutes 



n 



Chasing the diagram around for each S we obtain 

^I'^'^^'Xiy'v) ° IviiS]) = n'''^''\iv'v)i[S] n V) = ([S] nV)nV' = [S] n v' (15.6.34) 
On the other hand we have 

Iv' ° V ['5'] = "fy'[S nV'] = [S nV']nV' = [S] n v' (15.6.35) 

where the last equality follows since [S* n F ] n y ■■= {lg{S nV )\g e G} nV and the only sieve in 
[S] belonging to is S'n V . Therefore the map 7 is a functor. 

It now remains to show that, for each V € Vf{'H) and each S € 7y is the inverse of /3v- 

Thus 



7y°/3y(5) = 7y([5]) = [5]ny = 5 



(15.6.36) 



where the last equality follows from the fact that in each equivalence class of sieves there is one 
and only one referred to each context IgV . On the other hand we have 

/3y o ^v{[S]) = Pv ° {[S] n y) = Pv{S) = [S] (15.6.37) 
The functor /3 is indeed an isomorphism. 

15.6.4 Group Action on the New Sheaves 

Wc would now like to analyse what the group action on the new sheaves is. In particiilar we will show 
how the action of the group G on the sheaves define on Vf{'H) via the F functor will not induce twisted 
sheaves. 

15.6.4.1 Spectral Sheaf 

The action of the group G on the new spectral sheaf S := F(S) is given by the following map: 

GxS^E (15.6.38) 

defined for each context V e V/('H) as 



(g,X) IgX 



(15.6.39) 
(15.6.40) 



where T,y := U4>iiHoTniiv,v(n)) ^iiv) such that if A e S^^(y) we define IgX € lg^.(^v) '■= ^ija.^v)) by 



ilgiX))A:={X,Ui9r'AUig)) 



(15.6.41) 



178 



for all 5f e G, A e (self adjoint operators in V) and V e V('H). 

However from the definition of S, both ^^.(y) and ^i^(^^.(^v)) belong to the same stalk, i.e., belong 

to ty. 

We thus obtain a well defined group action which does not induce twisted presheaves. 

We would now like to check whether such a group action is continuous with respect to the spectral 
topology, i.e., if the map 

p:Gxt^t (15.6.42) 
is continuous. In particular we want to check if for each V € Vf{H) the local component 

Pv-Gyxty^ ty (15.6.43) 
is continuous, i.e., if Py^y = ( U,i„€Hom(iv,vCH)) S^i(v)) is open for Sy open. 

Pv{ Li S^UV)) = {i9j,S^,^v))KiSMV))^Sy} (15.6.44) 

<l>iiHom(lV,V(H)) 

= (G,Sy) (15.6.45) 

where lgj{S_^.(y)) '■= S_i^^.^y^ = S_i^ f^^.^^y^y It follows that the action is continuous. 

Moreover it seems that the sub-objects S_ actually remain invariant under the group action. In 
fact, for each V e V/('W), S_y = \l(t,iiHom(ivy(n)) S_^i(v) where the set Hom{iV,V{'H)) contains all G 
related homeomorphisms, i.e. all lgj{4'i) V gj e G, {lgj{4'){V) ■= lgj{4'{V))). 
It follows that the sub-objects £ S are invariant under the group action. 

This is an important result when considering propositions which are identified with clopen sub- 
objects coming from daseinisation. In this context the group action is defined, for each V e VfCH), 
as: 

GyXSPy ^ Spy (15.6.46) 

Gyx U 5°(P)^,(y) - Li '5°(P)^,(y) (15.6.47) 

<t>iSHom{lV,V{H)) 4>i€Hom(lV,VCH)) 

(9,S''(P)mv)) - ^"(UgPUgXiMV)) (15-6.48) 

Thus for each g & G we get a collection of transformations each similar to those obtained in the original 
formalism. However, since the effect of such a transformation is to move the objects around within a 
stalk, when considering the action of the entire G, the stalk, as an entire set, remains invariant, i.e., 
the collection of local component of the propositions stays the same. 

Moreover the fact that individual sub-objects 5 c E are invariant under the group action, implies 
that the action G x S ->■ S is not transitive. In fact the transitivity of the action of a group sheaf is 
defined as follows 

Definition 15.6.5. Given a group G, we say that the action of G on any other sheaf A is transitive 
iff there are no invariant sub- objects of A. 

Thus although the group actions moves the elements around in each stalk, it never moves elements 
in between different stalks, thus each sub-object is left invariant. 

15.6.4.2 Sub-object Classifier 

We now are interested in defining the group action on the sub-object classifier However, by 

definition, there is no action on such object. The only action which could be defined would be the 
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action on O := F{£f^^^^). In this case, for each V e V/('H), we have 

av-Gyxhy ^ [ly (15.6.49) 
Gyx U il< - LI 

0,€ffo™(iy,v(H)) 0i€i?om(;y,v(«)) 

ig,S) ^ IgiS) (15.6.50) 

where IgiS) := {ZgFlFeS'}. 

If 5' e e l-[0.6Hom(iy,v(w))il0^(y). then lg(S) is a sieve on IgMV), i.e., /g(6') e e 

U0i6/J-om(J,y,VCH)) 

It follows that the action of the group G is to move sieves around in each stalk but never to move 

sieves to different stalks. 

The next question is to define a topology on Cl and check whether the action is continuous or not. 
A possible topology would be the topology whose basis are the collection of open sub-sheaves of Cl. If 

we assume that each il^(y) has the discrete topology, coming from the fact that it can be seen as an 

etale bundle, then the topology on Cl will be the topology in which each sub-sheaf is open, i.e., the 
discrete topology. 

Given such a topology we would like to check if the group action is continuous. To this end we need 
to show that a^{S_y) is open for Sy open sub-object. We recall that S_y = U.,j,^sHom{iv,v{n) ^<i>i(v)- 
We then obtain 

aviSy) = {{9,S)\lgiS)€Sy} (15.6.51) 

= (Gy,Sy) (15.6.52) 

which is open. 

15.6.4.3 Quantity Value Object 

We would now like to analyse how the group acts on the new quantity value object R, . This is defined 
via the map 

G X ^ (15.6.53) 
which, for each V e Vf{'H), has local components 

GyxR^ ^ (15.6.54) 

<i>i€Hom(lV,V(H)) 4,^£Hom(l,V,V(H)) 



where {iJ.,i') e R,^(y), while {lgH,lgu) e Rp(^.(y)). Therefore Zg/x 4 Igifj^iiV)) R, and IgV 4 

As it can be easily deduced, even in this case the action of the G group is to map elements around 
in the same stalk but never to map elements between different stalks. Thus yet again we do not obtain 
twisted sheaves. 

We would now like to check whether the group action is continuous with respect to the discrete 
topology on R, defined in section 12.2.1. Thus we have to check whether for V e V}{'H) the following 
map is continuous 

^V-GyX-ky ^ %y (15.6.55) 

^ ilglJ',lg'^) (15.6.56) 
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A typical open set in is of the form := U^,^Hom{iv,v{n) %-(v) ^^^^^ %.(v) ' ^Mv) 
open. Therefore 

^viQy) = {9uil^,'^)\iWm'^)^Qy} (15.6.57) 
= (G,g^) (15.6.58) 

Therefore the group action with respect to the discrete topology is continuous. 
15.6.4.4 Truth Object 

The new truth value object for pure states obtained through the action of the F functor is 

t''^*:=F(tI^>) (15.6.59) 

which is defined as follows: 

Definition 15.6.6. The truth object F(T'^^) is the presheaf defined on 

- Objects: for each V € Vf{'H) we get 

F(Tl'^>):= U tJ> (15.6.60) 

where Xj^.^^y^ := {a e P{(j)i(V))\{ijj\a\ip} = 1} and P((j)i(V)) denotes the collection of all projection 
operators in 4ii{V). 

- Morphisms: given V QV the corresponding map is 

4,iiiHom,(lV,V(H)) (j,jSHom(lV' ,VCH)) ' 

such that, given S_&'^^^^yy then 

^^\iv'v)S ■■= t^\i^,^v),Mv'))^ = ^IMV) (15.6.62) 
where < thus (j)j{V ) £ (/>i(V) and 4>j{V ) = </'i|y'(V ). 

15.6.5 New Representation of Physical Quantities 

We are now interested in understanding the action of the F functor on physical quantities. We thus 
define the following 

F(5(i)):E^|^ (15.6.63) 

which, at each context V , is defined as 

F{5{A))v: U ^MV)^ LI ^dv) (15-6.64) 

<j>iiHom(lV,V{-H)) <pisHom{lV,VCH)) 

such that for a given A e S^.j-y) we obtain 

FCdiA))v{X) := 5(i)^,(y)(A) (15.6.65) 
= (^Xi)0.(y)(-),^°(i)^.(v)(-))(A) = il^x,ux) 

Thus in effect the map F(d{A))v is a co-product of maps of the form F{S(A))^.(^Yf for all 0, e Hom{[ 
V,ViH)). 
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Prom this definition it is straightforward to understand how the group acts on such physical quan- 
tities. In particular, for each context V e VfiH) we obtain a collection of maps 

FCSiA))v: U ^MV)^ U ^MV) (15-6.66) 

and the group action is to map individual maps in such a collection into one another. Thus, for 
example, if we consider the component 

by acting on it by an element of the group we would obtain 

l9(KA)MV))--lg^^,iv) - Ig^MV) (15.6.68) 
-ig(MV)) ^ B^ig(4>i(v)) (15.6.69) 

Let us now analyse what exactly is lgS{A))^.(^Yy 

We know that it is comprised of two functions, namely 

l,(d{A)^^^yy) = (l,(S\A))^^^y^y-), (/,5°(i))^.(y))(-)) (15.6.70) 

We will consider each of them separately. Given A e E^^^^.^y^^ we obtain 

Z3(5^(i)^.(v))(A) = x(lg{S\A)^^^y))) (15.6.71) 

= x(m,AU-\^,^^y^^) 
= S\UgAU-%^^,^y)^(X) 
Similarly for the order reversing function we obtain 

«9(^°(^)0,(y))(A) = 6°{UgAu-\^^^^y)^(X) (15.6.72) 
Thus putting the two results together we have 

l9(kA)Mv)) = (6iUgAU-\^^^^y^)) (15.6.73) 

This is the topos analogue of the standard transformation of self adjoint operators in the canonical 

formalism of quantum theory. In particular, given a self adjoint operator S{ A) its local component in 
the context V is S{A)y. This 'represents' the pair of self adjoint operators {S'{A)y,S°{A)y) which live 
in V. By acting with a unitary transformation wc obtain the transformed quantity lg^S{A)^ with local 

components (^d{UgAlf~^)i^yy V € V/('H). Such a quantity represents the pair {6^{UgAu~^)i^(^yy5°{UgAu~^)i 
of self adjoint operators living in the transformed context lg{V). 

15.7 Appendix 

Theorem 15.7.1. Given the etale map f ■■ X ^ Y the left adjoint functor /! : Sh{X) Sh{Y) is 
defined as follows 

f\iPA--A^X) = fopA-.A^Y (15.7.1) 

for Pa - A^Y an etale bundle 
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Proof 15.7.1. In the proof we will first define the functor /! for general presheaf situation, then 

restrict our attention to the i 
Consider the map f ■ X - 
definition of /! is as follows: 



restrict our attention to the case of sheaves (Sh{X) c Sets"^ ) and f etale. 

Consider the map f : X ->-Y, this gives rise to the functor /! : Sets Sets . The standard 



/!:=-®x(/X') (15.7.2) 

A^xifY') (15.7.3) 

element y eY we obtain the set 

(A ®x ifY'))y := A ®x {fY'){-,y) (15.7.4) 



which is defined on objects A e Sets as 



This is a presheaf in Sets , thus for each element y eY we obtain the set 



where {fY') is the presheaf 

(/r*):XxF°P^Sets (15.7.5) 



This presheaf derives from the composition of f xidyp : X xY°^ YxY°p ((f xidyp)* '■ Sets 

^ Sets, i.e., 

ifY') ■■= if X idy=p)*Cr*) =• y* o (/ X idr=p) (15.7.6) 



Sets^''^""; with 'Y'lYx F°p Sets, i.e.. 



where 'Y' is the bi-functor 

'Y':YxY°P ^ Sets (15.7.7) 

iy,y) Homviy ,y) (15.7.8) 

Now coming back to our situation we then have the restricted functor 

{fY'){-,y):{X,y) -> Sets (15.7.9) 

{x,y) ^ {fY'){x,y) (15.7.10) 

which from the definition given above is 

{fY'){x,y) =• y o (/ X idYop){x,y) =* Y'{f{x),y) = HomyiyJix)) (15.7.11) 

Therefore putting all the results together we have that for each y eY we obtain A ®x {fY'){-,y), 
defined for each xe X as 

A{-) ®x {}Y'){x,y) := A{x) ®x HomyiyJix)) (15.7.12) 

This represents the presheaf A defined over the element x, plus a collection of maps in Y mapping the 
original y to the image of x via f. 

In particular Aix) (8>jc ifX') = Aix) ®x H omy iy , f i-)) represents the following equaliser: 

Ux.x' ^i'^) ^ Homxix ,x) X HomyiyJix ) t UxAix) x HomyiyJix)) 



Ai-)®x HomyiyJi-)) 

Such that given a triplet ia,g,h) e Aix) x Homxix ,x) x HomyiyJix ) we then obtain that 

T(a, g, h) = iag, h) = 6'(a, g, /i) = (a, gh) (15.7.13) 
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Therefore A(-) ®x Homyiy, /{-)) is the quotient space of ll^A(x) x Homyiy, fix)) by the above 

equivalence conditions. 

We now consider the situation in which A is a sheaf on X, in particular it is an etale bundle 
Pa'- A^ X and f is an etale map which means that it is a local homeomorphism, i.e. for each x & X 
there is an open set V such that x e V and such that fy : V -> f{V) is a homeomorphism. It follows 
that for each Xi €V there is a unique element y^ such that f\v{xi) = y^. In particular for each V X 
then f\v{y) = U for some U cY . 

It can be the case thai /^/^(V^:) = /|V', (^') even ifVi + Vj, since the condition of being a homeomorphism 
is only local, however in these cases the restricted etal'e maps have to agree on the intersections, i.e. 
f\vSVinVj) = f\v,(VjnVj) 

Let us now consider an open set V with local homeomorphism f^y. In this setting each element 
Vi ^ f\vi^) will be of the form f{xi) for a unique Xi. Moreover, if we consider two open sets Vi, V2 £ V, 
then to each map Vi in X, with associated bundle map A{V2) ^(^1), there corresponds a map 
f\V^i ~^ .f\v{V2) in Y. Therefore evaluating A{-) iS>x HomY{-, f{-)) at the open set f\y{V) c Y 
we get, for each Vi Q V the equivalence classes [A{Vi) xx HomY{f\viV)j f\vi^i))] where A(Vj) xx 
HomvifiviV), f\viVj)) ^ A(Vk) xx HomrifiviV), f\v(Vk)) iff there exists a map f\y{Vj) ^ f\y(Vk) 
(which combines giving f\y{V) ->■ f\y{Vk)) and corresponding bundle map A{Vk) A{Vj) (which 
combine giving A{Vk) A{V)) given by the map Vj ^ Vk ( which combined gives V Vk) in X. A 
moment of thought reveals that such an equivalence class is nothing but p^^(V^) (the fibre of pa atV) 
with associated fibre maps induced from the base maps. 

We will now denote such an equivalence class by [A(V)xx HomY{f\v{V)j f\v{V))]> since obviously 
in each equivalence class there will be the element [A{V) xx HomYif\v{V),f\viV))] 

We apply the same procedure for each open setVi<^ X. We can obtain two cases: 

i) f\Vi{yi) = U + fviy)- If^ that case we simply get an independent equivalence class for U. 

ii) If /|Vi(l^) = U = fv{V) and there is no map i : V ^ Vi in X then, in this case, we ob- 
tain for U two distinct equivalence classes [A{Vi) xx i?omy(/|y, (Vi),/|y. (V^))] and \_A{V) xx 

Homy{f\y{V),f\y{V))]. 

Thus the sheaf A{-)®x{fY') is defined for each open set fvi^) c F as the set [A{V)xxIIomY{f\v{y)^ f\v{^))^ - 
A{V))), and for each map fy'{V ) /y(V) in Y (with associated map V' in X), the correspond- 
ing maps [A{V)xx Hom.Y{fiv{V). fviV))] ^ A{V) ^ [A{V')xx HomY(f\v' (V)' , f^y> (V'))] ^ A(V') 
This is precisely what the etale bundle f o pa '■ A ^ Y is. 
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Chapter 16 

Lecture 17 



In this lecture we will define the topos analogue of probabilities. To this end we will have to introduce 
a new topos namely the topos of sheaves over the category V('W) x (0, 1)l 

16.1 Topos Reformulation of Probabilities 

We will now delineate how probabilities can be described in terms of truth values in a given topos. 
In such a formulation logical concepts are seen as fundamental, while probabilities become derived 

concepts. 

This view is very useful in quantum theory, in as much that it overcomes the problems related to the 
relative frequency interpretation of probabilities. 

In particular, in the topos approach truth values can be assigned to any proposition in quantum theory 
and, since probabilities are defined in terms of truth values, probabilities can always be assigned even 
in the context of closed systems. 

For the interested reader, the full analysis of these ideas can be found in [14]. 

16.2 General Definition of Probabilities in the Language of 
Topos Theory 

In this section we will outline the general way in which probabilities can be described in a topos. 
How this general definition will apply to classical physics and quantum physics will be described in 
subsequent sections. 

What we will do in this section is to define a possible topos in which probabilities can be expressed 
in terms of truth values in that topos. What we arc looking for is a way to combine on the one hand 
probabilities, which are described by numbers in the interval [0, 1] and, on the other hand, truth values 
expressed in a topos r, which are defined as global elements of the sub-object classifier fl^. 
What this amounts to is to find a topos r such that the following holds 

[0,l]=;rO'" (16.2.1) 

If we are able to achieve this, it will mean that we have found a bijective correspondence between 

probabilities and truth values in a topos t. 

The way in which the equivalence in 16.2.1 is achieved is as follows: 

the first step is to define the topological space (0,1), whose open sets are the intervals (0,r) for 
< r < 1. This topological space is denoted as (0,1) l and the collection of open sets as O((0,1)l). 



185 



This is a category under inclusion. One can then define a bijection 

/3:[0,1] - O((0,1)l) (16.2.2) 
r ^ (0,r) (16.2.3) 

The strategy is then to associate open sets (0, r) with truth values in a certain topos. Such open sets 
will then, in turn, be associated with the probability r. 

In this way we will not be loosing anything by considering open sets (0, r) which don't actually con- 
tain r instead of closed sets (0,r] or [0,r]. Moreover, if we were to consider either (0,r] or [0,r] we 
would run into troubles. In fact, if we had chosen [0, r] we would have obtained situations in which 
all propositions are totally true with probability zero, even the totally false proposition (more details 
later on). If instead we had chosen (0,r] we wouldn't have obtained a topology, since these sets do not 
close under arbitrary unions. 



Having chosen the topology on our space, we then know from topos theory that, for any topological 
space X, there is the following isomorphisms of Heyting algebras 

0{X) ^ rf2^''(^) (16.2.4) 

where Sh(X) identifies the topos of sheaves over the topological space X. Therefore, in order to obtain 
equation 16.2.1, a possible topos which could be used is r = Sh{{0, l)z,). 
In such a topos the isomorphisms we are after is 

a:C»((0,l)L) - (16.2.5) 
(0,p) ^ a(0,p) := (/(p) :l^ri^''((°'i)^) (16.2.6) 



such that for each stage/context (0,r) e O{{0, we have the truth value 



f{(0,r') e O((0,l)i)|r' < r} = nf^^if''^'^^ iip>r 
{(O,r')e0((O,l)i)|r'<p} ' ifO<p<r (16.2.7) 

if p = 



If we use the isomorphisms {(0,r ) e 0(0, l)i:,|r <r} ^ [Oi''] the we can write the above as 



f[0,r] = OJJ(p^) iip>r 

[0,p] ifO<p<r (16.2.8) 

if p = 



As can be seen from the definition, I is nothing but the combination of /3 and a. Thus I : [0, 1] 
PqS/i((o,i)i,) jg ^ bijection between probabilities and truth values: 

[0,1] t (!)((0,l)i)^m^'^((°'^)^) (16.2.9) 
P ^ (0,p)'^Kp) (16.2.10) 

It can also be shown that / is an order preserving isomorphisms. This implies that probabilities are 
faithfully represented as truth values in the topos 5/i((0, 1)l). 



16.3 Example for Classical Probability Theory 

In this section we will apply the topos theoretic description of probabilities defined in the previous 
section to a classical system. As a first step we will define truth values of propositions regarding a 



186 



classical system and, then, show how such truth values are related to classical probabilities. 

Let us consider a proposition {A e A) meaning that the value of the quantity A lies in A. We want to 

define the truth value of such a proposition with respect to a given state s € X, where X is the state 

space. Recall that in classical theory, the truth value of the above proposition in the state s is given 

by 

fl iff s€^-i(A) 
otherwise 



v(A e A;s) := 



where A~^{A) £ X is the subset of the state space for which the proposition (A € A) is true. 
Another way of defining truth values is through the truth object which is state dependent. The 
definition of the truth object was defined in previous lecture, but we will report here for clarity reasons: 

for each state s, we define the set 

:= {SgXlseS'} 

Since (s e A~^{A)) iS A~^{A) e T*, we can now write the truth value above in the following equivalent 

way 

[l ifrA-i(A) eT* 
1 otherwise 



v{A€A;s) := 



It follows that the truth value v(A e A; s) is equivalent to the truth value of the mathematical statement 
[[A-\A)eT^]]. 

We would now like to relate the above defined truth values to probability measures. To this end we 
associate to the space X the probability measure 

fj,:Sub(X)^ [0,1] (16.3.1) 

where Sub(X) denotes the measurable subsets of X. 

It is now possible to define a measure dependent truth object as follows: 

:= {S c X\ij,(S) > r} (16.3.2) 

for all r e (0,1]^. What the above truth object defines, is all those proposition which are true with 

probability equal or greater than r. 

So far, the objects we have defined are simply sets. However, we would like to find their analogue in 
the topos Sh{O{0, 1)l), which was used to define probabilities, so that truth values and probabilities 
have a common ground in which to be compared. Thus what we are looking for is a way of expressing 
both truth object and the truth values v{A € A; s) as objects in Sh{O{0, 1) l). 
To this end we perform the following "translations" : 

First of all we map the state space X to the constant sheaf 

X^X (16.3.3) 

What this means is that for all (0, r) € e»((0, 

X{0,r)=X (16.3.4) 



For any measurable set S € Sub{X) we define the constant sheaf S ^ S_; S^(0,r) = S. Thus obtaining 
the map 

A:SubiX) ^ Subsh(o((o,i)r.))i20 (16.3.5) 

S ^ S (16.3.6) 

^Notc that we will not include the value r=0. The reason, as will be explained later on, is to avoid obtaining situations 
in which all propositions are totally true with probability zero. 
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The analogue of the truth object in S'/i(0((O, 1)l)) is then: T^g := {S £ X|/i(S;)(o,r-) > r} for all 
(0,r)€O((0,l)L). 

Now that we have defined the analogue of the relevant object in the topos Sh{0{{Q,l)L)) we can 
define the truth value of a proposition (Ae A:= S) Q X as a global section of ff h{o {(0,1) l)). 



[[Ser]mr) := {(0,r')<(0,r)|5(oy)€T^^_^,^} (16.3.7) 

= {(0,r')<(0,r)K5)>r'} (16.3.8) 

= [0,fi{S)]n{0,r] (16.3.9) 

= [0,min{fi{S),r}] (16.3.10) 



which is an element of ^S/i(0((o,i)z.))(o,r). Thus, globally, we get 

It is easy to see that for any set S £ X the value n{S) can be recovered by the valuation [[S_ e 
r]] erCfi^''^^""'!)-"). This means that probabilities can be replaced by truth values without any 
information being lost. 

In particular, in the topos Sh{O{{0, 1)l)) the probability measure /i : Sub{X) [0, 1] can be uniquely 
expressed through the map (defined below) in the sense that there exists a bijective correspondence 
between fj, and e'*, i.e. for each ^ we get: 

■■ Subsh(oao,iu))i2L) - riifHomiH))^ (16.3.11) 

S ^ [[SeT']] (16.3.12) 



What this means is that we have effectively replaced the probability measure /U : Sub{X) -» [0, 1] 
with the collection of truth values r(n^'*(^((°'i)^))). 

Since r(n'^''^^^^°'^^^^^) is a Heyting algebra, probabilities are now interpreted in the context of intu- 
itionistic logic. 

What has been done so far can be summarised by the following commutative diagram: 



Sub{X) 



[0,1] 



Sub 



'Sh(oao,i)L)) 



■ rn 



Sh(O((0,l)i)) 



By chasing the diagram around we now have the following equalities 

[Zo^(5)](r) = /(M5))(r) = {(0,r')c(0,r)K5)>r'} 
= [[^er]](r-)=e''(A(5))(r) 



(16.3.13) 
(16.3.14) 



It was also shown in [14] that it is possible to define the logical analogue of the u-additivity of the 
measure ji. We recall that the cr-additivity of a measure is defined as follows: 

for any countable family {Si)i^N of pairwise disjoint, measurable subsets of X (the space where the 
measure is defined), we have 

KUS^) = Zl^iS^) (16.3.15) 
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Let us now consider a countable increasing family (Si)i^N of measurable subsets of X defined as 
follows 

Si := Si-i u 5*4 for i > while 5*0 := (16.3.16) 

Then equation 16.3.15 becomes 

m(V Si) = m(U Si) = supfiiSi) = V KSi) (16.3.17) 

i i i i 

i.e., fj, preserves countable joins (suprema). 
The logical analogue of this is as follows: 

Given a countable increasing family of measurable subsets {Si)i^N of X we then have 

(e'^ o A)(V^i) = (/ o M)(V(^i) (16.3.18) 



We know that fj, preserves countable joins, we now want to show that I does. To this end wc will 
explicitly compute, for each context (0,r) how I acts on countable unions. Since /i : sub{X) [0,1] 
then A*(Vi('Ss)) ^^ ='^'' \/i(iJ,(Si)) = Vjft where pi^i is some family of real numbers in the interval [0, 1]. 
Thus the question is what is l(\/iPi) as computed for each context (0, r)? 
By applying the definition we obtain 



K\/Pi)(o,r) ■= 



{(0,/) e 0((O, l)i)|r' < WiPi} if < Vift < r 
0if ViPi = 



(16.3.19) 



Or equivalently 



'[O,r] = 0f„';«"-i)^) if yiPi>r 

K\/Pi)(o,r)■■=l[o,y^p^] a o<y iPi<r (I6.3.20) 

[0ii\/iPi = O 

On the other hand if we computed Vi l{Pi){o,r) for all contexts (0, r) € O((0, 1) l) we would obtain 



\/KPi)(0,r) = V 



— (0,r) II ^ 

{(0, /) 6 O((0, l)i)|r' < ft} if < Pi < r 
.0 if ft = 



(16.3.21) 



Or equivalently 



VKK)(0,r) = V 



^[0,.]=ilf;^P^^fft>r 
[0,ft] if <pi < r 
0ifft = O 

Thus it follows that ViKPi)(o,r) = KVift)(o.r) for all contexts (0,r) e O((0,1)l) thus 



(/o;x)(V(^i))=V('°M)(^i) 
It follows that the logical description of the (j-additivity is 

(e^oA)(V5,) = V(^°M)(^0 



(16.3.22) 



(16.3.23) 



(IG.3.24) 



So far wc have only described the classical aspects of the topos interpretation of probability. However, 
it is possible to extend such ideas to the quantum case. 
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16.4 Quantum Case 



We now would like to show how the interpretation of probabilities as truth values in an appropriate 
topos can be applied to the quantum case. So far, in the literature it was shown how, within the 
topos Sh{V{'H))^ (the topos formed by the collection of sheaves on the poset V{H) of all abclian von 
Neumann algebras of a given Hilbert space "H) the truth value of a proposition Ae A, given a state ip, 
is defined as^ 

viA € A,^){V) = [[d{E[A e A]) e°^3 jl'A)]]^ |/ c VM6{E[A e A])^.]'/') = 1} e ilf ^^^^^^ 

(16.4.1) 

where, for the quantum case, the truth object is the sheaf °^9'f\^) which is defined, for each context 
V € Vin) as the set 

ors^h^> 1^ g P{V)Ma\tP) = 1} (16.4.2) 

This definition of truth value works perfectly well when we consider a pure state \tp). However, if we 
consider mixed states with associate density matrix say p 
of 16.4.1, namely 



Si^i ^i|V'}(^i^|) then the obvious analogue 



viA e A,p){V) = [[6{E[A € A]) €""^5 T'']]^ := {V £ V\tr{pE[A e A])^. 



doesn't work since it does not separate the states p. 
In this case the truth object is 

'"^'Tv-= {a € P(V)\tr(pa) 



1} 



(16.4.4) 



To see why this is the case consider our usual example for = (D^ and consider two density matrices 



/3/4 








0\ 




(3/5 








0\ 





1/4 













2/5 




















p = 














\ 








oj 




[ 











Pi 



Then the condition for tr{pP) = 1 is that P > A +-P2 where A = diag{l, 0, 0, 0) and A = diag{0, 1, 0, 0). 
Similarly the condition for tr{piP) = 1 is that P > A + A- It follows that p and pi have the same 
support , namely A + A- However, from the definition of truth values, the element v{A e A,p){V) 
depends only on the support of p, and pi , thus it is not possible to distinguish the two. 

On the other hand, truth values that do separate the density matrices p are the one parameter 
family of truth values 



v(A G A, pY{V) := {V' c V\tr{pE[A e A])y, > r} e n^''^^^^^^ 



(16.4.5) 



for r € (0,1]. As we can see from the above formula, such truth values introduce truth probabilities 
different from one. In particular, what 16.4.5 expresses is the truth value for the proposition ^ e A to 

be true with probability at least r. 

However, the problem with such one parameter family is that it represents a collection of objects, one 
for each r. So we need to group, somehow, these objects together and show that such a family can be 
considered as a single object. This can be done by enlarging the topos Sh(V{'H))v- 



So the main steps needed, in order to correctly express probabilities as truth values of quantum 
propositions in an appropriate topos are: 

^Although in the previous lectures we have used the topos Set^^^K we know that given the Alexandrov topology on 
V{H) then Sh{V{n)) ^ Sets'^<-'^\ So, in the following we will alternate freely between sheaves and presheavcs. 

^Note that here we have added a sufBx org to indicate original since we will now change the formulation of truth 
objects. 



190 



1) Define the truth values which separate the density matrices so as to be an object in the topos. 
This, as was hinted to above, can be done by enlarging the topos we are working with. 

2) Define a correct probability measure on the state space S. 

3) Find a way to relate 1) and 2). 

16.4.1 Measure on the Topos State Space 

We are now interested in constructing a measure /x on the state space E. As such it should some how 
define a size or weight for each sub-object of E. However we will not consider all sub-objects of E 
but only a collection of them which we define as "measurable" . These collection of "measurable" sub- 
objects of S will be the collection of all clopen sub-objects of E. The reason being that we are yet 
again taking ideas form classical physics. There we know that a proposition is defined as a measurable 
subset of the state space. Hence in the topos formulation of quantum theory we ascribe the status of 
"measurable" to all clopen sub-objects of E, i.e., all propositions. It could be the case that one can 
consider a larger collection of sub-objects, but surely SubdCS) is the minimal such collection. In any 
case we will define a probability measure on Subd (S) such that E will have measure 1 and will have 
measure zero. 

As we will see, the measure defined on E will be such that there exists a bijective correspondence 
between such a measure and states of the quantum system, i.e. >->■ is a bijection* (for p a density 
matrix) . 

So the question is : how is this measure defined? A suitable measure on E is defined as follows: 
for each density matrix p we have 

fip-.Subcii^) ^ r [0, 1] - (16.4.6) 
ViVCH) '-^ Mp(^) =- (*^(P-Ps^,))y€V(w) (16.4.7) 

where [0,1]" is the sheaf of order-reversing functions from V('H) to [0,1]. Recall that Psy = 
where 

6:P(y)^Sub,,(E)y (16.4.8) 
The detailed definition of the sheaf [0, 1]" is as follows 

Definition 16.4.1. The presheaf [0, 1]" : V(^) Sets is defined on: 

1. Objects: For each context V we obtain [0, 1]^ := {f -[V ^ [0, 1]|/ is order reversing) which is a 
set of order-reversing functions. 

2. Morphisms: given i:V £V then the corresponding presheaf map is 

[M]'(Vv) = [M]y ^ My' (16-4-9) 
/ - V' (16.4.10) 

Thus the measure /Xp defined in 16.4.6 takes a clopen sub-object of E and defines an order reversing 
function 

Mp(^):V(K)^[0,l] (16.4.11) 

*It should be notes at this point that the correspondence between measures and state is present also in the context 
of classical physics. In fact in that case, as we have seen in previous lectures, a pure state (i.e. a point) is identified with 
the Dirac measure, while a general state is simply a probability measure on the state space. Such a probability measure 
assigns a number in the interval [0, 1] called the weight and that in a sense tells you the 'size' of the measurable set. 
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such that for each V e V('H), Atp(S)(y) defined the expectation value, with respect to p, of the 
projection operators Ps^ to which the sub-object 5 corresponds to in V. Therefore, given two contexts 
V' £ V, since Ps^, > Psy then tr{pPs^, ) > tr{pPsy). In detail we have, for each V € V('H) 

l^p{S){V):ly [OAT (16.4.12) 

{*} - f^piS)iV)i{*}) := f,piS)iV) (16.4.13) 

where t^p{S){V) 4 V-* [0,1]. 

It is worth mentioning some properties of /ip 

1. For each V e ViH) then i^p{0){V) = tr{pd) = therefore globally 

Mp(Q) = (0)y,v(„) (16.4.14) 

2. For each V € V(7^) then /ipE(V) = tr(pi) = 1 therefore globally 

Mp(S) = (l)y.v(w) (16.4.15) 

3. Given two disjoint clopen sub-objects S_ and T of S we then have for each context V e V('H) that 

l^piSvTXV) 





(16.4.16) 


Pp{Sy UTy) 


(16.4.17) 


tr{p{Ps, V Pt^)) 


(16.4.18) 


tr{p{Ps,+PT,)) 


(16.4.19) 


tr{p{Ps^)+tr{pPT,)) 


(16.4.20) 


IJ^p{S){V)+p.p{T){V) 


(16.4.21) 


l^p(S)(V) + f,p(T) 


(16.4.22) 



It follows globally that 

f^p(Sv2 

This is the property of finite additivity. 

4. A generalisation of the above property, i.e. a property of which 16.4.16 is a special case is the 
following: given two arbitrary clopen sub-objects S_ and T of S, for all V e V('H) we obtain 

^ip{SvT)iV)+i^piSAT)iV) = tripiPs^vPT^))+tr{p{Ps^APTj) (16.4.23) 

= tr{p{Ps^vPT^+Ps^APTj) (16.4.24) 

= tr{p{Ps^ + PtJ) (16.4.25) 

= trip{Ps^))+tr{p{PT,)) (16.4.26) 

= (16.4.27) 

which globally gives 

fip(S V T) + (ip(S A T) = ^ip(S) + tXp{T) (16.4.28) 

5. Because the collection of clopen sub-objects of S forms a Heyting algebra and not a Boolean 
algebra it follows that since 

5v-S<S (16.4.29) 

then 

lXp{Sy-.S)<lv,v{n) (16.4.30) 

6. The closest one can get to cr-additivity is the following: given a countable infinite family {S_^)i^j 
for open sub-objects such that for each context V e V(H) the clopen subsets {S_^)v £ (for all 
i e 7) are pairwise disjoint then we have 

(Mp) WSMV) = tripi\/PsJ) = tripiY^PsJ) = E*Kp4.) = Z^^p(Si)iV) (16.4.31) 

i€/ i€/ i€l i€l i€l 
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16.4.2 Deriving a State from a Measure 

So far we have defined a particular measure given a quantum state p. We are now interested in doing 
the opposite, since in the end wc want to show that there is a bijcction between the two. Thus we 
would like to first give an abstract characterisation of a measure with no reference to a state and then 
show how such a measure can uniquely determine a state p. 
Thus the abstract characterisation of a measure is as follows 

Definition 16.4.2. A measure p, on the state space S is a map 

p.:Suhd{T,)T. ^ r [0, 1]^ (16.4.32) 
S={Sy)V^V(U) ^ iKSy))v.vm (16.4.33) 

such that the following condition hold 

1. /i(S) = lv{n) 

2. for all S and T in Subci{^) then p(S v T) + p(S A T) = p{S) + p{T) 

Given such an abstract definition of measure all properties defined in the previous section follow. 
We now want to show that each such measure p uniquely determines a state pfj,. Since above we show 
that each state p determined a measure, then combining the two result we end up with a bijective 
correspondence between the space of states p and the space of measures p on S. 

Theorem 16.4.1. Given a measure p as defined above then there exist a unique state p "associated" 

to that measure. 

Proof. Let us define 

m:P{H) ^ [0,1] (16.4.34) 
P ^ m{p) (16.4.35) 

such that i) m(l) = 1; ii) if PQ = (are orthogonal) then m{P v Q) = m{P + Q) = m{P) + m{Q) such 
a map is called in the literature afinitely additive probability measure on the projections of V. We now 
want to define a unique such finite additive measure given the probability measure p. To this end we 
define 

m{P) := p{Sp){V) = p{Sp)v (16.4.36) 
such that m(l) := 1. In the above formula S is some clopen sub-object £ S such that for V we have 

&-\Sy)=P. 

In order for this definition to be well defined it has to be independent on which sub-object of S is 
chosen to represent the projection operator. In fact it could be the case that for a contexts V and V 
we have that S_y and Ty' both correspond to the same projection operator P = &~^{Sy) = &~^iTy')- 
If this is the case then wc need to show that p{S_p)v = p{T.p)v' ■ To show this we first take the case 
for which here exist to sub-objects of S such that they correspond to the same projector at the same 
context^ V, i.e. T_y = S_y. We then obtain that 

l^{S){V)+p{T){V) p{SyT){V)+p{S^T){V) (16.4.37) 

p(SvT)v+piSAT)v (16.4.38) 

= KSy u Ty) + p{Sy n Ty) (16.4.39) 

= tJ^{Sy)+p{Sy) (16.4.40) 

= KS){V)+p{S){V) (16.4.41) 



^In our usual sample of (D^ this is the case for 5°(P\)y . and 8°(Pz)y . 
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Therefore 

KS)(V) = t,(T)(V) (16.4.42) 

So for the same context we manage to prove the resuh. What about different contexts? Let us consider 
the case in which S_y = Tyi and they both correspond to the projection operator P. This means that 
P e y and Pel/' therefore P 6 VnV' . So for example 5{P)v = S_y = T_y. We should not that although 
5°{P)y'^y = P it is not the case that &~^{S^'r,v) = -P or ©~^(Z!y'ny)- Given such situation we obtain 

H{S){V) ''-^-'^ mP)){V) (16.4.43) 

Ijl{5{P)){v' nV) (16.4.44) 

= 11{5{P)){V') (16.4.45) 

IJ.{T){V') (16.4.46) 



16.4.42 



Hence, the definition in 16.4.36 is well defined. We next have to show that m is actually a finitely 
additive probability measure on the projections in T-L. To this end consider two orthogonal projection 
operators P and Q, such that &^^{T_y) = Q and ©~^(S|y) = P. Then (-S vT)y corresponds to the 
projection operator P y Q. We then obtain 

m{PvQ) := ^J.{S\/T){V) (16.4.47) 

= ^J'{S){V)+^i{T){V)+|I(SAT)(V) (16.4.48) 

= KS){V) + fi{T){V) (16.4.49) 

=: m(P)+m(Q) (16.4.50) 

Finally it is easy to show that m(0) = 0. These results together prove that, given a measure /i on 
S we can uniquely defined a finitely additive probability measure on the projections in 'H. Through 
Gleason's theorem^ it is possible to show that such a probability measure corresponds to a state p^. 
Thus we have the following chain: jj. m p^. □ 

We have so managed to show that there exists a one to one correspondence between states and 
measures as defined in 16.4.2. We are now ready to tackle issue number 3): how to relate such a 
measure with a generalised version of 16.4.5. 

One thing to notice is that the measure in 16.4.6 is defined on all clopen sub-objects of the state space 
E, not only those deriving from the process of daseinisation, while the truth objects 16.4.2, 16.4.4 and 
thus the truth values 16.4.1, 16.4.3, are only defined on those particular sub-objects which are derived 
from daseinisation. Thus another issues to solve is the following: 

4) Enlarge the truth objects in 16.4.2, 16.4.4 so as to include all clopen sub-objects of the state 
space E. 

We will tackle this issue in the following section. 



16.4.3 New Truth Object 

We now would like to define a truth object which takes into account all clopen sub-objects of the 
state space E, not only those coming from daseinisation. This is because the measure p, described in 
previous sections is defined in all clopen sub-objects of S which in this context correspond to measurable 
sub-objects. 

Both the truth objects °^9'^'^'i and '"'^T^ are defined in such a way (see previous lectures) such that 
the global sections r(°''^T''^^) give all the clopen sub-objects of E coming from daseinisation. 
We now would like to enlarge TI'''^ such that the global sections of the enlarged truth object give us all 
the sub-objects of the state space, i.e. what we are looking for is an object T, such that 

^Sucha theorem shows that a quantum state is uniquely determined by the values it takes on projections. Since clopen 
sub-objects have components which correspond to projections, Gleason's theorem applies. 
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1. TT = Subci'S 

Without going into the details of the proof that can be found in [14], we will simply state the results 
of their findings. 



16.4.3.1 Pure State Truth Object 

As mentioned above, we would like to be able to define truth values for all clopen sub-objects of S, not 
just those coming from daseininsation. Thus the truth object TI'''^ has to now be defined as a general 
sub-object of Pci(S), such that TTI'^^ = Subdi^). 

Thus the general truth object as referred to a state \^) is the sheaf t''^^, such that for a given 
context V we have'^ 

itf* ■■= {Se Subdi^^y)\'iV' c < Ps^,} (16.4.51) 

In words, what this truth object tells you is a condition in terms of which any sub-object S_ of the 
state space S can be said to be true. In particular, for a sub-object 5 £ S to be totally true in a given 
state it has to be such that for all V e V{'H) (i.e. locally) it corresponds to a projection operator 
Psy € P(V) which corresponds to an available proposition in V. This proposition is then required to 
be true with respect to \ip), i.e. {tp\PsvM = 1- 
The corresponding global elements are 

r(Tl^>) = {S e Subeimyv' c Vin), IVX^I < Psv) (16.4.52) 
Prom the above definitions it is easy to see that indeed conditions 1. and 2. above are satisfied, namely 

r(T}^^ ) = Subci^ 

and 

So we have managed to solve problem 4) and define a state dependent truth object for all sub-objects 
of the state space, not only those derived from daseinisation. This implies that now the expression 

makes sense and can be evaluated also for S + SP. 
The truth value in 16.4.1 now becomes 

viA e A, IV)) = [[ SjEjA^A]) e tI^>]] 

16.4.3.2 Density Matrix Truth Object 

The enlarged truth object as referred to a density matrix p is the sheaf T'''' such that, for each context 
V e Vin) we have 

:= {S e Subd(^iv)\'^v' c V, tr(pPs^, ) > r} (16.4.54) 
The corresponding global elements are 

^T'l {Se Subciim^V c V{H),tr{pPsy) > r} (16.4.55) 

What these global elements tell you is which (general) propositions, represented by sub-objects of the 

state space arc true with probability at least r. 

Moreover, if we have two distinct numbers ri < r2 < 1, then 

^Note that S,, indicates the sheaf E defined on the lower set I V. 



(16.4.53) 
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Proof. From the definition in equation 16.4.54 T^'''^ is a family of clopen sub-objects S_ £ such 
that for all V ej F we have tr{pPs ,) >r2- However n < r2 therefore tr{pPs , ) > ri, for all V e| V. 
It follows that T"'" c T^." □ 

This means that the collection of sub-objects (propositions) of the state space, which arc true with 
probability at least ri, are more than the collection of sub-objects (propositions) of the state space 
which are true with a bigger probability (at least r2). 

Similarly, as above, conditions 1. and 2. arc satisfied by the newly defined object 16.4.54. 
Therefore, also for a density matrix truth object we have managed to solve problem 4), i.e. we have 
managed to define a density matrix dependent truth object for all sub-objects of the state space, not 
only those derived from daseinisation. 

Thus the expression [\S_ € T''"'"]] makes sense and can be evaluated for all S_ € Sub{Y^. 
Equation 16.4.5 now becomes 

v{A € /^,pY{V) = [[d{E[A € A]) 6 T^'Hlv := {V' £ V\tr{pE[A e A])y, > r} € (16.4.56) 



16.4.4 Generalised Truth Values 

We now try tackling issue number 1), i.e. how to put together the one parameter family of truth values 
in 16.4.5, so as to be itself an object in a topos. To this end one needs to extend the topos from 
Sh{V{T-L) to Sh{V{'H) x (0,1)l), so that now the stages/contexts are pairs (V,r). Such a category 
V{%) X (0, 1) L can be given the structure of a poset as follow: 

{V ,r') < (V,r) iSV' <V , and r <r (16.4.57) 

Being a poset V('H) x (0, 1)l is equipped with the (lower) Alexander topology, where the basic open 
are {lVx{0,r)) 

This enlargement makes sense intuitively, since we are trying to combine the topos definition of prob- 
abilities outlined in section 16.2, which makes use of the topos Sh{{0, 1)l)) and the concept of truth 
values which makes use of the topos Sh{V{'H)). In particular, what we are trying to combine is the 
following: 

• The one parameter family of truth values 

v{A e A, py{V) = {V c V\tr{p8{E{A e A])^. > r} e Q.^^^^^^^^ (16.4.58) 
which gives us sieves for each stage V in ophivm) _ 

• The topos definition of probabilities 

[[5€T'^]](0,r) := {(0,/) < (0,r)|M(5) > (0,/)} e (16.4.59) 

which gives us, for each context (0, r), a sieve in 

In order to meaningfully combine the two objects above we first need to go back to the the way in 
which topos probabilities where implemented for classical physics. In this context we ended up with 
the commuting diagram 

Suh{X) ^ [0, 1] 

A ; 



196 



We are now looking for a quantum analogue of this. We already have the definition of a measure on 
the state space. The next step is to define the map of Heyting algebras 

/ : r [o,i] ^ rf2^Mv(«)xo((o,i).)) (ie_4 

Which is defined as: 



l:T[Oa]- - ril^MV(H)><o((o,i).)) (16.4.61) 
7 ^ /(7) (16.4.62) 

where l{j){{V,r)) := {(V',r') < {V,r)\-f{V') > r'}. 

{{V ,r ) < (V,r)|7(y ) > r } is a sieve on {V,r) € 0{V{'H) x (0, since 7 is a nowhere increasing 
function. In fact, to each density matrix p and to each projection operator P there corresponds a 
global element Jp r[0, 1]" defined by 

lpjV):=tr{p5''{P)v) (16.4.63) 
When applying the map I to such section we obtain, for each context {V,p): 

lhp,rmV,p)) = {{v\r')<{V,r)\jpp{v')>r'} (16.4.64) 
= {{V',r'}<{V,r)\trip6°{P)y>)>r'} (16.4.65) 

If P = S([E[A e A]) then we get 

KlsaE[A^A]),p)({V,P)) = {(^'>^'>^(^>^>l7^([^[A.A]),p(^')^^'} (16.4.66) 

= {{v',r')<{V,r)\trip5i[E[A€A])y,)>r'} (16.4.67) 

An important result is the following 

Theorem 16.4.2. The map I as defined in 16.4-61 separated the elements in r[0, 1]", i.e. it is 
injective. 

Proof. Assume that 71 =;t 72. Then there will exist a context Vi such that 71 (V^) # 72(1^)- Let us 
assume that ji{Vi) > j2{Vi) . If wc then apply the I map we obtain respectively 

K72)((Vi,72(V^i)» := {{V',r') < {Vi,^2iVi))\j2iv')>r'} =i (Vi,72(V^i)>} (16.4.68) 

and 

Kli)m,i2iVi)}) := {(V',r(< (Vi,-f2iVi)}\-f,iV') > r'} c| (14,72(Fi))} (16.4.69) 
Therefore /(71) =/= ^(72) 

□ 

Since the map I represents the quantum analogue of the classical map Z: [0,1] ^r(il(°'^)) used to 

define probabilities we would like to check if the quantum I has the same properties, in particular if it 
preserves joins. To this end consider a family of global section of [0,1]". We then obtain for 

each context i{V,r)) 

K\/li)i{y,r}) = {{v',r')<{V,r)\i\/-fi){v')>r'} (16.4.70) 

i i 

= {{v',r')<{V,r)\sup^iiV')>r'} (16.4.71) 

i 

= [J{{v\r')<{V,r)\'yiiv')>r'} (16.4.72) 

i 

= \/Kl^)({V,r)) (16.4.73) 

i 
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It follows that 

^(V7i)=VK7i) (16.4.74) 

i i 

Now that we have both maps /x and I we can combine the two sieves defined in 16.4.58 and 16.4.59 
in a unique sieve in by composing the maps and I as follows 

I o fiP{S{P)) 6 r(O^''(^('^)x(0'i)^)) (16.4.75) 

Therefore, for each context {V,r) we obtain 

loi^Pi6iP)X(V,r}) = K7^(P),p)((^,r)) (16.4.76) 
= {{v\r')<{V,r)h,^p^jv')>r} (16.4.77) 
= {{v',r')<{V,r)\tripSiP)y,)>r'} (16.4.78) 

In other words, for each context {V, r) we obtain the following truth value 

v{AeA,p){{V,r)) := {{V' ,r') < {V,r)\tr{p6{E[A e A])y, > r} (16.4.79) 
:= {{v',r')<{V,r)\p''iS{E[A^A])y,)>r} (16.4.80) 

Mathematically, this is a well defined element (sieve) of l^^''^^^'^^^^'''^^^^ Moreover, it was shown that 
such a truth value separates the density matrices and thus separates the measures. 
However, in order to give physical meaning to the above expression, as representing the truth value of a 
quantum proposition regarding a physical system, we need to translate all the other objects which were 
defined in the topos Sh{V{'H)), to objects in the topos 5/i(V('H)x(0, 1) l). This will be done by defining 
the quantum analogues of the maps A and e which we are still missing. In this way we can effectively 
obtain the quantum analogue of the commuting classical diagram above. In particular, the quantum 
map A will be identified through the geometric morphisms p\ : Sh{T-L{y)) ->■ Sh(V('H) x (0,l)i) 
induced by the projection map pi : V(?{) x (0, 1)l ^(^). Therefore we obtain 

pl : - Sub.ii^^'^^''^^^''^'''^^'-^) (16.4.81) 

Where S^^^C^C^)) e 5/i(V(H)) while s^MV(?i)x(o,i).) ^ ghiVin) x (0, 1)^) 
In particular, we will obtain the following: 

• State space 

^Sh(H(V)) 



— {V,r) ' ^-^1 — HV',r) — Pii{V,r)) — V 



• Propositions 



Truth Object 

Ik(vm)><(o,i).)((^'^)) ■■= T''V = {Se Subeii^^y)\yv' c V , tripPs^, > r} 

Equation 16.4.79 now becomes 

v(A^A,p)((V,r)) = [[pl 6(E[A^ A]) ^rmV,r)) (16.4.82) 

:= {{v',r')<{V,r)\trip6iE[A€A])y>>r} (16.4.83) 

:= {(v',r')<(V,r)\^^''(S(E[AeA])y,)>r} (16.4.84) 
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Having done that we can complete our commuting diagram by defining 

: Subeii^"'^''^''^''^''''^-^ - rj^SMV(«)x(o,i).) (16.4.85) 

S ^ [[S:€T'']] (16.4.86) 

Thus the quantum version of the above diagram is 

Suhii^'''^''^^^) ^ > r[o, 1]^ 



pI I 

We then have that 

e'iplSjP)) = [[plS(Pl e r]] = I o f^'(S(P)) (16.4.87) 

This equation gives the precise statement of the relation between truth values and probability measures 
in a topos. Moreover, we know that, given a state p then the measure /z'' has the u-additivity property 
such that for a cauntable increasing family of clopen sub-objects (^j)iejv then 

M''(V^i)=VM''(^i) (16.4.88) 

i i 

If we then combine this result with the fact that I preserves joins we then get that 

il°l^niyS,)=\/ilo„P)iS,) (16.4.89) 

i i 

However from the commutativity of the above diagram it follows that 

(e^ opl)i\/S,) = (/ o i,n(\/S,) = Wil ° l^mS,) (16.4.90) 

i i i 

This represents the logical reformulation of cr-additivity. 

So we have seen that even in the quantum case there is a clear relation between truth values and 
probability measures. 

Thus in both classical and quantum theory, probabilities can be faithfully expressed in terms of truth 
values in sheaf topoi with an intuitionistic logic. 
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